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PREFACE TO THE FIRST EDITION 


In the preface to Part I of these lectures (Arithmetic, Algebra, Analysis) 
I expressed a doubt as to whether Part II, devoted to geometry, could appear 
very soon. Nevertheless it has been possible to complete it, thanks to the 
diligence of Mr. Hellinger. 

Concerning the origin and purpose of this series of lectures I have nothing 
especial to add to what was said in the foreword to Part I. However, a word 
seems necessary concerning the new form which this second part has as- 
sumed. 

This form is, in fact, quite unlike that of Part I. I made up my mind to 
give, above all, a comprehensive view of the field of geometry, of such a range 
as I should wish every teacher in a higher school to have; the discussions 
about geometric instruction were pushed into the background and were 
placed in connected form at the end, insofar as there was room. 

The choice of this new order was motivated partly by the desire to avoid 
a stereotyped form. There were, however, weightier and deeper reasons. In 
geometry we possess no unified textbooks corresponding to the general level 
of the science, such as exist in algebra and analysis, thanks to the model 
French Cours. We find, rather, a single page here, another there, of an ex- 
tensive subject, just as it has been developed by one or another group of 
investigators. In contrast to this, it seemed to be demanded by the ped- 
agogic and the general scientific purpose which I am pursuing that I attempt 
a more unified presentation. 

I close with the wish that the two complementary parts of my Elementary 
Mathematics from an Advanced Standpoint which are herewith completed 
may find the same friendly reception in the teaching world as the lectures on 
the organization of mathematical instruction by Mr. Schimmack and my- 
self, which appeared last year. 

Gottingen, Christmas, 1908 

Klein 


PREFACE TO THE THIRD EDITION 


In accord with the comprehensive plan for the new edition of my mimeo- 
graphed lectures, which I developed in the preface to the third edition of the 
first volume, the text and presentation.of this, the second volume, have re- 


mained unaltered, except for small changes in detail and a few insertions. 


1 Newly added remarks are indicated by square brackets. 
y y 
v 









vi Translators’ Preface 


The two supplements, which concern literature of a scientific and pedagogic 
character which was not considered in the original text, were prepared by 
Mr. Seyfarth after repeated conferences with me. He assumed again the 
major portion of the burden entailed by the publication. Messrs. Hellinger, 
Vermeil, and Walther assisted him in the proof reading. Mr. Vermeil under- 
took the preparation of the two indexes. I feel under obligation to these 
gentlemen, and also to the firm of Julius Springer, which showed on all occa- 
sions a willing spirit of accommodation. 
Gottingen, May, 1925 
Klein 


TRANSLATORS’ PREFACE 


The favorable reception given to the English translation of volume one of 
Klein’s three-volume work entitled Elementary Mathematics from an Ad- 


vanced Stand point seems to justify the appearance of the present book, which 


is a translation of volume two. Professor Courant of New York University, 
who, while he was a professor at Gottingen, suggested the English transla- 
tion of Klein’s books, has been generously helpful-in smoothing the way for 
the printing of volume two in the United States. 

The Translators 
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ELEMENTARY MATHEMATICS FROM AN 
ADVANCED STANDPOINT—GEOMETRY 


INTRODUCTION 


Gentlemen! The course of lectures which I now begin will be an immediate 
continuation of, and a supplement to, my course of last Winter." My pur- 
pose now, as it was then, is to gather together all the mathematics that you 
studied during your student years, insofar as this could be of interest for 
the future teacher, and, in particular, to show its bearing in the business of 
school instruction. I carried out this plan, during the winter semester, for 
Arithmetic, Algebra, and Analysis. During the current semester, attention 
will be given to geometry, which was then left to one side. In this course, 
comprehension of our considerations will be independent of a knowledge of 
the preceding course of lectures. Moreover, I shall give the whole a some- 
what different tone: In the foreground I shall place, let me say, the encyclo- 
pedic ideal—you will be offered a survey of the entire field of geometry into 
which you can arrange, as into a rigid frame, all the separate items of knowl- 
edge which you have acquired in the course of your study, in order to have 
them at hand when occasion to use them arises. Only afterward shall I 
emphasize that interest in mathematical instruction which was always my 
starting point last winter. 

I am glad to refer to a vacation course for teachers of mathematics and 
physics which was given here in Géttingen during the Easter vacation in 
1908. In it I gave an account of my winter lectures. In connection with this, 
and also with the address of Professor Behrendsen of the local gymnasium, 
there arose an interesting and stimulating discussion concerning the reor- 
ganization of school instruction in arithmetic, algebra, and analysis, and 
more particularly about the introduction of differential and integral calculus 
into the schools.2 Those who took part showed an extremely gratifying 
interest in these questions and, in general, in our efforts to bring the uni- 
versity into living touch with the schools. I hope that my present lectures 
also may exert an influence in this direction. May they contribute their part 


1 [Appeared as Part I of these lectures on Elementary Mi athematics from an Advanced 
Stand point, Berlin, 1924, 3rd edition. The quotation “Part I” refers to the third edition.] 
2 See the report by R. Schimmack, Ueber die Gestaltung des mathematischen Unterrichts 
im Sinne der neueren Reformideen, Zeitschrift fiir mathematischen und naturwissenschaft- 
lichen Unterricht, vol. 39, pp. 513-527, 1908 (also printed separately, Leipzig, 1908). 
1 








2 Introduction 


toward the elimination of the old complaint which we have had to hear 
continually—and often justly—from the schools: University instruction 
provides, indeed, much of a special nature, but it leaves the beginning teacher 
entirely without orientation as to many important general things which he 
could really use later. 

Concerning now the material of these lectures, let me say that, as in the 
preceding course, I shall now and then have to presuppose knowledge of im- 
portant theorems from all of the fields of mathematics which you have 
studied, in order to lay emphasis upon a general survey of the whole. To be 
sure, I shall always try to assist your memory by brief statements, so that 
you can easily orient yourself in the literature. On the other hand, I shall 
draw attention, more than is usually done, as I did in Part I, to the historical 
development of the science, to the accomplishments of its great pioneers, I 
hope, vy discussions of this sort, to further, as I like to say, your general 
mathematical culture: alongside of knowledge of details, as these are supplied 
by the special lectures, there should be a grasp of subject-matter and of 
historical relationship. 

Allow me to make a last general remark, in order to avoid a misunder- 
standing which might arise from the nominal separation of this ‘‘geometric” 
part of my lectures from the first arithmetic part. In spite of this separation, 
I advocate here, as always in such general lectures, a tendency which I like 
best to designate by the phrase “fusion of arithmetic and geometry” —mean- 
ing by arithmetic, as is usual in the schools, the field which includes not 
merely the theory of integers, but also the whole of algebra and analysis. 
Some are inclined, especially in Italy, to use the word “ fusion” as a catch- 
word for efforts which are restricted to geometry. In fact it has long been 
the custom in the schools as well as the university, first to study geometry of 
the plane and then, entirely separated from it, the geometry of space. On 
this account, space geometry is unfortunately often slighted, and the noble 
faculty of space perception, which we possess originally, is stunted. In con- 
trast to this, the “fusionists” wish to treat the plane and space together, 
in order not to restrict our thinking artificially to two dimensions. This 
endeavor also meets my approval, but I am thinking, at the same time, of 
a still more far-reaching fusion. Last semester I endeavored always to en- 
liven the abstract discussions of arithmetic, algebra, and analysis by means 
of figures and graphic methods, which bring the things nearer to the in- 
dividual and often make clear to him, for the first time, why he should be 
interested in them. Similarly, I shall now, from the very beginning, accom- 
pany space perception, which, of course, will hold first place, with analytic 
formulas, which facilitate in the highest degree the precise formulation of 
geometric facts. : 

You will most easily see what I mean if I turn at once to our subject and 
consider first a series of simple geometric fundamental forms. 


PART ONE 
THE SIMPLEST GEOMETRIC MANIFOLDS 


I. LINE-SEGMENT, AREA, VOLUME 
AS RELATIVE MAGNITUDES 


You will notice by this chapter heading that I am following the intention 
announced above, of examining simultaneously the corresponding magni- 
tudes on the straight line, in the plane, and in space. At the same time, — 
however, we shall take into account the principle of fusion by eB be 
at once of the rectangular system of coordinates for the purpose of analytic 
ee we a line-segment, let us think of it as laid upon the x axis. If the 
abscissas of its endpoints are x; and 2, its length is x, — x2, and we may 
write this difference in the form of the determinant 
vy 1 . 
x2 1 





1 
(1,2) = a1 — =F 


Similarly, the area of a triangle in the xy plane which is formed by the 
three points 1, 2, 3, with coordinates (x1, y1), (a2, 2), (%a, 3), will be 








1 |%1 . 
1, 2,3) = =| *2 y ° 
( 1 ® 2 x3 Ys 1 


Finally, we have, for the volume of the tetrahedron made by the four 
points 1, 2, 3, 4, with coordinates (21, 91, 21), °° *, (x4, Ya, 24), the formula 
mi VM fs : 
1 x2 Yo 2% 
(1, 2,3,4) = 77973 X3 43 Z3 1 
xX, 44 Za 1 


We say ordinarily that the length, or, as the case may be, the gir the 
volume, is equal to the absolute value of these several magnitudes, w. 4 
actually, our formulas furnish, over and above that, a definite ri Ww 
depends upon the order in which the points are taken. We shall e a o 
fundamental rule always to take into account in geometry the 4 Ww. 
the analytic formulas supply. We must accordingly inquire as to the geo- 
metric significance of the sign in these determinations of content. oa a 

It is important, therefore, how we choose the system of rectangular 











4 The Simplest Geometric Manifolds 


dinates. Let us, then, at the ou i ich is, ¢ 
arbitrary, but which must be gl liga hi pv 
He shall think of the Positive x axis as always pointing to the egg 
Plane, the Positive x axis will be directed toward the right, the positiv 
a vat Hating (see Fig. 1). Tf we were to let the y axis point dvexonid oe 
pip tede ve an essentially different coordinate system, one which ual be 
ection of the first and not superimposable upon it by mere motion in 


——__________,» 7 
y y 
x x 
z 
Fic. 
ie 1 Fic. 2 


the plane, i.e., without goi i 
6, going out into space. Finally, the coordi. 
. a mane 
* ka will be obtained from the one in the plane by adding sori ie 
rene! rected positively to the front (see Fig. 2). A choice of the z iis 
pe & Positively to the Tear would give, again, an essentially different 
coordinate system, one which could not be made to coincide with at 
any movement in space.! alo i 
If we always adhere to these co i 
always a € Conventions, we shall find the inter 7 
of our signs in stmple geometric properties of the succession of saianaonae 
are determined by their numbering. are 
a - hal segment (l, 2) this property is obvious: The expression x,y — x. 
S length 1s positive or negative according as point 1 lies to the ri ' : 
the left of point 2. rad 
In the case of the trian, i 
gle, we obtain: The formula Sor area h iti 
° . . . -" the 
or the negative sign according as @ circuit about the triangle from the thera 
a va 2 turns out to be counterclockwise or the reverse. 
Me shall Prove this by taking, first, a conveniently 
iy special triangle, evaluating the determinant 
_— expresses its area, and then, through con- 
si eration of continuity, passing to the general case. 
We consider that triangle which has, as its first 
vertex, the unit point on the x axis (m1 = 1,9, = 0) 
Fic. 3 as its a the unit point on the y dich Ge = 0, 
ye= 1), and as its third the origi =0, 
‘; ori = 
ys = 0). According to our agreement about the system of ‘ouleaal 
? 


: et Javits 
These two systems are distinguished as “right-handed” and “left-handed” beca: 
use 


they correspond respectively to iti 
th 
hand. (See Part I, p. 64) y € position of the first three fingers of the right and left 


y 








Line-Segment, Area, Volume § 


we must traverse the boundary of this triangle in the counterclockwise 
sense (see Fig. 3), and our formula for its area yields the positive value: 


101 
210 1 1)= +44. 
00 1! 


Now we can bring the vertices of this triangle, by continuous deformation, 
into coincidence with those of any other triangle traversed in the same sense, 
and we can do this in such a way that the three vertices of the triangle shall 
at no time be collinear. In this process, our determinant changes value con- 
tinuously, and since it vanishes only when the points 1, 2, 3 are collinear, 
it must always remain positive. This establishes the fact that the area of 
any triangle whose boundary is traversed in counterclockwise sense is posi- 
tive. If we interchange two vertices of the original triangle, we see at once 
that every triangle which is traversed in clockwise sense has negative area. 

We can now treat the tetrahedron in analogous fashion. We start, again, 
with a conveniently placed tetrahedron. As first, second, and third vertices, 
we choose, in order, the unit points on the x, y, and 2 axes, and as fourth 
vertex, the origin. Its volume is therefore 


1 
#0 
0001 

It follows, as before, that every tetrahedron which can be obtained from 
this one by continuous deformation during which the four vertices are never 
complanar (i.e., during which the determinant never vanishes), has positive 
volume. But one can characterize all these tetrahedrons by the sense in 
which the one face (2, 3, 4) is traversed when it is looked at from the vertex 1. 
In this way we obtain the result: The volume 
of the tetrahedron (1, 2, 3, 4) which our formula 
yields is positive if the vertices 2, 3, 4, looked at 
from vertex 1, follow one another in counterclock- 
wise sense; otherwise it is negative. 

We have thus, from our analytic formulas, 
actually deduced geometric rules which permit 
us to assign a definite sign to any segment, any 
triangle, any tetrahedron, if the vertices are 
given in a definite order. Great advantages are Fic. 4 
thus gained over the ordinary elementary ge- 
ometry which considers length and contents as absolute magnitudes. Indeed, 
we can mention general simple theorems where elementary geometry must 
distinguish numerous cases according to the appearance of the figure. 
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6 The Simplest Geometric Manifolds 


Let me begin with a very primitive example, the ratio of the segments made 
by three points on a line, say the x axis. Denoting the three points by 1, 2, 
and 4 (see Fig. 5), as is convenient in view of what is to follow, we see that 
the ratio in question will be given by the formula $ = (x, — %2)/(%1 — x4), 
and it is clear that this quotient is positive or negative according as the point 
1 lies outside or inside the segment (2, 4). If, as is customary in elementary 
presentations, we give only the absolute value 
oH SOS = | or — 22 |/| 1 — 24 |, we must always 
either refer to the figure, or state in words 
S<0 2 1 4 whether we have in mind an inside or an out- 
side point, which is, of course, more compli- 
cated. The introduction of the sign thus takes 
account of the different possible orders of the points on the line, a fact to which 
we shall often have to refer in the course of these lectures. 


If we now add a fourth point 3, we can set up the cross ratio of the four 
points, that is, 


Fic. 5 


D = 21 42 ta = Xo _ (1 — 2) (a — 4) 
41 — x4 ° 43 — x (x1 pai 2X4) (x3 — 2) 


This expression has again a definite sign, and we see at once that D < 0 
when the pair of points 1 and 3, on the one hand, and the pair 2 and 4, on 
the other hand, mutually separate one another ; and that D> 0 in the op- 
posite case, ie., when 1 and 3 lie both outside or both inside the segment 
2,4. (See Figs. 6 and 7.) Thus there are always two essentially different 
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ae D>0 
Fie. 6 Fic. 7 


arrangements which yield the same absolute value D. If this absolute value 
alone is given, we must give the arrangement also. For example, if we de- 
fine harmonic points by the equation D = 1, as is still the custom, unfor- 
tunately, in the schools, one must include in the definition the demand that 
the two pairs of points separate each other, whereas in our plan the one 
statement D = —1 is sufficient. This practice of taking account of the 
sign is especially useful in projective geometry, in which, as you know, the 
cross ratio plays a leading role. There we have the familiar theorem that 
four points on a line have the same cross ratio as the four points 
which arise when we project the given points from a center upon an- 
other line (perspective). If we now consider the cross ratio as a relative 
magnitude, affected by a sign, the converse of this theorem holds without 
exception: If each of two sets of four points lies on one of two lines, and 
if they have the same cross ratio, they can be derived one from the other by 
projection, either single or repeated. For example, in Fig. 8, the sets 1, 2; 
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4, and 1”, 2’, 3’, 4” are in perspective to 1’, 2’, 3’, 4’ if we use the centers 
P and P’. If, however, we know only the absolute value of D, the corre- 
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sponding theorem does not hold in this simple form; we should have to 
make a special assumption about the arrangement of the points. 

We have a more fruitful field if we consider applications of our triangle 
formula. Let us first select any point 0 in the interior of a triangle (1, 2, 3) 
and let us join 0 to each of the vertices (see Fig. 9). Then the sum of the 
areas of the three partial triangles, thought of in the elementary sense as 
absolute magnitudes, is equal to the area of the original triangle. Thus we 
may write | (1, 2, 3) | = | (, 2, 3)|+ | 0, 3,1) | +] (0, 1,2) |. The fig- 
ure shows that, in all the triangles, the order of the vertices, as they appear 
in the above equation, is counterclockwise. Hence the areas (1, 2, 3), 
(0, 2, 3), (0, 3, 1), (0, 1, 2), are all positive in the sense of our general defi- 
nition, so that we may write our formula in the form 


(1, 2, 3) ad (0, 2, 3) + (0, 3, 1) a (0, 1, 2). 


Now I assert that the same formula also holds when 0 lies outside the tri- 
angle, and, further, when 0, 1, 2, 3 are any four points whatever in the plane. 
If we take Fig. 10, for example, we see that the boundaries of (0, 2, 3) and 
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(0, 3, 1) are traversed in counterclockwise sense, but that of (0, 1, 2) is 
traversed in the clockwise sense, so that our formula for the absolute areas 
would give | (1, 2, 3) | = | ©, 2, 3)|+ | (0, 3,1) | —|(, 1, 2) |. The fig- 
ure verifies the correctness of this equation. 

We shall give a general proof of our theorem by means of the analytic 
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definition, whereby we shall recognize in our formula a well known theorem 
of the theory of determinants. For convenience, let us take the point O as 
our origin x = 0, y = 0, which is obviously no essential specialization, and 
let us substitute for each of the four triangle areas the appropriate deter- 
minant. Then, omitting everywhere the factor 3, we are to prove that, for 
arbitrary 1, ---°, ys, the following relation holds: 


1 yy. 1 0 0 1 0 0 1 0 0 1 
x2 vo L]= |x. yo 1]+]xs ys 1]+]m yn 1)]- 
xs ys 1 xs ys 1 mn i %2 yo 1 


The value of each of the determinants on the right will remain unchanged if 
we replace the second and third 1 of the last column by zeros, since these ele- 
ments enter only those minors which are multiplied by zero when we develop 
according to the top row. If we now make a cyclic interchange of rows in the 
last two determinants, which is permissible in determinants of the third, or, 
in fact, of any odd order, we can write our equation in the following form: 


a yy 1 0 0 1f |m y» 0 x y1 O 
X%2 Ye 1|/= %2 2 0 -++ 0 0 1 + %2 Ye O|- 
x3 ys 1 x3 ys O x3 ys O 0 0 1 


But this is an identity, for on the right there are only the minors of the last 
column of the first determinant, so that we have merely the well known 
development of this determinant according to the elements of a column. 
Thus, at one stroke, we have proved our theorem for all possible positions 
of the four points. 

We can generalize this formula so that it will give the area of any polygon. 
Imagine that you had, say, the following problem in surveying: To deter- 
mine the area of a rectilinear field after having measured the coordinates of 

A the corners 1,2,-+-,m— 1, (see Fig. 11). One 

6 who is not accustomed to operate with signs 

<o/ would then sketch the shape of the polygon, 

aa divide it up into triangles by drawing diagonals, 

7 ae perhaps, and then according to the particular 

7 4 shape of the field, paying especial regard to 

whether some of the angles are re-entrant, find 

the area as the sum or difference of the areas of 

2 the partial triangles. However, we can give at 

once a general formula which will give the cor- 

rect result quite mechanically without any neces- 

sity of looking at the figure: If O is any point in 

the plane, say the origin, then the area of our polygon, the boundary being 
traversed in the sense 1, 2, - - -, 2, will be 


(1, 2, 3,---, 2) = (0, 1, 2) + (0, 2,3) +---+ (0, m— 1, 2) + (0, n, 1), 


Fic. 11 





Line-Segment, Area, Volume 9 


whereby each triangle is to be taken with the sign determined by the sense 
in which the circuit about it is made. The formula yields the area of the poly- 
gon positively or negatively according as the circuit of the polygon in the sense 
1, 2, +--+, ts counterclockwise or not. It will suffice to write this formula. 
You yourselves can easily supply the proof. 

Instead of pursuing this example further, I prefer to take up some es- 
pecially interesting cases, which, to be sure, could not arise in surveying, 
namely, cases of polygons which overlap them- 
selves as in the adjoining quadrilateral (see 
Fig. 12). If we wish here to talk at all about 
definite area, it can only be the value which 
our formula yields. Let us consider what this 
value means geometrically. At the outset we 
notice that this must be independent of the 
particular location of the point O. Let us 
place O, as conveniently as possible, at the 
point where the overlappings cross. Then the triangles (0, 1, 2) and (0, 3, 4) 
will be zero and there remains: 





Fic. 12 


(i, 2, 3, 4) = (0, 2,3) + (0, 4, 1). 


The first triangle has negative area, the second positive area; hence the 
area of our overlapping quadrilateral, if we prescribe a circuit in the sense 
(1, 2, 3, 4), is equal to the absolute value of the area of the part (0, 4, 1) 
that was traversed in counterclockwise sense, diminished by that of the part 
(0, 2, 3) that was traversed in clockwise sense. 

As a second example, let us examine the 
adjoined star pentagon (see Fig. 13). If we 
take O in the middle part, all the partial tri- 
angles in the sum 


are traversed in the positive sense; their sum 
covers the five-cornered central part of the 
figure twice, and each of the five tips once. 
If we again consider a positive circuit around 
our polygon (1, 2, 3, 4, 5, 1), we see that every 
part of the boundary is traversed counter- 
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clockwise and that, in particular, we have passed twice around the 
portion of the polygon which is doubly counted in the area, but only once 
around the remaining portions. 

From these two examples we can infer the following general rule: For any 
rectilinear polygon with arbitrary overlappings, our formula yields, as total 
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area, the algebraic sum of the separate partial areas bounded by the polygonal 
line, whereby each of these partial areas is counted as often as we pass around 
its boundary when the circuit (1, 2, 3,- ++, , 1) is made once, this counting to 
be made positively or negatively according as we pass around the partial area 
in counterclockwise or clockwise sense. You will have no difficulty in estab- 
lishing the truth of this general theorem. 

Let us now pass from polygons to areas with curvilinear boundaries. We 
shall consider any closed curve whatever, which may cross itself any number 
of times. We assign a definite sense of direction along this curve and inquire 

as to the area bounded by the curve. We find 
this area in a natural manner if we approxi- 
mate the curve by polygons having an in- 
creasing number of shorter and shorter sides 
(see Fig. 14) and calculate the limit of the 
areas of these polygons, found in the way we 
PY? have just described. If 


Fic. 14 P(x, y) and Pi(x + dx, y + dy) 


are two neighboring vertices of such an approximating polygon, then its 
area consists of a sum of elementary triangles (OPP), that is of summands: 


~ 





0 0 1 
3 |x y 1| = 3(« dy — ydzx). 
x+dx y+dy 1 


In the limit, this sum becomes the line integral 
4 f (dy — y da) 


taken along the curve, which, therefore, defines the area bounded by the 
curve. If we wish to interpret this definition geometrically, we can apply 
to the new case the result just given for polygons: Each partial area enclosed 
by the curve is counted positively as many times as it is encircled in counter- 
clockwise sense and negatively as many times as it is encircled in clockwise sense 
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area bounded by the curve, taken positively. In Fig. 15, the outer part is 
counted once positively, the inner part twice; in Fig. 16, the left-hand part 
is negative, while the right-hand part is positive, so that, altogether, a 
negative area results; in Fig. 17, one part is not counted at all, since it is 
encircled once positively and once negatively. Of course, curves can arise 
which, in this sense, bound a zero area. We obtain such a curve if we take 
the curve in Fig. 16 symmetric with respect to the double point. Such a 
case presents nothing absurd when we recall that our determination of 
area rests upon a convenient assumption. 

I shall now show you how appropriate these definitions are by consider- 
ing Amsler’s Polar Planimeter. ‘This 
highly ingenious and very useful ap- vs 
paratus, constructed in 1854 by the l A 
mechanic Jacob Amsler of Schaff- 
hausen, effects the determination of 
areas precisely in the sense of our dis- 
cussion above. Let me consider, first, 
the theoretical basis of the construction. 

We think of a rod A,A2 (see Fig. 18) of length / moved in the plane in 
such a way that A; and A> describe separate closed curves and the rod itself 
returns to its initial position. We wish to find the area which the rod sweeps 
out, counting the several parts of this area as positive or negative, according 
as they are swept out in one sense or in the other. To this end, we replace 
the continuous motion of the rod by a succession of arbitrarily small ele- 
mentary motions from one position 1 2 to a neighboring one 1’ 2’, and we 
use the limit process as we do in every integration. The actual area swept 
out by the rod will be the limit of the sum of the ‘‘elementary quadrilaterals”’ 
(1, 1’, 2’, 2) formed by these elementary 
motions, and it is easy to see that the sense 
of the motion of the rod is taken into ac- 
count properly if we give to each elementary 
quadrilateral the sign corresponding to a 
circuit in the sense 1, 1’, 2’, 2. Now we 
can resolve each elementary motion of the 
rod A;Ag2 into three steps (see Fig. 19): 


1 


Fic. 18 





Fic. 19 





| 
| 
CO } (o> <) (1) A translation in the direction of the rod by an amount ds. | 
71 (2) A translation normal to its direction by an amount dp. 
| (3) A rotation about the end A, through an angle d¢. 
' In this way the areas 0 - ds, 1+ dp, (/?/2) dd, respectively, will be swept 


Fie. 15 weg Fro. 17 out. We can replace the area of the elementary quadrilateral by the sum 
of these three areas, since the error thus made would be an infinitesimal of 
higher order and would disappear in the limit process (which is, indeed, a 
simple process of integration). It is essential to note that this sum 


while the given curve is traversed once 1 the prescribed sense. For a simple 
curve, such as that of Fig. 14, the integral yields, accordingly, the exact 
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2 
L-dp+>+ do 


agrees in sign with the area of the quadrilateral (1, 1’, 2’, 2), if we measure 
d@ positively in counterclockwise sense and dp positively for translation 
toward the side of increasing ¢. 

Integration along the path of motion yields for the area swept out by 


A,Ag the value 
2 
r=if ap +5 fas. 


The integral /d@ represents the entire angle through which the rod turns 
with respect to its initial position. Since the rod returns to its initial position, 
JS dd = 0, unless the rod has made a complete revolution, so that the area is 


(1) =f ap. 


If, however, the rod makes one or more complete turns before returning 
to its original position, which is possible with suitably chosen paths for 
A, and A», then fd@ is a multiple of 27, and we must add to the right- 
m1 hand side + 7/? for each complete turn 
I, ! 1" in the positive sense and — z/? for each 
! y' one in the negative sense. For the sake 
2 1 of simplicity we shall pass over this 

slight complication. 
Now we can determine the area J 
in a somewhat different way (see Fig. 
Fro. 20 20). In the succession of elementary 
motions let the rod take, one after 
another, the positions 1 2, 1’ 2’, 1” 2”,---. Then J will be the sum of the 

elementary quadrilaterals 


J ae (1, e; a 2) + (1, 1%, oN 2’) + (4? re, aes 2”) + teey 


or, more exactly, the integral which represents the limit of this sum, whereby 
each quadrilateral is to be traversed in the sense here indicated, just as 
before. Using our earlier polygon formula, we now have, where O is the 
arbitrarily chosen origin of coordinates, 


J= (0,1, 1 )+@,1, 2’ )+ (0,2, 2)4+ 
+ (0, 1’, 1") + 0, 1%, 2”) + 0, 2", 2”) + 
+ (0, 7 1’) + (0, ar. ys + (0, eu 2 ) + 


The second triangle here in each row is the same as the fourth triangle in 
the next following row, but traversed in the opposite sense, 
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[(, t; 2’) (0, 2, 1’), (0, a 2’) 7 —(0, asf 1”), Py ‘d, 


so that these summands all cancel each other. Moreover, since the series 
of elementary quadrilaterals is closed, this summand (0, 1, 2) will appear 
in the last row and will cancel (0, 2, 1) of the first row. There will remain 
only the first and third triangles of each row. These first triangles, however, 
by what precedes, add up to the polygon (1, 1’, 1”, - - -), and this, in the 
limit, is the area F of the curve described by the end A, of the rod. Similarly, 
the third triangles, if we change the sign everywhere, add up to 
(2, 2', 2, - - -), which, in the limit, is the area Fe of the curve described by Ao. 
Thus we have, finally, 


(2) J=F,— Fy. 


Obviously both curves can cross each other arbitrarily, provided we define 
F, and F, with careful regard to our sign rule. 

The geometric theory of the planimeter is contained in the two formulas 
(1) and (2). If, namely, we allow A2 to move along a curve of known area 
F,, and a tracing point at A; to glide along the boundary of Fi, we can at 
once determine the value of 


(2/) P= Fetifap 


if we have a device which allows us to measure f'dp. Amsler created such 
a device—and that is the second part of his mechanical invention—by fixing 
a roller upon the rod A;A2 as axis, which rolls upon the paper with the 
motion of the rod. Let its distance from A, be and its radius p (see Fig. 
21). The angle y, through which the roller turns with the motion of the 
rod, will be the sum of the angles dy that 

arise in the elementary motions. Each dp 4, i A, 
can be thought of as made up of the rota- N tg 

tions dy, dye, dz that come from the three Fie. 21 

simple movements of the rod into which we 

resolved each of its elementary motions (p. 11). During the translation (1), 
the roller does not turn, so that dy, = 0; during the translation (2) of A142 
normal_to itself, in amount dp, the roller moves over the paper in amount 
dp = pdy, so that df, = dp/p; during the rotation (3) about Ae, through 
the angle dd, the roller rim moves in amount Add = pdysz, so that 
db; = (A/p) dd. We have then, finally, 


1 Xr 
dy = oi? + aft 


If we integrate over the entire path of motion, we have {dp = 0 if A1A2 
returns to its original position without making a complete turn, and the 
full turning angle of the Amsler roller will be 
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(3) v= fap. 


If the rod, however, makes one or more complete rotations, then there will 
appear appropriate multiples of 27(X/p) on the right; but of this, again, we 
we shall take no account. 

Combining the formulas (2’) and (3), we obtain finally the formula 


Fi — Fp=1+p+y; 


that ts, the difference between the two areas encircled by the two ends of the rod 
1s measured by the angle y through which the roller turns. 

In the making of the instrument, it is desirable to make F. zero. Amsler 
brings this about in an admirable way by attaching A» to an arm which is 
made to rotate about a fixed point M. (See Fig. 22.) Then A» can move 
only back and forth on the arm of a circle and can therefore enclose no area 
if we ignore the complicating possibility that 42 makes one or more cone 
plete circuits about M. Because of this “pole” M , the whole instrument is 
often called a polar planimeter. The instrument is actually operated simply 
by causing the point A,, provided with a marking pencil, to traverse the 

As boundary of the area one wishes to measure, 

and by then reading the angle y on the 

A: roller. We obtain thus the enclosed area 

M F, = /1-+-p+wy. The constant of the instru- 

ment /p can be determined by measuring 
a known area, say a unit square. 

T can show you here a picture of the polar planimeter (see Fig. 23). Of 
course you must examine the instrument yourself, and manipulate it, if 
you wish fully to understand it. Naturally, if the instrument is to functlell 
reliably, it must be constructed in a manner more complicated than is im- 
plied by the theoretical discussion. In this connection, let me add a few 
words. The point M is carried by a heavy mass and is joined to Ae by a rod. 


Fic. 22 





Fic. 23 


The theoretically important rod AA», which we talked about, is not the 
second metal bar which you see on the instrument, but the ideal prolonga- 
tion of the axis of the roller, which is parallel to that bar and which passes 
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through the moving pencil point 4. This sharp point is accompanied by a 
parallel blunt peg to keep the point A, from tearing the paper. The roller 
carries a vernier for finer readings and a marker for recording complete 
revolutions. 

Instead of mentioning further details, I should like here to sound a general 
warning against neglecting the actual practical demonstration when such in- 
struments are considered in illustration of a theory. The pure mathemati- 
cian is often too prone to do so. Such neglect is just as unjustifiably one- 
sided as is the opposite extreme of the mechanician who, without taking an 
interest in the theory, loses himself in details of construction. Applied mathe- 
matics should supply here a bond of union. It should, in particular, take 
into account that the theoretical formulation of the principle is never 
exactly realized in the instrument: thus the joints of the apparatus will 
always be somewhat loose; the roller will always slide somewhat instead 
of only rolling; finally, the drawing paper is never a uniform plane, and 
one is never able to guide the pencil point exactly along the curve. To 
what extent such errors are important, to how many places, in consequence, 
the result read off of the roller can be relied upon, are of course questions 
of greatest importance in practice. To investigate such questions is the 
province of applied mathematics. 

In connection with this diagram, I shall consider the place of these lec- 
tures with reference to two earlier courses of similar title, which appear 
likewise in mimeographed form: Applications of Differential and Integral 
Calculus to Geometry, a Revision of Principles [SS, 1901; prepared by 
C. H. Miiller"], and Introduction to Higher Geometry [WS 1892-93 and 
SS 1893; prepared by Fr. Schilling *]. In the first one of these courses, there 
appears in the foreground the difference just mentioned between abstract 
and practical geometry. In fact we had, in that course, a seminar talk on 
the sources of error in Amsler’s polar planimeter. In the other course, how- 
ever, I developed somewhat thoroughly the theories of abstract geometry 
to meet the needs of the specialist who desires, in the spirit of research of 
today, to work independently in this field. In the present course, finally, 
I want to do a third thing: I should like to set forth, so to speak, the ele- 
mentary theory of geometry: those things which, without question, every pro- 
spective teacher should know, and in particular, also, the things which are 
of elementary importance for applications in physics and mechanics. I 
shall be able to refer in this course only occasionally to things which belong 
to the first two fields mentioned above. 

Returning now to our general considerations about areas and volumes, 


1 New printing, Leipzig, 1907. [Will appear shortly as vol. III of the present edition of 
Elementary Mathematics.) 

2 Two parts. New printing, Leipzig, 1907. [Out of print. Concerning the plan for a 
new edition, see the preface to vol. I, p. v.] 











16 The Simplest Geometric Manifolds 


I shall give first a historical note. I wish to mention the man who first ap- 
plied consistently the sign principle in geometry, the great geometrician 
A. F. Mobius, of Leipzig. The book in which he took this important step 
is a youthful work of the year 1827: The Barycentric Calculus. It is one 
of the works which are decidedly fundamental for the newer geometry. 
The reading of his book is unusually pleasant, if only because of the beautiful 
presentation. The title refers to the fact that Mobius proceeds from the 
following considerations, which have to do with centers of gravity. At three 
fixed points O1, Oo, O3 of a plane are placed three masses M1, M2, ms which 
may be positive or negative, as in the case of electric charges. Then the 
center of gravity P is uniquely determined, and we can make it assume 
any position in the plane by varying my, m2, and m3. Now the three masses 
m1, M2, and ms are thought of as coordinates of P, so that P depends only 
upon the ratios of these magnitudes. This is the first instance of the intro- 
duction into geometry of what we now call trilinear coordinates. So much 
in explanation of the title of Mobius’ book. As to its very interesting con- 
tents, we shall be concerned now mainly with §§ 17-20, where the principle 
of the sign is applied in determining the area of a triangle or the volume of a 
tetrahedron, and in which the definitions that I have mentioned are given. 
O,(m,) I should remark also that Mobius, as an old man, 

+ phy extended these results in 1858 by a far-reaching 
discovery, which was first published, however, in 

1865 in the paper entitled On the determination of the 

O.tm ) volume of a polyhedron.? In this he proved, namely, 
"that there are polyhedrons to which we cannot in any 
Fic. 24 way assign a volume, whereas we can, as we saw 
earlier, define area for any plane polygon no matter in how complicated a 
manner it overlaps itself. We shall now consider in detail these remarkable 


eP 
0,(m,) 


phenomena. 
Let us start from the formula established above for the volume of the 
tetrahedron: 
% VW wy 1 
= 4] Ye a 1] 
(1, ay 3, 4) 6 Ys V3 fs 1 
X. Ys @ 1 


If we develop this determinant according to minors of the last column, this 
amounts—as we saw earlier (p. 7 et seq.), in the case of the triangle,—to 
resolving the tetrahedron into four others which have the faces of the given 





1 Leipzig, 1827 = Collected Works, vol. I (Leipzig, 1885), 633 pages. 


? Berichte iiber die Verhandlungen der Kéniglich Sachsischen Gesellschaft der Wissen- 
schaften (Mathemathisch-physikalische Klasse), 
Works, vol. 2 (Leipzig, 1886), p. 473. 


vol. 17 (1865), p. 31 = Collected 
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igi i din, 
tetrahedron as their bases and the origin as their common Heirs nen en 
to the sign rule in the theory of determinants, we shall obtain, i 
cyclic order 1, 2, 3, 4, the following formula: 


(1, 2, 3, 4) = (0, 2, 3,4) — 0, 3,4,1) + (0, 4, 1, 2) — (0, 1, 2, 3). 


The reason why minus signs appear, whereds, Nip ewmsge ean wen 
signs occurred, is that determinants of even order chang’ se say oye 
interchanges, while those of odd order do not. Of course ye Hagel 
the minus signs by suitable interchanges of rows, but we m 

the cyclic order. We can write, for example, 


(1, 2, 3, 4) = (0, 2, 3, 4) + ©, 4, 3, 1) + ©, 4,1, 2) + @, 2, 1, 3). 


i ral 
In order to appreciate the law involved here, iro ‘a pyA seven 
faces as made of paper and as folded down into the plane oe if ia ey PS 
the vertex 1 takes three different positions (see Fig. 25). Then Need 
of each of the three faces appear, in the last formula, in - iy aki 
ds, in Fig. 25, to a counterclockwise circuit about a et 
We ear btain the same result for this space figure, of course, wl 
er hen of the faces. To each of the six edges there correspond two 
sa and it is clear that, when the circuit a 1 
about all the triangles in the order indicated, each a 3 
will be traversed once in one sense and once i : RG 
other. By this law, which Mobius called the aw . 
edges, there is obviously set up a definite sense ° 4 
circuit for all the face triangles, as soon as ra . ea 
arbitrarily selected for one face triangle. Our . 
mula says now: A tetrahedron (1, 2, 3, 4) ata : { 
thought of as the sum of four permnpeniched : z vat org 
7 er 
pins “ate a 8 esoonse oialile we select the circuit sense for the other faces 
’ ? 
ébius’ edges. , 
Dee a taeraid Gh cnt of an arbitrary polygon earlier (p. ri i. 
pf onl it into triangles and generalizing the triangle espe oui C 
hall try to pass from the result just obtained to a definition of eat 
yr bit r ache In the present case, however, we must no rd 
all eh the Sides of a single polygonal face of our polyhedron to cross ia 
ih but must also allow the faces to intersect in an arbitrary pious 
i sélect an arbitrary auxiliary point O, and, as a first ci Ww being 
ry volume of the pyramid which projects from O one of the polygona 
a Ps ‘ mina we must first choose the sense for the wea a ded oF 
ray [Suppose it to be the face (1, 2, 3, 4, 5, 6) (Fig. 26) si i at a 
This polygon has a definite area, according to what precedes, 
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set the volume of the pyramid equal to one-third of the product of its base 
by its heighé, asin elementary geometry, and merely add a positive or a neg- 
ative sign according as the circuit ( 1, 2, 3, 4, 5, 6), viewed from O, is counter- 
clockwise or the reverse. We see easily that this definition includes, as a 
special case, the earlier agreements as to the volume of the tetrahedron. 
Moreover, we can deduce this definition from that special case if we replace 
the polygon by its component triangles, so traversed that their sum will yield 
4 its area, and then define the Pyramid as the sum 
of the tetrahedra which these triangles project. 

In order to represent the polyhedron, in the gen- 

g eral case, as the sum of such partial pyramids, one 
must assign a definite sense of circuit for each of 

its faces, and the guide for this selection must be 
the law of edges, in view of what precedes: We 
lig choose arbitrarily the sense of circuit for one face, then 
continue the circuits so that each edge of two contig- 
uous faces ts traversed in opposite senses. If this process can be completed 
for the entire polyhedral surface without contradiction, then the volume of 
the polyhedron is determined as the sum of the volumes of the partial pyramids 


1 


tw 
i) 


and independent of the Position of O. 

_ It is very remarkable, however, that this law of edges cannot be carried out 
without contradiction for every closed polyhedral surface; that is, there are 
polyhedra for which every attempt to fix a sign fails, and to which we can- 
not, therefore, assign a volume. This is the great discovery which Mobius 
published in 1865. He discusses there, among others, the surface which was 
later called the M@ dbius band. This surface is constructed by taking a long 


narrow rectangle of paper A1BiA2By (see Fig. 27) and, after a half turn, 
bringing the two ends together so that 


A, coincides with A, and By with By, Ai B, 
It is clear that the front and back faces Poke at foci a ao Sa 
of the sheet are thus brought into con- B, A; 
nection, so that a surface is formed Fre. 27 


that has only one side. We may de- 


scribe it as follows: A painter who wished to paint the strip would find that 
he needed twice as much paint as he had supposed from the length of the 
strip; for after painting down the length of the strip, he would find himself 
opposite the point of beginning and he would have to go around again to 
reach the starting place. 

Instead of this curved sheet, we can set up a polyhedral surface (not 
closed) with plane parts of the same Property, by dividing the original paper 
rectangle into triangles and creasing it along their edges. To the strip of 
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triangles thus obtained it is not possible to apply the vk of ef Mgr es 
i as in Fig. 28, 
iangles are required, and they should be arrange 
anus met right and left, form one triangle (4, 5, 1) in the pli? 
of folding If we danas here (1, 2, 3) as the positive sense of circuit an 


Fic. 28 


Bry i 
i i he law of edges, we obtain, in order, t 
tinue to the left according to t 
— (3, 2, 4), (3, 4, 5), (5, 4, 1), (5, 1, 2), so that finally 12 is nen 
in the re sorinpess as in (1, 2, 3), which contradicts the law of edges. Loo 
at from above, the folded strip appears as a five- 2 
cornered figure with the five sides 1 3, 3 5, 5 2, 24, 
4 1 as diagonals, as sketched in the adjoining figure 
(Fig. 29). With this zone of triangles Mobius con- 3 \7 
structs a closed polyhedron by joining its free edges— 
these five diagonals—by means of triangles with an > 
arbitrary point in space O, most suitably a 4 4 
above the middle of the pentagon. In other words, sky 
he sets up a five-sided pyramid with intersecting ; ye aie 
faces. It is, of course, likewise impossible to apply the law of edg te Pal 
pie polyhedron with ten triangular faces, so that we cannot talk abou 
i . . . . 
pe one-sided polyhedron, which is closed and simple in nip Rey 
can be obtained easily in the following way Pi racism. 
tahedron that are no 4 
Fig. 30). Select four faces of the oc 
ro Ate ona a vertex but no edge in ines rr he hake 
f - 
i ] planes ABCD, E. ; ‘ 
pr cats i tahedron, for in every edge 
2 so formed has the same edges as the oc ; 
peng ee two contiguous faces of the heptahedron ye nea mL 
j . The diagonals of the oc 
nal-plane of the octahedron). T 
* nig he a's pa as edges of this heptahedron en for it ron cag he 
tive. The diagonals AC, BD, are, rather, 
LAY i ts itself. We can prove the one- 
hich the heptahedron intersects itself. 
4 of this heptahedron by using again the law of edges. If we pick 
ication i hostatics of this one-sided polyhedron in my paper 
o Sul neal het ae tes Mathematische my: Me nest 438 
a Klan F. Gesammelte Mathematische Abhandlungen, vol. 2, p. 692, Berlin, ; 


: ahha ie. Ver- 
i i i . Reinhardt, Zu Mobius’ Polyedertheorie, ’ 
Psi cies ee mouene frat HIschaft der Wissenschaften (mathematisch- 
lungen 


physikalische Klasse), vol. 37, 1885.] 
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out, namely, the successive faces AED, EDFB, ECB, ABCD, assign for the 
first one a sense of circuit, and determine the sense for the others by the law 
of edges, it turns out that the edge AD is traversed twice in the same sense. 

With this I bring to a close the consideration of numbers as the measure 
of contents, and pass on to the treatment of additional elementary geometric 
magnitudes. Just as the name Mobius 
has guided us thus far, we shall now 
follow the thoughts of the great Stet- 
tin geometrician, Hermann Grass- 
mann, as he first set them down in 
1844 in his Lineale A usdehnungslehre. 
This book, like that of Mobius, is 
rich in ideas, but, unlike Mébius’ 
book, it is written in a style that is 
extraordinarily obscure, so that for 
decades it was not considered nor 
understood. Only when similar trains 
of thought came from other sources 

> were they recognized belatedly in 
16. 30 A 
Grassmann’s book. If you wish to 
get an impression of this abstract manner of writing, you need only 
glance at the chapter headings of this book. They are: Derivation of the 
Notion of Pure Mathematics, Deduction of the Theory of Extension, Ex- 
position of the Theory of Extension, Form of Presentation,—then there follows 
Survey of the General Theory of Forms. Only after you have fought your way 
through these expositions, will you come to the purely abstract presentation 
of the material, which is still very hard to understand. It was not until a 
later revision of the Ausdehnungslehre * appeared in 1862 that Grassmann 
used a somewhat more accessible presentation, with the use of coordinates. 
Moreover, Grassmann coined the word Ausdehnungslehre (theory of ex- 
tension) to imply that his developments were applicable to any number of 
dimensions, while geometry was, for him, the application of this new en- 
tirely abstract discipline to ordinary space of three dimensions. This new 
word did not, however, take root. One speaks today briefly of n-dimensional 
geomeiry. 

Let us make use of our familiarity with analytic coordinates in forming 
an acquaintance with the Grassmann notions. Confining ourselves, first, 
to plane geometry, we shall use the Grassmann Principle as the title of the 
next chapter. 





1 Leipzig, 1844. See Gesammelte mathemathische und pbhysikalische Werke, vol. 1 (Leipzig, 
1894), 2nd edition, Leipzig, 1898. 
? Berlin, 1862. See Werke, vol. 1, Part 2, Leipzig, 1896. 
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II. THE GRASSMANN DETERMINANT PRINCIPLE FOR 
THE PLANE 


Let us recall the fundamental explanations of the first chapter. There, 
using the coordinates of three points, we set up the determinant 


1 VM 1 
X%2 Ye 1 
x3 ys 1 


and interpreted it as twice the area of a triangle, i.e., as the area of a paral- 
lelogram. Now let us consider, in addition, the forms made with two points, 
and with one point, respectively: 


x1 y1 1 


| or [ar yi 1] 
X2 Ye 1 





which we call matrices. Every such matrix is to represent the éotality of de- 
terminants which can be made from it by omitting one column, or two columns, 
respectively. Thus we obtain from the first matrix, by omitting the first and 
then the second column, the two-rowed determinants 

Y= yi — yn, X = %1— x 
and by omitting the third column, the determinant V = xyyp — x2y1. The 
notation is chosen so that it will be appropriate for geometry of space. We 
must inquire what geometric configuration is determined by these three 
determinants X, Y, and NV. We shall look upon this configuration as a new 
elementary geometric magnitude that has the same justification as the area 
of the triangle. From the second one-rowed matrix, we get, as one-rowed 
determinants, beside the number 1, the coordinates (a1, y1) themselves. 
They determine the point which has these coordinates as the simplest ele- 
mentary magnitude, and they require no further investigation. 

It will now be comprehensible if I give a general enunciation of the Grass- 
mann principle: We consider, in the plane, as well as in space, all matrices 
(with fewer rows than columns) whose rows are formed from the coordinates of a 
point and 1, and we inquire what geometric configurations are determined by 
the determinants which result when we omit a sufficient number of columns. 

In this principle, which is here set up somewhat arbitrarily, and which 
only gradually will disclose itself as a useful guide through the mass of ele- 
mentary geometric configurations, we shall recognize eventually a natural 
development of an extensive group of ideas which embrace the entire system 
of geometry. 

But let us return to the concrete problem: What is given in the figure (see 


ea 
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Fig. 31) of two points 1 and 2, if we know the determinants X, Y, and N? 
Obviously there remains still one degree of freedom in the position of the 
points, since it takes four magnitudes to 
fix them. I assert: We obtain the same triple 
of values X, VY, and N if, and only if, 1 is the 
endpoint and 2 the initial point of a segment, 


free to move on a definite straight line. Here, 
z as well as in what follows, we think of the 

arrow as placed so as to indicate direction 

from the initial point 2 toward the endpoint 1. 

That the line joining 1 and 2 is determined by X, Y, and N follows at 
once from the fact that its equation 





Fic. 31 


x y i 
1 V1 1]/=0 
X2 Ye 1 


can be written in the form Y-x— X+-y+N=0. From this one sees 
also that this line is determined if only the ratios X:V:N are known. Fur- 
thermore, we see from our earlier consideration of length of segments and 
of area of triangles that X and Y represent the projections upon the x axis 
and the y axis of the segment (1, 2) with the direction from 2 toward 1, and 
N represents twice the area of the triangle (0, 1, 2) taken with the sense of 
circuit (0, 1, 2). Obviously, then, the only changes in position of the points 
1, 2 which leave X, Y, and N unchanged are translations of the segment 
(1, 2) along its line, with maintenance of its length and its sense. This 
proves my assertion. Grassmann called such a segment of definite length 
and sense lying upon a definite line a Limienteil (directed line-segment). 
The word vector is more usual today, in German literature, or to be more 
exact, Linienfliichtiger Vector (line-bound vector). We speak simply of a 
vector, or of a free vector, if the segment is allowed to move parallel to itself 
(under maintenance of length and sense) even outside of its line. The line- 
bound vector, determined by the matrix 


X1 yw 1 
X2 ye 1 


’ 








in other words, by the determinants X, Y, and N, is the first elementary geo- 
metric configuration that we consider according to the Grassmann principle. 

T remark, at once, that the quantities X and Y by themselves, determine 
a free vector, since they are unaltered by the parallel translation of the seg- 
ment outside of the line. Similarly, the ratios X: Y: NV, equivalent to two 
quantities, determine only the unlimited straight line, not the length of a 
segment upon it. The free vector and the unlimited straight line are thus 


with definite length and direction, which is — 
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auxiliary configurations that we encounter here. The principle which will 
guide us in the introduction of auxiliary configurations will be developed 
later. 

These notions play a very important role in mechanics in the study of 
elementary statics, where, traditionally, they have presented themselves nat- 
urally on their own account. As long as we operate in the plane, we shall be 
concerned here with the statics of plane rigid systems. For geometric treat- 
ment, one can consider the Linienteil (directed line-segment) as the full equiv- 
alent of the force which is applied to the system, the point of application of 
which may be moved at will in the direction of the 1 
force because of the rigidity of the body. Let us 
represent the force here in the spirit of the old me- 
chanics: A rope is attached at the point 2 and a pull 
is given whose intensity is measured by the segment 
12 (see Fig. 32). I recall, as an example of the vivid 
way of thinking in the old mechanics, in contrast to the abstract mod- 
ern way of presentation, that there always used to be the picture of a 
hand pulling on the rope.' Of the coordinates of the directed line-segment 
(X, Y, N), the first two are called the components of the force, while N is the 
moment of turning about O. For, from the equation of the line one gets the 
perpendicular upon it from O as p = N/Vx* + y* so that N is actually 
the product of the distance # and the length Vx? + y? of the segment, i.e., 
the magnitude of the force. We can consider these three magnitudes to- 
gether as the coordinates of the force. The analytic definition gives for 
them in every case—this is especially important—well-determined signs, 
which we can interpret geometrically, just as before. To be sure, it should 
be noted here that, in deference to the symmetry of the formulas, we have 
departed from the customary method in mechanics of determining the sign 
of the turning moment. In fact, it is customary to use the determinant 
formed from the coordinates of the initial point 2 and the two coordinates 

(X, Y) of the free vector: 


Fie. 32 





%2 y2 


2 2 Pt 
%1— %2 YVi- 2 


Xx Y 


which obviously is equal and opposite to our V. But this small discrepancy 
can hardly give rise to confusion, if it is once known. 

The first problem of the mechanics of rigid bodies is to find the resultant 
of an arbitrary system of such forces (Xi, Yi, Ni), @ = 1, 2,-°°, m). This 
amounts, analytically, to forming the line-bound vector with the coordinates 


Sx, > > ™ 


i=1 i=1 i=1 











1See, for example, the tables in Varignon, Nouvelle Mécanique ou Statique, Paris, 1775. 
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Very elegant methods for the geometric solution of this problem are de- 
veloped in graphical statics. With two forces, we use simply the well known 
parallelogram law, while for 7 > 2, we have to do with the polygon of forces. 
In general, we find a unique line-bound vector as the resultant of any sys- 
tem of forces. There are, however, exceptions, for example, where the sys- 
tem consists of two parallel forces which are equal and are oppositely di- 
rected on two different lines, (X, Y, Ni), and (—X, —Y, N2), (Ni ¥ —N2). 
The resultant has the components (0, 0, Vi + N2), numbers which obviously 
cannot be the coordinates of a vector. The elementary presentation can do 
nothing with this phenomenon and must always reckon with these irre- 
ducible, so-called couples, which always disturb the simplicity and generality 
of the theorems. We can easily fit these apparent exceptions into our system, 
however, if we consider that our earlier formulas, applied formally to the 
components (0, 0, Vi-+ Ne), yield V0? + 0? = 0 as the intensity of the 
resultant and 


pa Mith. 


as its distance from the origin. Thus, if, in the case of an ordinary force, 
one allows its distance p from the origin to become infinite and its intensity 
vX? + Y? to approach zero so that the product p- VX? + Y?, which is 
the turning moment, remains finite, the components assume precisely those 
exceptional values, so that one can look upon the resultant (0, 0, VN; + Ne) 
of a couple as an infinitesimal but infinitely remote force with a finite turning 
moment. ‘This fiction is extremely convenient and useful for advancing 
science, and corresponds entirely to the customary introduction of infinitely 
remote elements into geometry. Above all, we are able, on the basis of this 
extension of the notion of force, to enunciate the perfectly general theorem 
that an arbitrary number of forces acting in a plane have, in all cases, a single 
force as a resultant, whereas in the elementary presentation one must always 
drag along the alternative concept of a couple. 

Let me now complete our discussions by studying the behavior of our ele- 
mentary magnitudes under transformation of the rectangular coordinates. ‘That 
will supply a valuable principle of classification for the application, in its 
finer shades, of the Grassmann system. 

The formulas for the change of coordinates, i.e., the expressions for (x’, y’), 
the coordinates of the point for the new position of the axes, in terms of the 
original coordinates (x,y), for the four fundamental transformations of 
rectangular coordinate systems are as follows: 

1. For parallel translation: 


er ht 


(Ai) yf! =y+ b. 
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2. For rotation through an angle : 


(As) hale xcos@+ ysin ¢, 


y = —xsin@+ ycos¢- 
3, For reflection in the x axis: 


, 


(As) w=, yy = —%. 
4. For a change in the unit of measure: 
(Ay) =e, x = dy. 


If we combine with one another transformations of these four sorts for all 
values of the parameters a, 6, ¢, , we obtain the equations for the most 
general transition possible from one rectangular coordinate system to another 
with simultaneous change of unit. The combination of all possible transla- 
tions and rotations corresponds to the totality of ordinary movements of the 
coordinate system within the plane. The totality of these transformations 
forms a group, i.e., the combination of any two of them gives again a trans- 
formation of the totality, and the inverse of any transformation is always 
represented. The special transformations (A) from which all the others can 
be derived are called generators of the group. 

Before we inquire how these separate transformations change our de- 
terminants X, Y, and N, I shall enunciate two general principles which I 
have habitually emphasized and have put into the foreground in these funda- 
mental geometric discussions. Although in this generality they sound at 
first somewhat obscure, they will, with concrete illustrations, soon become 
clear. One of them is that the geometric properties of any figures must be ex- 
pressible in formulas which are not changed when one changes the coordinate 
system, i.e., when one subjects all the points of the figure simultaneously to 
one of our transformations; and, conversely, any formula which, in this sense, 
is invariant under the group of these coordinate transformations must represent 
a geometric property. As simplest examples, which all of you know, let me 
remind you of the expression for the distance or for the angle, in the figure 
of two points or of two lines. We shall have to do repeatedly with these and 
with many other similar formulas in the following pages. For the sake of 
clearness, I shall give a trivial example of non-invariant formulas: The 
equation y = 0, for the figure consisting of the point (x, y) of the plane, says 
that this point lies on the « axis, which is, after all, a thoroughly unessential 
fact, foreign to the nature of the figure, useful only in serving to describe it. 
Likewise, every non-invariant equation represents some relation of the figure 
to external, arbitrarily added, things, in particular to the coordinate system, 
but it does not represent any geometric property of the figure. 

The second principle has to do with a system of analytic magnitudes which 
are formed from the coordinates of points 1, 2, - - -, such as our X » Y,and N, 
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for example. If this system has the property of transforming into itself, in a 
definite way, under a transformation of coordinates, i.e., if the system of 
magnitudes formed from the new coordinates of the points 1, 2, - - -, expresses 
itself in terms exclusively of these magnitudes formed in the same way from 
the old coordinates (the coordinates themselves not appearing explicitly), 
then we say that the system defines a new geometric configuration, i.e., one 
which is independent of the coordinate system. In fact, we shall classify all 
analytic expressions according to their behavior under coordinate transforma- 
tion, and we shall define as geometrically equivalent two series of expressions 
which transform in the same way. 

We shall now make all this clear, using the material supplied by the 
Grassmann elementary magnitudes. To that end, we subject our two points 
(x1, 1), (we, ye) to the same coordinate transformation. 


1. Let us begin with the translation (Aj): 
M=m+a, x= 2+4, 
Mant y= w+. 


Comparing the coordinates of the vector before and after the transforma- 
tion, we have 


X =%4- X25 Y= Yi — Ye, N= XiYo2 — XoV1, 
X= aim, Y= yy, Nl = aly — aly, 


It follows immediately that 





X vanX, 
(Bi) y’=¥F, 
N'=N+6X —a’V. 


In precisely the same way, we obtain as transformation formulas: 
2. Upon rotation (A2): 








X’= Xcos¢+/Vsing, 
(Be) Y’ = —X sin $+ Y cos ¢, 
Nee! Ni, 
3. Upon reflection (As): 
Xi iae) 0X, 
(Bs) y= -Y, 
N’ = —N. 
4. Upon change of unit of length (A,): 
X' = XX, 
(B,) Y' = XY, 
N' = VN. 
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In the last formulas (By), there is a difference in the behavior of the magni- 
tudes, in that the exponent of \ in the multiplying factor is not always the 
same. We express this difference in physics by introducing the notion of di- 
mension: X and Y have the dimension 1, of a line; V the dimension 2, of an 
area. 

When we examine these four groups of formulas, we notice that the vec- 
tor (directed line-segment) defined by the three determinants X, Y, and V 
actually satisfies our definition of a geometric magnitude. The new co- 
ordinates X’, Y’, and N’ express themselves exclusively in terms of X, Y, 
and NV. 

We see more if throughout we look at the first two equations only, into 
which WN does not enter. The two coordinates (X’, Y’) of the vector in the 
new coordinate system depend solely upon the original values (X, Y) of 
these coordinates; in particular, they are unchanged under translation, and, 
in the other cases, the relation of (X, Y) to (X’, Y’) is just the same as that 
of (x, y) to (x’, y’). In view of the second principle, enunciated above, we can 
say that the two coordinates X and Y determine a geometric configuration in- 
dependently of the coordinate system, and we know already that this con- 
figuration is the free vector. We have thus found the formerly announced 
systematic principle that occasions the introduction of this configuration 
alongside of the vector (Linienteil), 

The following considerations lie in the same field. Since X’, Y’, and N’ 
occur, in all four groups of formulas, as homogeneous linear functions of 
X, Y, and N, we see, by division of the equations, that the ratios X’ : Y’ : N’ 
depend only on the ratios X : Y : N. Thus these ratios X : Y : N determine a 
geometric configuration independently of the coordinate system, without regard 
to the actual values of the three magnitudes themselves, and we recognized 
this configuration earlier as the unlimited straight line. 

Let us now apply our formulas (B), in particular, to a couple, for which 


X=0, Y=0. 
Then, of course, 


while in the four separate cases: 


(Ci) N’ 3 N, 
(2) N= NV, 
(C3) M=-—-N, 
(Cy) N= dN. 


If we use the customary expression invariant for a magnitude which changes, 
under the operations of a group of transformations, at most by a factor, and 
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if we call the invariant absolute or relative according as this factor is 1 or not, 
we can express formulas (C) in these words: The moment of turning of a cou- 
ple is a relative invariant with respect to all rectangular coordinate transforma- 
tions in the plane. 

Let us compare with this the behavior under coordinate transformation of 
the elementary geometric magnitude which we studied at the beginning, the 
area of the triangle: 


1 yy 1 
A=3lx. ye 1}. 
xX V3 1 


Parallel translation (A) does not change this determinant, since it only adds. 
a to the elements of the first column and } to those of the second, i.e., the 
a-tuple and b-tuple, respectively, of the elements of the third column. Con- 
sequently we have 


(D) A=A., 
Similarly, the three other transformations yield 


(D)) A’ = 'A, 
(D;) A’=-—A, 
(Ds) A’ = 2%, 


all of which we might easily infer at once from the geometric significance of 
the area of the triangle. However, these formulas agree precisely with (C): 
The area of a triangle and hence every area (which can always, indeed, be ex- 
pressed as the sum of triangles) dehaves under arbitrary transformation of co- 
ordinates precisely as does the turning moment of a couple. According to our 
second general principle, we may look upon both things, therefore, as equiva- 
lent geometrically, and we can interpret this statement in the following way: 
If we have in the plane any couple with turning moment WN, and if we define, 
in any way, a triangle with area A = JW, this equality is preserved under all 
coordinate transformations, i.e., we can illustrate the turning moment of a 
couple, regardless of the system of coordinates, by the area of a triangle, or by the 
area of a parallelogram, or by the area of any other plane figure. Just how this 
geometric correspondence is to be brought about, will appear later when we 
come to the analogous, but somewhat more complicated, and therefore 
more instructive, relations in space. 

With this I shall leave the geometry of the plane, in which these abstrac- 
tions are almost trivially simple. To every analytic formula one can assign 
a good geometric meaning, whereby full analytic generality finds its way 
automatically into geometry. In this connection, an essential assumption, 
which must again be emphasized, is that the proper conventions should be 
made concerning the signs of the geometric configurations. 
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III. THE GRASSMANN PRINCIPLE FOR SPACE 


We shall carry out the corresponding investigations for space in complete 
analogy with the foregoing considerations for the plane. We start therefore 
from the matrices which can be formed with the coordinates of 1, 2, 3, or 4 


points: 








yi a 1 x1 V1 21 1 
1 41 21 go 1 
[a1 y1 #1 1| A Me. Bh %2 yo 22 1], pices «if 
4 Xe Ye 22 1 see yd x3 Ys A 

X4 Va Sa 


The determinants of the first matrix represent the point coordinates them- 
selves and require no further consideration. The fourth matrix is already a 


four-rowed determinant, and gives, as we know, 
the six-fold volume of the tetrahedron (1, 2, 
3, 4), which we can call a space-segment 3 
1 


(Raumteil) in agreement with the terminology 
to be introduced later. We can, moreover, 
think of it simply as the volume of a parallelo- 
piped with the edges 41, 42,43 (see Fig. 33), 4 
which Grassmann called a Spat (the word 
Spat is taken from the miners’ word Kalkspat). ails 
New configurations are supplied by the second matrix and by the ir 
matrix. The two-rowed matrix represents the aggregate of the following 
six determinants of second order, which arise by the deletion of two columns: 


Fic. 33 


X = %1 — %, F)5*\ Sure De, Lak Z = £1 — 22, 
(1) 4) = 9122 — Yor, M = Gx, — B2%1) - N= Liye — X2¥15 


%, te— % %, : t 
similarly, the third matrix represents the following four determinants of third 
order: 





My & «1 2 % «1 
LQ=]ye 2 11, M=|z2 x 1), 
ys 23 1 Z3 x3 1 
(2) v1 Ww 1 1 WM fy 
Nn = %2 Ye 1}, L = — |x. Yo So}. 
las ys 1 Xs Ys Bs 
aed First, as to the six determinants (1), we can 


infer, from the corresponding discussion for the plane, that x ; Y, and Z 7. 
the projections upon the coordinate axes of the segment joining 2 to 1, 
while L, M, and W are double the areas of the projections upon the go? 
dinate planes of the triangle (0, 1, 2), taken in the sense 0, 1, 2 (see Fig. 34). 
All these magnitudes remain obviously unchanged when we move the seg- 
ment (1, 2) along its line, preserving its length and its sense. They represent 
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what we shall call a directed line-segment (Linienteil) or line-bound vector (lini- 
enfliichtiger Vector) of space. The quantities X , Y, and Z themselves remain 
unchanged if one moves the vector out of its line parallel to itself: the 
therefore determine a free vector. Similarly the five ratios X:¥:Z:L: Mu ‘W 
are not changed by arbitrarily changing the length or sense of the dirtted 
line-segment on its line. Thus they determine the unlimited straight line 

The four determinants (2) determine, first of all, the plane of the thivas 
points 1, 2, 3; for we can write the equation 


x y 3 1 

1 M1 2 1 

%2 Yo 22 1 

%3 Ys 23 1 
obviously in the form 


Le + My + Nze+ P= 0. 


Hence the ratios 2: :N : B determine the unlimited plane. We see, fur- 
ther, that 2, Mt, N are double the areas of the projections upon the coordfs 
nate planes of the triangle (1, 2, 3), always taken in the boundary sense 
1, 2, 3, and that is six times the volume of the tetrahedron (0, 1, 2 3) 
again with that sign which corresponds to this succession of vertices, Now 
these four magnitudes obviously are unchanged when, and only when the 
triangle (1, 2, 3) is so moved and deformed in its plane that its area pie its 
boundary sense are unchanged, and they determine thus a triangle or a 
plane area with this freedom of motion, which Grassmann calls a 
plane-segment (Ebenenteil) or a plane-magnitude (Plangrésse). The first 
three coordinates &, Nt, and N of the plane-segment also remain unchanged 
when we move the plane of the triangle parallel to itself. They determine 
then, as to area and boundary sense, a triangle which is free to move in 
rar parallel to itself, a so-called free plane-magnitude. 
1 we turn now to a closer examination of the directed line- 

notice first that it is determined in space by five variable le auap en 
1ts two endpoints have together six coordinates, but the one endpoint can 
be moved arbitrarily along a straight line. Thus the six coordinates X 
¥,: Zyk, M , and N of the directed line-segment, which we defined shows! 
cannot be independent of one another, but must satisfy a condition We 
can deduce this condition most simply from the laws of determinants, 


which 7 indeed, always the key to our theories. We consider the deter- 
minan 
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which vanishes identically because two rows coincide, element for element. 
We develop it as the sum of products of corresponding minors of the first and 
last pairs of rows. The first summand, which contains the two enclosed 
minors, is simply WV - Z, and for the whole determinant we get 


(3) 2N-Z+M:VY+L:-X). 


Hence we have the identity X-L+Y:-:M-+2Z-+N =O as the necessary 
condition for the six coordinates of any directed line-segment. It is easy to 
show that the equation (3), between the six magnitudes, suffices in order 
for them to represent, by means of formulas (1), the coordinates of a di- 
rected line-segment. I hardly need to go into this very elementary discussion. 

I shall now go over again to the application of these notions to mechanics. 
Just as in the plane (p. 23), we now have the directed line-segment repre- 
senting a force applied to a rigid body in space, including the point of applica- 
tion, the magnitude, and the direction. Of the six coordinates of the directed 
line-segment, we call X, Y, and Z the components of the force parallel to the 
coordinate axes and L, M, and N the turning moments about these axes.! The 
three components X, Y, and Z determine the magnitude and direction of the 
force, whose direction-cosines are in the ratios X: Y: Z. We obtain the force 
as the diagonal of the parallelopiped whose edges are the segments X, Y, 
and Z on the coordinate axes. With the same construction, using L, M, and 
N, we get a definite direction called the direction of the axes of the resultant 
turning moment. ‘The equation of condition (3) shows, according to a well- 
known formula of space geometry, that the direction of the force and that of 
the axis of the resultant turning moment are at right angles to each other. Just 
as in the plane, so here we shall include, as couple, the limiting case where 
X = Y = Z=0, while L, M, and WN do not all vanish, in the notion of di- 
rected line-segment. A simple passage to the limit shows that one should 
mean here an infinitely remote infinitesimal force whose turning moment re- 
mains finite. The elementary theory avoids this form of expression and 
looks upon a couple only as the combination of two equal, oppositely di- 
rected, forces acting upon different parallel lines: (X, Y, Z, Li, M1, Ni) and 
(—X, —Y, —Z, In, M2, N2), whose sum gives, in fact, just such coordi- 
nates (0, 0,0, Zi -+ Lo, M1 + M2, Ni+ N2), as we have just assumed. 

We have to consider now the composition of a system of arbitrary forces 
acting upon a rigid body: Xi, Y:, Z;, Li, Mi, Ni, (@=1,2,---, 7). 
Much time is spent on this problem in elementary books and lectures, 
whereas we can dispose of it rapidly here because our analytic formulas 
make superfluous that consideration of separate cases which a neglect of the 
rule of signs imposes upon the tedious elementary discussion. The funda- 
mental principle of composition is that we set up the sums: 


1 Again we have chosen the sign opposite to that which is usually taken in mechanics. 
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and consider them as the coordinates of the system of forces or, according to 
an appropriate term introduced by Plicker, as coordinates of the Dyname. 
Here, again, we distinguish the three components along the axes and the three 
turning moments about them. Now this system of forces will not, in general, 
be a single force, since the six sums will not necessarily satisfy the condition 
for the coordinates of a single directed line-segment 


BeA+H-M+Z-N=0. 


This is the new thing that comes up in space as opposed to the plane, namely, 
that a system of forces acting upon a rigid body does not necessarily reduce to a 
single force. 

In order to gain a concrete picture of the nature of a system of forces, we 
shall try to represent it in the simplest possible way as the resultant of the 
fewest possible forces. We shall prove that we can consider every system as the 
resultant of a single force and of a couple whose axis is parallel to the line of 
action of that force, the so-called central axis of the system; and this resolution 
is unique. This theory of the composition of forces acting upon rigid bodies 
had its classical presentation in Poinsot’s Eléments de statique, which ap- 
peared first in 1804, and which, since then, has gone through new editions.! 
We speak, indeed, of Poinsot’s central axis. The treatment by Poinsot was 
an elementary geometric one, and was very involved, just as it still is in 
elementary instruction. 

To prove, now, the above theorem, we note that any single force which 
could arise by the withdrawal of a couple from the system must have 3, 
H, and Z as components parallel to the axes. Thus the turning moments of 
the couple must be proportional to %, H, and Z if its axis is to be parallel to 
the central axis. We assume its six coordinates to be 0, 0, 0, AE, kH, RZ, 
where & is a parameter still to be determined. To get from this couple our 
system (#, H, Z, A, M, N), we must add to it the system 


2%, H, Z, A — #E, M — kH, N — kZ. 


The theorem would be proved if one could determine & so that this system 
would be a single force. A necessary and sufficient condition for this is 
that the coordinates satisfy (3), i.e., that 


H(A — kE) -+ H(M — kH) + Z(N — RZ) = 0. 


+ Twelfth edition by J. Bertrand, Paris, 1877. 
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From this we get uniquely 


, — ZA+HM + ZN 
“r m2 Hy? + 72 


for we may assume that the denominator is different from zero, otherwise 
we should be dealing with a couple instead of with a proper system. If one 
assigns to & this value, which Pliicker calls the parameter of the Dyname, en 
actually resolves the system into a couple and a single force, and the metho 
of proof shows that the resolution is unique. 

Now the question arises as to what geometric representation one cam ass0- 
ciate with this resolution. These investigations go back again to Mébius, 
to his Lehrbuch der Statik } of 1837. Here he inquires about an axis around 
which the turning moment of the system would be zero, the so-called null-axts. 
The system of all these null-axes he calls a null-system. It is in this connection 
that this word, no doubt familiar to you, has its origin. ; 

We must now define the general notion of turning-moment, or moment, 
which finds application here. Let two directed line-segments (1, 2) and 
(1’, 2’) be given in space (see Fig. 35). Construct with them the tetra- 
hedron (1, 2, 1’, 2’), whose volume is 





1 YM 4 
x2 Yo 
my WH 
MMe oe 
Developing this determinant as the sum of products of minors of the first 
and last pairs of rows, as we did with the identically vanlenny Gotereninanst 
(p. 30), we get 3(XL’ + YM’ + ZN’ + LX’ + MY’ + Ne ), where x’; 
. - + | N’ are the coordinates of the directed line-segment (1’, 2’). The bi- 
lines combination of the coordinates of both directed line-segments which 


appear here, 
XL' + YM'+ ZN’4+ LX’+ MY'+ NZ’, 


will be called the moment of one directed line- 
segment with respect to the other. It is equal to 
ix times the volume of the tetrahedron whose ver- 
tices are the endpoints of the directed line-segments, 
and it is consequently an independent geometric Fic. 35 

magnitude. If r and r’ are the lengths of the di- 
rected line-segments, ¢ the angle between them, and p the common ‘i 
pendicular to their two lines, it — erty irik eben that the 

isr+ r+ p-sin ®, if the sign of ¢ is properly c . ry 

ray se of a directed line-segment (1, 2) we chense the unlimited 


~ 
a a 





1 Leipzig, 1837. See Werke, vol. 3, Leipzig, 1896. 
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straight line,*then the moment of the directed line-segment (1’, 2’) with 
reference to the line will be defined as its moment, in the preceding sense 
eee with reference to a directed line-segment of length r = 1 on that line, 
1€., rp sind. This is the result of dividing the preceding expression by 
r sz (vx 2 ag Y 2 +Z 2) so that finally, the moment of a directed line-segment 
(x ey Z , L', M’, N’) with respect to an unlimited line which contains the 
directed line-segment (X, Y, Z, L, M, N) is 
XL' + YM' + ZN' + LX’ + MY'+ NZ’ 
[VX + Yo + Za , 

ae value depends, in fact, only upon the ratios of the six magnitudes 

Pealiehary sp along with a sign common to them, so that it is fully determined 
when the unlimited line and a direction on it are known. This moment is pre- 
cisely what is known in statics as the turning-moment of a force, represented 


by a directed line-segment, about the line as axi i 
axis, although a diff ign i 
commonly chosen (see p. 31). 4 pian 


We shall now consider the moment, or turning-moment, of a system of forces 
? 


of a Dyname, 
= 2%, ei = DN 


By this we shall naturall 
y mean the sum of the moments of the 
forces, i.e., the expression nese 


eat 


bye + YMj +ZNi+ LXi + MYi+ NZ! 

food |VX? + Y? 4 Z3| 
A XA + YM+2ZN+ 152+ MH+ NZ 
lVx24 p24 zZ3| ; 


If, in this expression, we identify the unlimited line of X,---. NV with the 
te Aries axes, in order, the expression takes on, ay cede, the values 
Bk Be yes a ie the designations for these quantities which we used 
is Now we can take up the question raised by Mébius. A given system 
=. H, ---,N has the moment 0 with respect to a line (X:Y:--- :W) (this 
is the null-axis) if AX +MY +NZ+ ZL +HM+ ZN =0 Thus the 
null-system of the Dyname is the totality of the straight lines (X :Y te- et) 
given by this equation. But that is the most general linear boniogeiaees 
equation for the six quantities X,--- , N, since the coefficients A. - - « Z, as 
coordinates of a Dyname, can be six arbitrary quantities. Now Pliicker 
along with Mobius, the pioneer in analytic geometry of the nineteenth out 
tury, investigated just such totalities of straight lines which are defined b 

an arbitrary linear homogeneous equation, in a connection which we shail 
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discuss more fully later, and called them linear complexes. Thus the null- 
system of Mobius is exactly the same as the line complex of Pliicker. ; 

We shall now try to give as clear a picture as possible of this null-system, 
although, of course, we cannot speak of a geometric figure in the proper 
meaning of that word, since the null-system fills space infinitely often. 
Nevertheless, its grouping can be understood quite simply. To this end, 
according to the plan always to be followed in these lectures, we shall select 
the coordinate axes as conveniently as possible, which we accomplish here 
by choosing the central axis of the Dyname as the z axis. Since, as we know, 
the Dyname is the resultant of a single force acting along the central axis, 
and a couple with its axis parallel to that central axis, the four coordinates 
=, H, A, M must all vanish, by our choice of the z axis, so that Z represents 
the magnitude of the single force and N the turning moment of the couple 
about its axis. The parameter of the Dyname is, therefore, 

oye ZA+HM+ZN_N. 
=’ + H?+ 2? Z 

The equation of the linear complex in the new coordinate system has then 
the simple form NZ + ZN = 0, or, after division by Z, 


(1) k-Z+N=0. 


We use this form as the basis of the rest of our discussion. If P1(«1, y1, 21) 
and P2(x2, ye, 22) are two points on a line (X: Y: Z:L:M:N ) of the null- 
system, then since Z = 2; — z and N = xiy2 — x2y1, the equation (1) 
gives, for the coordinates of any two points of a null-line, the condition 


(2) h(a, — &2) + (x1y2 — Xo) = 0. 


If now we keep Pz fixed, then (2) is the equation for the coordinates 
(a1, 91, 21) of all points P; which lie with P: on a line of the null-system. If, 
for the sake of clearness, we write, as running coordinates, (x, y, 2) in place 
of («1, ¥1, 21), we see that all the points P; fill a plane whose equation is 


@) yar — ay + hos = hay 


This plane contains the point Ps, since the equation is satisfied by x = 2s, 
y = yo, 2 = 2. We have thus proved that through any point P2 im space 
there pass infinitely many null-lines which form a plane pencil of rays that fil 
the plane (2’). Our problem will be solved if we can get a clear picture of the 
position of this plane (null-plane) which corresponds to every point P». 
The two expressions N = x1y2 — 421, Z = 21 — 22, which occur in (2), 
have the property of remaining unchanged under translations of space paral- 
lel to the z axis, as well as rotations about it; for translations leave x and y, 
hence also NV, and likewise the difference 2; — 22, all unchanged, whereas 
rotations have no effect upon the s coordinate, i.e., upon Z, and leave NV, as 
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~~ ae xy Plane, unchanged. Consequently, equation (2), and theref 
nuli-system which it determines, goes into itself under me ti of 
space about the central axis—for that is the meaning of the g axi ec aes) 
lations along it. agers ny 
This theorem makes our 
problem much easier. If we only know whi. 
att ala er Aiea to any point of the positive half of the ene 
ulomatically also the null-plane which bel int of 
Space; for, by translatin i staan oe 
g that half-axis along, and turning j 
} 5 t hal ing it ab 
. uy can bring one of its points into coincidence with sided in i mn 
i Y, according to our theorem, the corresponding null-planes ato ' 
0 
themselves. In other words: The null-planes 
of the points of a half ray which is ber pendic- 


ular to this central axis have a position with 
reference to the ray and the central axis which 
it independent of the choice of the ray. 


If we now confine ourselves to the x axis 
setting J2 = 22 = 0, we get from (2’) as the 
equation of the plane belonging to the point 
P2 with abscissa x2 : kg — xtxy = 0. It passes 
ha the « axis itself, since y= z= 0 sat- 
; isles the equation j i i 
If we write the equation in the form a/y i rae eka ede i 


inclination ¢ of the plane t, t ‘ 
éthainh Pp 0 the horizontal (xy plane) has the trigonometric 
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= % 
bk ey 


and the position of o i i i 
vet neti kh nse is fully determined. In F ig. 37, its trace in the 
rom what has been said above, we can state th i 
ps wich choice of coordinate system. To every pare py ep s 
central axis, thought of as vertical, there belongs tne 
a plane of the null-system which contains the i 
pendicular Jrom the point upon the axis, and whose 
angle of inclination to the horizontal dies has the 
trigonometric tangent r/k. If we move the point 
on a half ray perpendicular to the axis, then the 
corresponding plane of the null-system will be 
horizontal for r = 0, and will turn, with increas- 
ing 7, up or down (according as & 2 0) and will csc ey 
ae ve pe asymptotically when r becomes infinite. I can make 
on ns Clearer to you by means of a Schilling model (see F ig. 38) in 
re 1s a movable arm which slides along and turns about the cen- 
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tral axis, and which carries a plane sheet that rises in the proper way as it 
recedes from the axis. 

Let us now consider, in particular, the direction of the normal which be- 
longs to the plane through the point P2. Its direction cosines have the same 
ratios as the coefficients in the equation of the plane (2’), i.e., y2 : (—xa) =k. 

We can think of this same direction as the direction of motion of the point 
P», under an infinitesimal screw movement of space. Indeed, if we turn space 
as a rigid body around the z axis through the 
finite angle w and move it, at the same time, 
parallel to the z axis by the amount c, every 
point (x, y, 2) will go into the new position 
given by the equations 






x! = x cosw— y sina, Null Plane 


y' = xsinw + y cosa, 


g=2t+e. 
We pass from this finite screw motion to an 
infinitesimal one by replacing w by —dw and ane 
IG. 


setting c = kdw. The minus sign means that 

for k > Othe turning in the xy plane is negative, if the translation is in 
the positive z direction, i.e., that the screw motion is negative (left-handed). 
Neglecting quantities of second and higher orders in dw, that is, putting 
cos dw = 1, sin dw = dw, we obtain 


v=aetyde, yw=—-xdwty, 2 =z+kdw. 


The increments of the coordinates of a definite point P: under this infinitesi- 
mal screw motion are dx2 = y2dw, dy, = —%2 dw, dzo = k dw, that is, Pe 
will be moved in the direction 


dag : dye : dz, = yo: (—%2) th. 


This is, in fact, precisely the direction along the normal (3). Thus, if we give 
to space an infinitesimal screw motion about the central axis such that the mo- 
tion along this axis is k times the angle of rotation (taken negatively), then the 
plane of the null-system of parameter k which belongs to any point of space will be 
normal to the arc traversed by the point. 

Since the representation of a screw motion is very easy, we can get in 
this way a vivid picture of the arrangement of the planes in a null-system. 
For example, the greater the distance r of a point from the central axis, the 
longer is the horizontal projection rdw of the elementary path which it 
traverses in the screw motion, the flatter is the path itself, since the rise, 
kdw, is constant, hence the steeper is the plane of the null-system, since it 
is normal to that path. If we combine infinitely many of these infinitesimal 
screw motions into a continuous screw motion of space, every point at a 
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distance r from the central axis will describe a helix whose inclination to the 
horizontal has —k/r for its trigonometric tangent, and whose pitch is 
therefore 27k, independent of r. The planes normal to this helix are the planes 
of the null-system. 

In conclusion, having talked only about the planes of the null-system, 
let us now try to get a clear picture of the null-axes. We take any null-axis g 
(see Fig. 39) and draw the common perpendicular between g and the central 
axis, meeting the latter in O, and gin P. Then PO, 
as a perpendicular from P to the central axis, be- 
longs to the null-system, and OPg must be the 
plane of the null-system belonging to P. Since g 
is perpendicular to OP, it makes with the hori- 
zontal the same angle ¢ as the null-plane, i.e., 
tan d= r/k, wherer = OP. Thus we obtain all 
the null-axes, if, through every point P of every half 

Fre. 39 vay perpendicular to the central axis we draw that 

normal to this ray which makes with the horizontal 

an angle whose trigonometric tangent is tan p = r/k, where r is the distance 
of P from the central axis. 

We can make this construction a little clearer. We take a circular cylinder 
of radius r whose axis is the central axis and draw on it all helices whose inclina- 
tion @ to the horizontal blane is given by tan ¢ = r/k. The 
totality of tangents to these helices is obviously identical with 
the totality of null-axes at the distance r from the central axis. 
By varying r, we get all the null-axes. As we move outward, 
these helices get steeper. They have at each point the cor- 
responding null-plane as osculating plane and they are 
therefore at right angles to the previously mentioned hel- 
ices, which are at every point normal to the null-plane. 

After this discussion, which has exhibited a double con- 
nection between helices and the null-system, we can un- 
derstand why this whole theory has been associated with 
that of helices. Sir Robert Ball used this designation in 
his Theory of Screws,! in which he discussed all the geometric relations 
connected with a system of forces acting upon a rigid body. 

Let us now return to our systematic development. We had obtained, by 
using Grassmann’s principle, the four elementary geometric configurations, 
the point, the line-segment (Linéenteil), the plane-segment (Ebenenteil), and the 
Space-segment (Raumteil). As in the plane, we shall now examine the behavior 
of these configurations, under transformation of the rectangular coordinate 
system, and classify them according to the general principle announced above. 





Fic. 40 





1 Dublin, 1876, 
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IV. CLASSIFICATION OF THE ELEMENTARY phen alma 
TIONS OF SPACE ACCORDING TO THEIR BEHAVI 
UNDER TRANSFORMATION OF RECTANGULAR 
COORDINATES 


Above all, cf course, we should obtain a view of all possible transforma- 
tions of a rectangular coordinate system in space. These transformations 
are really fundamental for all geometry of space, so that, for this very any 
we could not overlook them in these lectures. The most general change in 4 
coordinate system that comes up for consideration is made up, as ei 
plane, of the following component parts: (1) translation; (2) rotation a 
the origin; (3) reflection; (4) change in the unit of length. 

The equations of translation are, of course, 


x =x+a, 
y=yth, 
di g=ste. 


The equations of rotation, in any case, have the form 


x! = aye + by + cs, 
(Ae) y’ = age + bay + c22, 
2! = ase t+ day + css. 


We shall consider at once the determination of the coefficients, which is more 
complicated here than in the plane. The combination of all possible trans- 
formations of these two sorts yields all the proper movements of the coordi- 


nate system in space. 
Just as, in the plane, we reflected in an axis, so here we can consider reflec 


tion in a coordinate plane, say the xy plane, and we obtain 
v=, yoy w= —2. 


But we can write these formulas more symmetrically by using three minus 
signs, in the form 


(As) ae = —%x, y’ ae => —%. 


This is a reflection in the origin, sometimes called inversion.1 In the 


lane 
: x’ = —x, y=-y 


is not a reflection, but a turning through 180°; and, generally, inversion 
in the origin is a reflection only in spaces of an odd number of dimensions. 
If the number is even, it is a rotation. 


1 Sometimes the designation “inversion” is used for the totally different transformation 
by means of reciprocal radii. 








_— 
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A change in the unit of length, finally, is given by the equations 
(Aa) x’ =x, y =dy, 2’ =z where A> 0. 


If X< 0, this transformation involves a reflection, in addition to a change in 
unit length. 

It remains for us to consider in greater detail the formulas for rotation. 
The most general rotation about the origin depends, as you know, upon 


three parameters, because, first, the direction cosines of the axis of rotation ! 


represent two independent quantities and, in addition, the angle of rotation 
is arbitrary. A symmetrical treatment of all rotations in terms of three in- 
dependent parameters is furnished by the theory of quaternions, which you 
will find discussed in my lectures ! of last winter. Moreover, Euler had set 
up the formulas in question before quaternions were invented. I shall give 
here the treatment that one usually finds in textbooks on mechanics and 
which makes use of the nine direction cosines of the new axis with reference 
to the old. We start from the form of the equations of transformation given 
above: 


ll 


a” = aye + by + as, 
(1) y = age + boy + cz, 
2! = agx + dbyy + cgz. 


Let us consider one point «, y = 0,2 = 0 of the old x axis. It has, with refer- 
ence to the new system, the coordinates x’ = a,x, y’ = agx, 2! = aga, that is, 
41, G2, a3 are the cosines of the angles which the new axes make with the old x 
axis. Similarly, b;, be, bs and ¢, C2, 3 are the cosines of the angles which the 
new axes make with the old y axis and the old z axis, respectively. 

These nine coefficients of the equations of transformation are not at all 
independent of one another. We can deduce the relations between them from 
the interpretation just given, or we can make use of the known relations that 
obtain in every orthogonal substitution, i.e., in every rotation or reflection 
with fixed origin: 


@) att yb gt = att yt at, 


which states that the distance from O is invariant. We shall choose the second 
method: 

a) We substitute (1) in (2) and obtain, by comparing coefficients, the 
following six relations among the nine quantities a1, - ++ , cs: 


@ {,itlte <1 ob toa dt dtd =, 
b1¢1+boe2+b3c3=0, 6141+ €202-+¢303=0, 41b,;+@2b2+-03b3=0. 


1See Part I, p. 58 et seq. 
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8) We multiply the three equations (1) by the three quantities a, b,¢ 
respectively, and add. Solving them by means of (3), we obtain 


x = ax’ + ay’ + azz’, 
(4) y = by! + boy’ + bse’, 
2 = oa! + coy’ + 632". 
This is obviously the so-called transposed linear substitution cae arises from 
i i i f coefficients. 
1) by interchanging rows and columns in the array o 
' a os the other hand, solving equations (1) by the rules of determinants, 
we find 


x! by C1 ay by C1 
is ies y be co},°°+,WwhereA=|]a, be Ge}. 
2 bs C3 a3 b3 C3 


The coefficient of x’ here must be the same as in the first equation (4), that 


is, 








(5) A 


and similarly, each coefficient of the orthogonal substitution must be equal “3 the 
corresponding minor of the array of coefficients, divided by the determinant . 

5) We shall now calculate the determinant A. To that end, we set up its 
square by the law of multiplication of determinants: 


a: by caller bi ca] | aftas +45 brat betat bsas C101 +C2d2+Cs0s 
a be C2|*\a2 be Ca = 016; + abo+ asb3 b?+53 +); crit cabot cab, 
a3 bg Cs| las bs cs} |aicitaecet+ascs dici +bace +s¢s G+, +3 


where the columns of the first determinant are multiplied by those of the 
second. According to the formulas (3) this product determinant is 


1 0 0 
A?=|0 1 O}/=1, 
00 1 


so that finally A = +1. In order to decide which sign to choose, pihoiee 
that we have thus far used only the relation (2), which is satisfied equally in 
rotation and in reflection. Now, among all orthogonal transformations, rota- 
tions have the property that they can be generated from the identical transfor- 
mation x! = x,y’ = y, 2’ = 2, by continuous variation of the ict so 
sponding to a continuous movement of the coordinate system segs ' 
original to the new position. On the other hand, the substitution which w 

call, in general, reflection, arises by continuous modification of the inversion 
—z, whereas this inversion itself cannot be gener- 


bs C3 


en Bi a 
x = —2x,y' = —Y,2 


ated continuously from the identical transformation. However, the determi- 
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nant of the substitution is a continuous function of the coefficients, and it. 


must change continuously when we change the identical transformation 
continuously into an arbitrary rotation. Its value at the start is 


100 
010 
001 


Since its value, as we have seen, is always either +1 or —1, it must of neces- 
sity remain always +1 for rotations, for an abrupt change to —1 would 
mean a discontinuity. Hence for every rotation the determinant A has the 
value 


= +1. 








aq by C1 
a be c.| = +1, 
a3 b3 C3 


(6) A= 





and, similarly, for every reflection, we must have A = —1. 
The formula (5) now takes the simple form: 


be C2 
bs C3 


Thus each coefficient in the array of substitutions of rotation for the rectangular 
coordinate system is equal to the corresponding minor. 

We come now to our real problem, to find out how the coordinates of the 
elementary space configurations, the line-segment X, Y, Z, L, M, N , the 
plane-segment 2, Mt, N, B, and finally the space-segment 7, behave under 
the four kinds of change of the rectangular system of coordinates. 


(7) aq\= 








To write down all the formulas of transformation would take too much 


space, and it would also eventually become tedious. Therefore I shall men- 
tion only a few points that deserve special notice. First, I make the remark, 
which you can easily verify, that in all formulas of transformation of the 
coordinates of a line-segment, the first three coordinates X’, Y’, Z’ in the 
new system are expressed in terms of X, Y, Z alone, and, in fact, as linear 
homogeneous functions of them. The quantities L, M, N do not enter. 
Thus, according to the general principle already announced (p. 25 et seq.) the 
totality of the three quantities X,Y, Z must, in itself, determine a geometric 
configuration independent of the system of coordinates. This is the free vector 
which we have mentioned (p. 30). In the same way, the three coordinates 


£, Mt, N of the plane-segment are transformed without regard to the fourth, _ 


$B, so that they also have geometric significance independent of the coordinate 
system. They represent the free plane-magnitude already mentioned (p. 30). 

We shall now find out, by special calculation, how the coordinates of the 
Sree vector X, Y, Z, behave under our transformations (A1), - - -, (A4) (p. 39). 
For that purpose, we replace only in X’ = xj — x4,--- the x{,-- > by x,y, 2, 
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by means of the formulas (A2), and we obtain at once the following formulas. 


1. For translation: 


(By) X=X, WPe=V, ZH=Z. 


2. For rotation: 
X= 4X+0,Y 4+ aZ, 
(Ba) VY’ = aX + bY + o2Z, 
Z! = a3X + D3Y + c3Z. 
3. For inversion: 
(Bs) X’'=-X, Y'=-Y, “Z=-Z. 
4. For change of unit length: 
(Ba) X'=nrX, YV'=dY, Z=NZ. 
Thus, under translation of the system of coordinates, the coordinates of the free 


vector remain unchanged; otherwise, however, they behave like the point coor- 


dinates themselves. ' 
Let us compare with this the formulas of transformation for a couple, 


which we obtain from the formulas of transformation of the coordinates of 
a line-segment by putting X = Y = Z= 0. Then, of course, 


X'=Y'=Z' =0, 


and, for the moments of turning with respect to the new axes, we get the 


following formulas. 
1. For translation: 


(Ci) Li a EB, M'=M, Ne N. 
2. For rotation: 


Lh o= a4bL+6M+ aN, 
(C2) M’ = aL + boM + aN, 
N’ = a3L + 63M + oN. 


3. For inversion: 

(Cs) L=L, M=M, N=N. 
4. For change of unit length: 

(C4) U=NL, M’=NM, WN’ =D. 


The coordinates of a couple are unchanged by translation of the system of co- 
ordinates, and by inversion; they behave, under rotation, like point coordinates; 
and they are multiplied by the factor X* under change of the unit of length, i.e., 
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they have the dimension 2 (of an area), whereas the free vector, like point 
coordinates, has the dimension 1. 


The formulas (C), (C3), (C4) are derived without any difficulty; perhaps — 
(C2) needs some explanation. Indeed, with the aid of formulas (A 2), we get 


U 
v1 2 Ag% + boyy + Coz as%1 + bsyy + caz1 
Vo Se AnXq + dave + coze asx2 + bsyo + Cage 
If we multiply out the last determinant, we get 3- 3+ 3-3 = 18 terms 
of which three sets of two terms (€.g., @o%1 * d3%_ — A3x1 + de%e, - - +) caheill 


The remaining twelve terms can be c i i 
collected into the following s 
products of determinants: ai) 


I! = 














be C2 
bs C3 


Co ae 
C3 a3 


2) X41 
2 Xe 


Mf G2 be} ja yy 
ye 22 az bs] |ae ye 
According to formula (7), the first factors are equal to a1, b1, c1, while the 
second factors are L, M, N. Thus the formula given above tae L’ has 
been obtained. The two other formulas for M’ and N’ follow similarly. 

As a third configuration, let us now consider the free plane-magniiude 
Very simple calculations like those above, which I shall leave for you té 
carry out, lead to the result that the components &, M, N of a free plane- 
magnitude transform, in all cases, just as do the coordinates L. M. N of a 
couple. Bay 

For the sake of clearness, let us combine these results into a little table. 


It gives the transformed first coordinate, from which the others come by 
cyclic interchange. 


p agen ; ; ; 














































TRANSLATION Rotation 







Free Vector Xx aX +hY +62 —-X AX 
Couple L aL +b,M +N L NL 
Free Plane-Magnitude g ail + dM + cN g Ag 








We have now obtained the precise foundation for a series of geometric 
statements which appear in the textbooks frequently not at all, or only 
incidentally, and in a form in which their simple geometric Cointiend is not 
readily apparent. Often the geometric configurations which we consider 
here are not at all separated in the clear cut manner which we consider neces- 
sary, and, as a result, a whole series of interesting relations is completely 
obscured. For example, even with Poinsot, the concepts of couple and free 
plane-magnitude, from the start, are always tied together. Obviously this 
makes the discussion more difficult to understand. For us, a comparison 
of the last two lines of the above table shows, according to a general principle 
stated earlier, that a couple and a free plane-magnitude are to be thought of as 
fundamental geometric configurations of the same sort, because they behave 
in the same way under all changes of the rectangular coordinate system. 
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Let us make the content of this statement still clearer. If a couple ZL, M, N 
is given and we set up a relation between it and a plane magnitude &, M, 2, 
by means of the equations 2 = L, M = M, N= N (or if we set it up in 
reverse order, starting from &, Dt, Nt), then this coincidence remains un- 
affected by any transformation of coordinates. It must therefore be sus- 
ceptible of pure geometric description without making use of a coordinate 
system. For this purpose, we start with the plane magnitude 2, IM, 2, and 
specialize the coordinate system most conveniently by setting & = Dt = 0. 
Then the free plane-magnitude represents a triangle (1, 2, 3) lying in the 
xy plane or parallel to it, such that Jt is twice its area, i.e., equal to the area 
of the parallelogram (1, 1’, 2, 3), where the sign is to be determined by the 
circuit sense 11’ 2 (see Fig. 41). Lassert, now, that the corresponding couple, 
with the moments L = 0, M = 0, N = can be formed with the opposite 
parallelogram sides (1, 1’) and (2, 3), with the fy 

arrow heads at 1 and 2. To prove this, I 
choose the system of coordinates in the xy 
plane still more conveniently, namely, with 
the y axis in the line 1 1’ and the x axis 
through the point 2. (Drawn dotted in 
Fig. 41.) Then the two line-segments (1, 1’) 
and (2, 3), and likewise the couple formed by 
them, have the turning-moments L = 0 and 
M = 0. Moreover, the third turning-moment 
for the line-segment (1, 1’) is also zero, so that finally NV is equal to the 
turning-moment of (2, 3): 





Fic. 41 


7 os x V2 
x3 Va 


(for x2 = xs and ys = 0, according to our assumption). On the other hand, 
for this position of the coordinate system, the third coordinate of the plane- 
segment is 


= %2° Ya; 





0 yy 1 
N=lxe O 1) =m ¥z, 
x2 Y3 1 


that is, the product of the base ys of the parallelogram by the height <2. 
Thus V = 9 in sign as well as magnitude, which proves my statement. 

We can state this as a general result, without reference to a special co- 
ordinate system. A free plane-segment, represented by a parallelogram of 
definite contour sense, and the couple given by two opposite sides of the paral- 
lelogram, with arrows directed opposite’ to that sense, are geometrically equiv- 
alent configurations, i.e., they have equal components with reference to every 
coordinate system. Thus this theorem permits, at any time, the replacement 
of a couple by a parallelogram, or of the latter by a ccuple. 
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We need pay no further attention to the second row of the table (p. 44) 
and we shall compare the first and the third rows, i.e., the free vector and the 
Sree plane-magnitude. We notice, first, that both behave in the same manner 
under translation and rotation, but that a difference appears when we add 
reflection or even a change of the unit of length. In order to follow this in 
detail, we think of a plane magnitude 2, Mt, N given in the familiar (right- 
handed) coordinate system, and we associate with it a free vector by means 
of the equations X= &, Y=M, Z=MN. These equations will remain 
unaffected if we restrict ourselves to movements of the system of coordi- 
nates, but they will be modified by reflection or by change of the unit of 
length. If we wish to give geometric expression to them, we cannot get along 
without taking account of the sense of the coordinate system and of the 
unit of length. In fact, if we again place the system of coordinates as before. 
so that 2 = I? = Oand 9 is equal to the area of the parallelogram (1, 1’, 2 3) 
in the xy plane, then, as the figure shows (see Fig. 42), R > 0, and the oct 
X = Y=0,Z=Y¥ has the positive direction of the z axis. Obviously, we 
can state this fact independently of the special position of the daidielinedie 
system: In order to obtain, in a right-handed system of coordinates, the free 
vector which has the same coordinates as a given plane-magnitude, we erect a 
normal to the plane, toward that side from which the contour of the parallelogram 
representing the plane-magnitude appears 
counterclockwise, and we lay off on it a 
segment equal to the area of the parallelo- 
gram. The equality between the coordi- 
nates of the vector and of the plane- 
magnitude persists, no matter how one 
translates or rotates the coordinate sys- 
tem. It ceases, however, if we perform 
an inversion, or if we change the unit of 
es et For example, if we measure in 

ecimeters, instead of in centimete 
pry we of the area is divided by 100, that of the vector-segment ae 
Mig ae under inversion, the vector changes sign, but not the plane- 

We can identify a free plane-magnitude completely with a free vector 
only if we choose once for all a definite sense for the system of coordinates 
and a definite unit of length. Each person is free, of course, to impose such 
a restriction according to his whim, but he must recognize the arbitrary 
nature of his choice, if he would come to an understanding with others. 
All these things are, as you see, very clear and simple, but they must always 
be borne in mind because the historical development has left a certain con- 


fusion in present day physi i ; 
ye P i y physics. A word, therefore, concerning the history of 





Fic. 42 
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Grassmann’s theory of extension, of 1844, because it was so hard to read, 
as I have emphasized, made little impression upon our physics and me- 
chanics. The development by W. R. Hamilton in Dublin, at about the same 
time, had much more influence in England. Hamilton was the inventor of 
quaternions, which I considered at length 1 during the winter semester. I 
need add here only that he also introduced the word vector for what we have 
called free vector, whereas he did not expressly use the notion of line-bound 
vector. Furthermore, he did not distinguish between free plane-magnitude and 
free vector, because, at the outset, he assumed a definite determination of the 
coordinates as to sense and as to unit of length. This usage went over into 
physics, where, for a long time, no distinction was made between real vectors 
and plane-magnitudes. To be sure, there arose gradually, in finer investiga- 
tions, the need for a separation of two forms, according to their behavior 
under inversion, both of which had been called indiscriminately vector, and 
for this purpose, the adjectives “polar” and “axial” were introduced. A 
polar vector changes its sign under inversion, and is thus identical with our 
free vector; an axial vector does not change under inversion, and agrees, therefore, 
with our free plane-magnitude (whereby we take no account of dimension). 
Eventually, physics had to recognize here a difference which is surprising 
in some ways, and which occurs still in the usual presentations, but which, 
in our general treatment, appears from the start as quite natural. 

Let us now give an example which will clarify this discussion. The state- 
ment that electric excitation is a polar vector means that it is measured by 
three quantities X, Y, Z, which transform according to the first row of our 
table (p. 44). The corresponding statement that magnetic field strength is 
an axial vector means that its three components change according to the 
last row in the table. To be sure, I leave here undetermined the question 
as to the dimension of these components, as that would take us too far into 
physical details. 

Along with the word vector, Hamilton introduced the word scalar, which 
also plays an important role in physics today. A scalar is simply a quantity 
that is an invariant under all of our transformations of coordinates, i.€., a 
quantity which, under changes of the coordinate system, itself changes 
either not at all, or only by a factor. If we go into detail, we can distinguish 
different shades in the notion of scalar. Let us consider, first, as example, 
the space-segment, or the volume of the tetrahedron: 


1 Mf 
T= 3 %2 Yo 22 
%3 Ya 3 
x4 ya 24 


a a 
. 


1 See Part I, p. 58 et seq. 
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This transforms, as is easily verified by calculation, as follows: 





UnpER TRANSLATION Rotation INVERSION Unit lamorm 
over into T T —T MI 








Such a quantity, which is unchanged by translation or rotation, but is 
changed in sign by reflection, is called a scalar of the second kind, while a 
scalar of the first kind is unchanged also by inversion. The dimension, which 
is given by the fourth column, is not considered in this statement. 

We can also easily set up scalars of the first kind. The simplest examples 
are X? + Y? + Z*, where X, Y, Z are the coordinates of a free vector, and 
@ + M? + N?, where &, M2, N are the coordinates of a free plane-magnitude. 
That these quantities remain, in fact, unchanged by all movements and re- 
flections (not by changes in the unit of length) can be inferred from the table 
on page 44, if we also take into account equations (3), page 40, for the co- 
efficients of rotation. They must, therefore, have a pure geometric meaning. 
Indeed we know that they represent the square of the length of the vector, 
or, as the case may be, of the area of the plane-segment. 

We shall now inquire how we can obtain, from combinations of given funda- 
mental configurations (vectors and scalars of both kinds), additional configura- 
tions of the same species. We shall consider first a very simple example. 
Let T be a scalar of the second kind, say the volume of a tetrahedron, and 
let X, Y, Z be the coordinates of a polar vector. We consider the three 
quantities T-X,T-Y, T+Z. They transform, under movements, just 
as do the vector components X, Y, Z themselves. Under inversion, how- 
ever, they remain unchanged, because both factors change sign. Thus 
these three magnitudes represent an axial vector. Similarly, starting with 

an axial vector 2, M2, MN, we can obtain a polar vector T'- 27: -M, TNR. 

Now we shall take two polar vectors X 1, Yi, Z; and Xo, V2, Z, and we 
shall form from them all sorts of characteristic combinations, starting with 
a purely analytic procedure. We shall examine the behavior of the newly 
formed magnitudes under transformation of coordinates and we shall de- 
cide from this what sort of geometric quantities they represent. 


1. We start with the three sums Xi+ Xe, ¥i+ Vo, 27+ Zo. ‘They 
transform in just the same way, obviously, as do the vector components 
themselves; hence they represent a new polar vector which has with the two 
given vectors a purely geometric relation which is independent of the system 
of coordinates. 


2. The bilinear combination of both vector components 


XiXo+ Yi¥2 + Z:Z2 . 
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remains unchanged by all movements and reflections, as is easily verified 
by calculation; hence it represents a scalar of the first sort, which, as such, 
must admit a purely geometric definition. 


3. The three minors of the matrix formed from the components 


Xi VY Zi 
Xe Ve Ze 








behave, as is easily shown, just as do the coordinates of a free plane-magnitude 
or of an axial vector, which must then be connected with the given vectors 
independently of the coordinate system. 


4. We consider finally three polar vectors, and form out of their nine com- 
ponents the determinant 
ih “a 
Xo Yo Ze}: 
X; Y3 Zs 


This remains unchanged under all movements, but it changes sign under 
reflection, so that it defines a scalar of the second kind. J 

I shall indicate the geometric interpretation of these configurations. After 
the result is once stated, you can easily complete the proofs, if you will 
only start from a properly specialized position of the coordinate system. 


Interpretation of 1. The interpretation of the so-called sum of the two 
vectors, defined here, is well known. If the two vectors are drawn from the 
same point, then the diagonal, drawn from that point, of the parallelogram 


2 
Lr naa 
1 1 
1 % 
Fic. 43 Fic. 44 Fie. 45 


formed from them represents this sum. [Rule of the “ parallelogram of forces.” 
(See Fig. 43.)] 

Interpretation of 2. If the vectors have the lengths r; and 1, and if the 
angle between their directions is (see Fig. 44), then the bilinear combination 
4S 1x72 cos p. 

Interpretation of 3. We consider, again, a parallelogram, whose sides are 
parallel to the vectors 1 and 2, and we think of it as traversed in the sense given 
by the succession of the directions of 1 and 2 (see Fig. 45); then we have ‘ 
completely determined free plane-magnitude, precisely the one defines 
above by its three coordinates. Moreover, the absolute value of its area is 
given by ri+72|sing|. 
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Inter pretation of 4. If the three vectors all start from one point, they 
form the three edges of a parallelopiped (see Fig. 46) whose volume, with 
properly determined sign, will be equal to the scalar of the second kind de- 
fined by the determinant. 

Let me speak now of the way in which these processes appear elsewhere in 

the literature, where it is not customary to give primary importance, as we 
do here, to an investigation of the behavior of cer- 
tain analytic expressions under transformation of the 
coordinates, i.e., to a rational and simple theory of 
invariants. In the usual treatments, a certain no- 
menclature in mechanics and physics has been 
evolved, following Grassmann and Hamilton. It is 
customary to speak about the so-called vector al- 
gebra, and about vector analysis, which compares 
the rules of formation of new vectors and scalars from given vectors with 
the elementary rules of operation upon ordinary numbers. 
We first note that the operation appearing in No. 1 is called, as already 
indicated, simply the addition of the two vectors 1 and 2. Justification for this 
designation is found in the validity of certain formal laws which characterize 
the addition of ordinary numbers, in particular, the commutative and the 
assoctative laws. The first of these laws states that the definition of the “sum” 
is independent of the order in which the two vectors 1 and 2 are used. The 
second of the two laws states that the addition of the sum of 1 and 2 toa 
vector 3 gives the same result as the addition of 1 to the sum of 2 and 3. 
In a much freer manner, the operations defined in No. 2 and in No. 3 have 
been called multiplication, and we distinguish between inner or scalar multi- 
plication (No. 2) and outer or vector multiplication (No. 3). Indeed, in each 
of these, the important property called the distributive law of multiplication 
with respect to addition, which is expressed by the equation 
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(a2 + a3) = aia, + aids, 
is valid. In fact, for inner multiplication, we have 


Xi(X2 + Xs) + Vi(V2 + Vs) + Z1(Z2 + Zs) 
= (X1X2 + Vils + Z:Z2) + (XiX¥s+ Vils + 2,23). 


The analogous property for outer multiplication can be derived with equal 
simplicity. As to the other formal laws of multiplication, which I discussed 
fully in my lectures? last winter, I may say that the commutative law 
(a+b = 5-4) holds for inner multiplication, but not for outer multiplica- 
tion, since the small determinants of the matrix which defines the outer 
product change sign when the vectors 1 and 2 are interchanged. 


1 See Part I, p. 9. 
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I may add that the outer product of two polar vectors is often defined 
simply as a vector, without sufficiently emphasizing its axial character. Of 
course, on the basis of the general relation given above (p. 46), we can replace 
the free plane-magnitude by a vector, and we obtain the following rule. The 
outer product of two vectors 1 and 2 is a vector 3 of length rir.| sind | , per- 
pendicular to the plane of 1 and 2, and so directed that the vectors 1, 2, 3 are 
oriented to each other as are the positive x, y, 2 Product 


axes, respectively, to one another (see Fig. 47). . 
It must not be forgotten, however, that this 1 
definition depends essentially upon the kind of 


coordinate system and upon the unit of length. Fic. 47 

Why this language of vector analysis has been so firmly adopted I am un- 
able fully to understand. It may well have some connection with the fact 
that many people derive much pleasure from such formal analogies with the 
common time-honored operations of reckoning. In any event, these names 
for the vector operations have been accepted with tolerable generality. How- 
ever, the choice of a definite symbolism for these operations, in particular 
for the different kinds of multiplication, has resulted in a great divergence 
of opinion. In my preceding course of lectures,’ I explained that there re- 
mains great disagreement, in spite of all efforts. Meanwhile, an interna- 
tional commission was set up at the recent mathematical Congress in Rome, 
and was asked to propose a unified notation. Whether any sort of agreement 
will be reached even among the members of this Commission, and whether 
the great body of mathematicians will accept its proposals, only time will 
tell. It is extraordinarily difficult to induce a large number of individuals, 
bent upon going comfortably in their own ways, to reconcile their divergent 
views, except under the compelling force of legislative enactment or of ma- 
terial interest. I prefer not to talk here about the notation of vector analysis; 
otherwise I might unwittingly create a new one. 

I do not wish to end this discussion without pointing out, with emphasis, 
that, for our general standpoint, the questions of ordinary vector analysis con- 
stitute only a chapter out of a profusion of more general problems. For 
example, line-bound vectors, restricted plane-magnitudes, screws, and systems 
of forces are, strictly speaking, not considered in vector analysis. For a real 
understanding of the operations of vector algebra themselves, however, it is 
actually necessary to take a broader view of them. Only then does the prin- 
ciple which inheres in them, namely, that of defining geometric magnitudes 
according to their behavior under the various kinds of transformation of 
rectangular coordinates, find full expression. As to the literature concerning 
all these questions, I mention first the work in which I explained our general 
principle of classification and applied it, in particular, to the above men- 


1 Part I, p. 65. 














52 The Simplest Geometric Manifolds 


tioned theory of screws: Zur Schraubentheorie von Sir Robert Ball. I should 
mention also the Encyclopedia articles by E. Timerding (Geometrische 
Grundlegung der Mechantk eines starren Koérpers, Enz. IV, 2) and M. Abra- 
ham (Gegmetrische Grundbegriffe der Mechanik deformierbarer Kérper, 
Enz. IV, 14). 

[The Committee which was set up in Rome for the unification of vector 
notation did not have the slightest success, as was to have been expected. 
At the following Congress in Cambridge (1912), they had to explain that 
they had not finished their task, and to request that their time be extended 
to the meeting of the next Congress, which was to have taken place in 
Stockholm in 1916, but which was omitted because of the war. The com- 
mittee on units and symbols met a similar fate. It published in 1921 a pro- 
posed notation for vector quantities, which aroused at once and from many 
sides the most violent opposition. This plan is printed in volume I (1921) 
of the Zeitschrift fiir angewandte Mathematik und Mechanik, page 421 
et seq. The comments of the opponents are published in the second volume 
(1922) of the same journal. The terminology which is usual today in vector 
calculation comes historically, in the main, from two sources, from Hamil- 
ton’s quaternion calculus and from Grassmann’s theory of extension. The 
developments of Grassmann were hard to read and remained unknown to 
German physicists; for a long time they formed a sort of esoteric doctrine 
for small mathematical groups. The ideas of Hamilton, on the other hand, 
made their way into English physics, mainly through Maxwell. In his 
Treatise on Electricity and Magnetism (2 vols., Oxford, 1873), however, 
Maxwell used, in his vector equations, the representation by components 
almost exclusively. He made little use of a particular notation, through fear 
of not being understood, although in his opinion it was desirable, for many 
purposes in physical deliberations, to avoid the introduction of coordinates 
and to draw attention instantly to a point in space instead of to its three 
coordinates, and to the direction and magnitude of a force rather than to 
its three components. That which today is called the vector calculus of the 
physicist is derived from the work of the telegraph engineer Heaviside and 
the American scholar J. W. Gibbs. The latter published in 1881 his Elements 
of Vector Analysis. Although Heaviside, as well as Gibbs, were Hamiltonians 
at the start, they both took over Grassmann’s ideas into their calculus. 
Indirectly, through the works of these two authors, the vector calculus, 
and with it Grassmann’s theory of extension, as well as Hamilton’s quater- 
nion calculus, made its way into German physics. The first book that in- 
troduced the vector calculus into the circle of German physicists, and that 
after the manner of Heaviside, was A. Féppl’s Einfiihrung in die Maxwell’ sche 


1 Zeitschrift fiir Mathematik und Physik, vol. 47, p. 237 et seq., and Mathematische 
Annalen, vol. 67, p. 419 = F. Klein, Gesammelte Mathematische Abhandlungen, vol. 1, 
p. 503 et seq. 
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Theorie, which appeared in 1894. Both Grassmann and Hamilton had this 
in common, that the object of each was to operate with directed magnitudes 
themselves, and only later to go over to their components. It is remarkable 
that both generalized the meaning of the word “product.” This may be 
due to the fact that, from the outset, they associate their developments with 
the theory of complex numbers of more than two terms. (See my presenta- 
tion of quaternions in Vol. I, p. 58 et seq.) Otherwise, however, the tech- 
nical terms of the two are entirely different, as has been shown already. 
The terms line-segment, plane-segment, plane-magnitude, inner and outer 
product, come from Grassmann, while the words scalar, vector, scalar prod- 
uct, and vector product, come from Hamilton. The disciples of Grassmann, 
in other ways so orthodox, replaced in part the appropriate expressions of 
the master by others. The existing terminologies were merged or modified, 
and the symbols which indicate the separate operations have been used with 
the greatest arbitrariness. On these accounts, even for the expert, a great 
lack of clearness has crept into this field, which is mathematically so simple. 

The principle announced on page 25 is a guiding star through this con- 
fusion. According to it, we can characterize the theories of Grassmann and 
Hamilton as follows. While Grassmann in his Lineale Ausdehnungslehre 
studies the theory of those invariants which belong to the group of affine ! 
transformations which leave the origin of coordinates unchanged, he builds 
on the group of rotations in his later Vollsténdige Ausdehnungslehre, as does 
Hamilton also in his Quaternions. Hamilton’s procedure in this is thoroughly 
naive. It did not occur to him that there is anything arbitrary in the choice 
of the orthogonal group. Other differences can arise, as already explained, 
if inversion, that is, reflection of all the coordinate axes in the origin, is ad- 
mitted on the one hand or is excluded as superfluous on the other. The whole 
situation can best be made clear with the notions outer product (free plane- 
magnitude), vector product, and vector. If we select the group of orthogonal 
transformations but exclude inversion, we make no distinction between 
these three types of quantity. For this reason, Grassmann, in his Voll- 
stindige Ausdehnungslehre, represents the free plane-magnitude (a paral- 
lelogram with a sense of rotation) by means of a vector, which he calls the 
complement of the plane-magnitude, and which corresponds completely to 
the vector which the physicist designates as a vector product. But if in- 
version is admitted, then “plane-magnitude” and “vector product” are to 
be considered equivalent geometric configurations, but different from that 
of “vector.” This corresponds to the customary distinction in physics be- 
tween polar and axial vectors. If we now go over to the group of affine trans- 
formations, we can no longer consider Grassmann’s free plane-magnitude 
and the vector product as geometric quantities of the same kind.] 


1 These transformations are discussed later in this book (see p. 70 et seq.). 
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V. DERIVATIVE MANIFOLDS 


This completes what I wished to say here about elementary configura- 
tions of geometry, and I shall now turn to the higher configurations which 
arise by combination of these. I shall do this in historical form, so that you 
can get a picture of the development of geometry in the different centuries. 


A. Up to the end of the eighteenth century only points were commonly used as 
elementary configurations. Other elementary configurations appeared at 


times, but never systematically. As configurations derived from points, — 
there were considered curves and surfaces as well as more general configura- 


tions made up of parts of different curves and surfaces. Let us consider, 
briefly, how varied such configurations may be. 


1. In elementary instruction, and sometimes even in the introductory 
course in analytic geometry, it would appear as though the whole of geom- 
etry were confined to the straight line, the plane, the conic sections, and sur- 
faces of the second order. Of course that is a very narrow view. Even the 
knowledge of the ancient Greeks went beyond this, in part, for they in- 
cluded certain higher curves which they considered as “ geometric loci.”” To 
be sure, these things had not reached down into ordinary instruction. 


pe Let us compare with this the state of knowledge around 1650, when 
analytic geometry began with Fermat and Descartes. In those days, scholars 
distinguished between geometric and mechanical curves. The first type in- 
cluded particularly the conic sections, but included also certain higher 
curves such as those which are now called algebraic curves; the second type 
included such curves as those defined by some mechanism, e.g., the cycloids 
which arise when a wheel rolls. Such curves belong for the most part to the 
curves now called transcendental curves. 


3. Both these types of curves are included under analytic curves, which 
were defined later. These are curves whose coordinates x, y can be repre- 
sented as analytic functions of a parameter t, i.e., briefly, as power series in t. 


4. In recent times, consideration has often been given to non-analytic 
curves, whose coordinates x = $(#), y = W/(#) cannot be developed into power 
series. Such are, for example, the curves defined by continuous functions 
without derivatives. This implies a more general notion of curve, which in- 
cludes the analytic curve as a special case. 


5. Finally, through the development, in recent times, of the theory of 
aggregates, which I have discussed before,' a concept has appeared which 
was heretofore unknown, namely, the infinite point set. This is a totality of 


1 See Part I, p. 250 et seq. 
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infinitely many points, a point cluster, which may not exactly form a curve, 
but which is still defined by a certain law. If we wish to find, in our con- 
crete perception, something that corresponds fairly well to a point set, we 
might look at the milky way, in which more careful search discloses ever 
more and more stars. The actual infinity of the abstract point set theory 
is replaced here by the infinity of the mathematics of approximation. 

Within the scope of this course of lectures there will not be room, un- 
fortunately, for more than this brief account of these disciplines, in par- 
ticular for infinitesimal geometry and point set theory, although these are, of 
course, likewise important parts ! of geometry. They are, however, treated 
thoroughly in many special lectures and books. Hence we shall give only 
this indication of their place in the whole field of geometry, in order that we 
may treat more fully things that are not so often treated elsewhere. 

However, I should like to add to this account an explanation of the dif- 
ference between analytic and synthetic geometry, which always plays a part 
in such discussions. According to their original meaning, synthesis and 
analysis are different methods of presentation. Synthesis begins with de- 
tails, and builds up from them more general, and finally the most general, 
notions. Analysis, on the contrary, starts with the most general, and sep- 
arates out more and more the details. It is precisely this difference in mean- 
ing which finds its expression in the designations synthetic and analytic 
chemistry. Likewise, in school geometry, we speak of the analysis of geo- 
metric constructions: we assume there that the desired triangle has been 
found, and we then dissect the given problem into separate partial problems. 

In higher mathematics, however, these words have, curiously, taken on 
an entirely different meaning. Synthetic geometry is that which studies figures 
as such, without recourse to formulas, whereas analytic geometry consistently 
makes use of such formulas as can be written down after the adoption of an ap- 
propriate system of coordinates. Rightly understood, there exists only a dif- 
ference of gradation between these two kinds of geometry, according as one 
gives more prominence to the figures or to the formulas. Analytic geometry 
which dispenses entirely with geometric representation can hardly be called 
geometry; synthetic geometry does not get very far unless it makes use of a 
suitable language of formulas to give precise expression to its results. Our 
procedure, in this course, has been to recognize this, for we used formulas 
from the start and we then inquired into their geometric meaning. 

In mathematics, however, as everywhere else, men are inclined to form 
parties, so that there arose schools of pure synthesists and schools of pure 
analysts, who placed chief emphasis upon absolute “purity of method,” 
and who were thus more one-sided than the nature of the subject demanded. 
Thus the analytic geometricians often lost themselves in blind calculations, 


1 Part III will contain something about these things. 
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devoid of any geometric representation. The synthesists, on the other hand, 
saw salvation in an artificial avoidance of all formulas, and thus they ac- 
complished nothing more, finally, than to develop their own peculiar lan- 
guage formulas, different from ordinary formulas. Such exaggeration of the 
essential fundamental principles into scientific schools leads to a certain 
petrifaction; when this occurs, stimulation to renewed progress in the science 
comes principally from “outsiders.” Thus, in the case of geometry, it was 
investigators in function theory who first made clear the difference between 
analytic and non-analytic curves, a difference which had never received 
sufficient attention either from the scientific representatives, or in the text- 
books, of either of the two schools. Similarly, it was the physicists, as we 
have seen, who gave currency to vector analysis, although the fundamental 
notions are found in Grassmann. Even in texts on geometry today, vectors 
are often scarcely mentioned as independent concepts. 

From time to time, it has been proposed that geometry, as an independent 
subject of instruction, be separated from mathematics, and that, generally 
speaking, mathematics, for purposes of instruction, be resolved into its sep- 
arate disciplines. In fact, there have been created, especially in foreign uni- 
versities, special professorships for geometry, algebra, differential calculus, 
etc. From the preceding discussion, I should like to draw the inference that 
the creation of such narrow limits is not advisable. On the contrary, the 
greatest possible living interaction of the different branches of the science 
which have a common interest should be permitted. Each single branch 
should feel itself, in principle, as representing mathematics as a whole. Fol- 
lowing the same idea, I favor the most active relations between mathemati- 
cians and the representatives of all the different sciences. 

With this, I bring our digression to an end and I shall resume considera- 
tion of the historical development. 


B. Let us consider now the powerful impulse that geometric investigation 
received, from 1800 on, when the so-called newer geometry stepped into the 
foreground. Today we call it, rather, projective geometry, because the opera- 
tion of projection, which I shall discuss at length later, plays a chief role. 
The name newer is still used a good deal, but really inappropriately, be- 
cause many still newer tendencies have appeared since then. As the first 
pathfinding investigator, I would name J. V. Poncelet, whose Traité des 
proprietiés projectives des Figures | appeared in 1822. 

The difference between the synthetic and the analytic direction also played a 
role, from the first, in the further development of this projective geometry. 
As representing the first type, I'mention the Germans J. Steiner and Ch. von 
Staudt; among the second group, in addition to A. F. Mobius, comes, above 


1Second edition, Paris, 1865-66. 
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all, J. Pliicker. The fundamental works of these men, which have even 
today an active influence, are: Steiner’s Systematische Entwickelung der 
Abhdngigkeit geometrischer Gestalien von einander,' von Staudt’s Geometrie 
der Lage,? Mobius’ Baryzentrische Kalkiil,* and, finally, Pliicker’s Analytisch- 
geometrische Entwickelungen.* 

If I were to set forth the most important guiding principles of these 
“newer” geometries, I should put first the following ideas. 


1. As the chief accomplishment of Poncelet, I should select his giving 
prominence for the first time to the thought that there are other configura- 
tions that have equal justification with the point. In particular, we may, in 
the plane, set the unlimited line over against the point, and in space we can 
compare the unlimited plane and the point. In a large number of the theorems 
in geometry, we can replace the word “point” by the word “line 3 or by 
the word ‘‘plane,” as the case may be. This is the principle of duality. 

Poncelet, in his developments, started from the theory of reciprocal polars, 
the polar theory of the conic sections. As is well known, to every point p 
there belongs, with reference to a definite conic, 7 
a straight line 7, the polar of the point, which 
may be defined, perhaps, as the line joining the hg 
points of contact of tangents drawn from p to 
the conic (see Fig. 48). Conversely, there be- 
longs to every line 7 a pole , and the recipro- ye 
cal relation obtains that if a point p’ lies on 7, sin a 
then 7’, the polar of p’, goes through p. From i 
this special one-to-one relation between points and lines in the plane, which 
the conic establishes, together with the analogous correspondence between 
points and planes in space, which is set up by a surface of the second order, 
Poncelet concluded that one could ‘‘dualize’’ in this way all theorems of geom- 
etry which have to do with properties of position, the mutual incidence of point 
and line, or of point and plane. A famous example is the theorem of Pascal, 
concerning the hexagon inscribed in a conic, which dualizes into Brianchon's 
theorem concerning the hexagon of tangents circumscribed about the conic. 


2. As time went on, a deeper study of the principle of duality led to its being 
detached from the theory of polars, and to its recognition as a comsequence 
of the peculiar constitution of projective geometry. This beautiful systematiza- 
tion appears first in the work of Gergonne and of Steiner. You need only 
read the preface of Steiner’s Systematische Entwickelungen,’ where he Pic- 
tures in enthusiastic words how projective geometry first brought order into 


1 Berlin, 1832 = Gesammelte Werke, 13d, I (Berlin, 1881), p. 229 et seq. Reprinted in 

nos. 82, 83 of Ostwald’s Klassiker der exakien Wissenschaften. ‘ 
2 Niirnberg, 1847. 4 Two vols., Essen, 1828, 1831, 
3 See p. 17. 5 Cited above, p. 233, 
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the chaos of geometric theorems, and how everything arranges itself so 
naturally in it. 

As I shall often have occasion to speak of this discipline in the course of 
these lectures, I should like to give a brief survey of it now. The principle 
of duality may be stated as follows. In the fundamental notions and the 
fundamental theorems (axioms) of geometry, the point and the plane, in space, 
or the point and the line, if we restrict ourselves to the plane, always enter sym- 
metrically, i.e., these axioms, and hence the theorems logically derived from 
them, are dual by pairs. The so-called mass relations of elementary geom- 
etry, such as distance, angle, etc., do not, in the first instance, appear at 
all in this discipline. We shall see, later, how they can be fitted in supple- 
mentarily. In detail, the composition of the structure is as follows. 

(a) Three kinds of configurations are used as the simplest ones for a founda- 
tion: the point, the (unlimited) straight line, the (unlimited) plane. 

(b) The following relations (called theorems of connection or axioms of 
connection) exist between these fundamental configurations: Two points de- 
termine a line, three non-collinear points determine a plane; two planes deter- 
mine a line; three non-collinear planes determine a point. The unrestricted 
validity of these axioms will be brought about by the skillful introduction of 
extraordinary (infinitely distant) elements in a way to be explained later. 

(c) We now construct the linear fundamental configurations (i.e., those 
which are defined analytically by linear equations). 

I. The fundamental configurations of the first kind, each consisting of 
oo! elements: 
(a) The totality of points on a line: a rectilinear point range. 
(8) The totality of planes through a line: an axial pencil of 
planes. 
(y) The lines through a point m a plane: a (plane) pencil of lines. 
II. Fundamental configurations of the second kind, each consisting of 
co? elements: 
(aw) The plane as locus of its points: a field of points. 
(a’) The plane as locus of its lines: a field of lines. 
(8) The planes through a fixed point: a pencil of planes. 
(8’) The lines through a fixed point: a pencil of lines. 
III. Fundamental configurations of the third kind, each consisting of ©? 
elements: 
(a) Space as the locus of its points: a space of points. 
(8) Space as the locus of its planes: a space of planes. 

In this entire structure, complete duality appears everywhere. We can 
exhibit the whole body of projective geometry in two mutually dual ways if, 
using the given fundamental elements, we start on the one hand from points, 
and on the other either from lines, if we are concerned with geometry of the 
plane, or from planes if we are thinking of geometry of space. 
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3. This structure can be represented in another manner, and more con- 
veniently, if we follow the analytic way and inquire, for that purpose, in the 
first place, in what form the principle of duality appears with Pliicker. We can 
write the equation of the straight line in the plane, if the constant term is not 
zero, as follows: 


ux+v+1i=0. 


The line is determined if we know the values of the coefficients « and 2, 
which, moreover, appear in this form symmetrically with the running 
coordinates x and y. Now it is Pliicker’s thought to look upon w and 
v as the “coordinates of the line” and as having equal justification with the 
point coordinates x and y, and as being considered, at times, as variable instead 
of them. With this new point of view, « and y have fixed values, and the 
equation expresses the condition that a variable line passes through a fixed 
point: it is the equation of this point in line coordinates. Finally, it is not 
necessary, in the form of expression used, to show a preference for either of 
these configurations. We can leave entirely undetermined which pair of 
quantities we will consider constant and which variable. Then the equation 
expresses the condition for the “united position” of point and line. Now the 
principle of duality lies in this, that every equation in x and y, on one hand, and 
in u and v on the other hand, is completely symmetrical. Everything that we said 
above concerning the duality that is inherent in the axioms of connection rests in 
this property. 

In space, of course, the equation of the line will be replaced by the equation 
of the plane 


ux + vy+we+1=0. 


As a result of these considerations, geometry can be developed analytically 
by looking upon either x, y, 2 or u, v, w as the fundamental variables and, 
accordingly, by simply interchanging the words point and plane. In this way, 
then, arises the familiar two-way development of geometry, which you find 
emphasized in many texts, where dual theorems appear side by side on the 
same page, separated by a vertical line. Let us cast a rapid glance at the 
higher configurations which arise in this way, always in dual pairs, whereby 
we shall, in a sense, obtain a continuation of the above dual scheme of linear 
configurations. 

To start with, we look upon «x, y, 2 as definite, non-constant functions ¢, x, 
V of a parameter t. These three functions will then represent a space curve, 
which, in particular (when @, x, W satisfy identically a linear equation with 
constant coefficients), can be a plane curve, or, finally (when they satisfy two 
such linear equations), can degenerate into a straight line. In the same way, 
considering “, v, w as functions of ¢, we obtain a singly infinite succession of 
planes, which we can consider most conveniently as the tangent planes of a 
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developable surface. As special cases we get, as the first case, that all the 
planes pass through a point, i.e., that they envelop a cone, and, as the second 
case, that they all go through a fixed line. 

Secondly, if we consider x, y, 2 as functions of two parameters t and t’, we 
get a surface, which, in particular, can degenerate into a plane. The dual of 
this is the double infinity of planes enveloping a surface, which can degenerate 
into a pencil of planes through a point. 

Let us collect these results into a table: 








x=¢ (0) Curve u = (t)) Developable surface 
y=x (2) (Plane curve) v =x (A) (Cone) 
z=y(d) (Straight line) w= yw (t) (Straight line) 
x= (t, t’) ‘ = t, t 

ye er) eo e 4. i ti Surface 
peVGEH ane) w =e?) (Point) 








This will suffice as an example of a dual scheme which men have found 
pleasure in developing, these many years. 

4. One finds even in Pliicker an essential extension of this entire subject. Just 
as he looked upon the three coefficients in the equation of the plane as vari- 
able plane coordinates, so he conceived the notion of considering, quite gen- 
erally, the constants upon which any geometric configuration depends—e.g., 
the nine coefficients in the equation of a surface of order two—as variable co- 
ordinates of this configuration, and he investigated what an equation between 
them might signify. Of course, one can no longer talk of “duality,” in any 
real sense, since this depended upon the special property that the equation 
of the plane, as well as that of the straight line (see p. 59 et seq.), was symmet- 
rical in coefficients and coordinates. 

Pliicker himself carried out this idea especially for straight lines in space. 
A straight line in space is given, in point coordinates, by two equations 
which Pliicker writes in the form 


x=r2+ p, y= soto. 


The four constants r, s, p, 7 in these equations are to be called the coordinates 
of the line in space. It is easy to show how they are related to the six ratios 
x :Y:--++:, derived by Grassmann’s principle from two points of the 
line, which we have used before (p. 30 et seq.). Pliicker now considers an 
equation f(r, s, p, ¢) = 0 between the four coordinates. It separates out 
from the four-fold infinity of straight lines in space a three-fold infinity of 
lines which Pliicker calls a line complex. We have already mentioned (p. 35) 
the simplest case of this manfold, the linear complex. Two equations 


f(r, s,p,0)=0, g(r, s, p, 0) = 0 
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determine a line-congruence, which is also called a system of rays. The first 
of these names implies that we are concerned with those straight lines in 
which the two complexes f = 0, g = 0 coincide. Finally, three equations 
of the same sort, f = g = # = 0 determine a simply infinite family of 
straight lines which cover a certain surface called a ruled surface. 

Pliicker gave this presentation in 1868-69 in his book entitled Newe Geome- 
trie des Raumes gegriindet auf die Betrachtung der geraden Linie als Raumde- 
ment.’ He died as the printing of the first part was nearly finished, and I, as 
his assistant, was able to win my spurs by editing the second part. 

Pliicker’s general principle of considering any configuration as a space 
element and its constants as coordinates has led to other interesting develop- 
ments. Thus the eminent Norwegian mathematician Sophus Lie, who 
worked many years in Leipzig, had great success with his geometry of the 
sphere. Here the space element is the sphere, which, like the straight line, 
depends upon four parameters. I mention, further, Study’s Geometrie der 
Dynamen,? of a later date, where a whole series of interesting investigations 
of this nature are connected with the notion of the “‘dyname,” which we 
have discussed above. 


C. The “new geometry ” which we have been discussing is based primarily 
on the prominence given to the unlimited line and the unlimited plane as 
space elements. Grassmann’s developments, beginning in 1844, went beyond 
this, however. Here he placed the limited line-segment, plane-segment, space- 
segment in the foreground and assigned components to them according to his 
determinant principle, all of which we have discussed thoroughly. The beauti- 
ful thing about this is that it corresponds to the needs of mechanics and 
physics far more effectively than do, for example, line geometry and the 
principle of duality. 

Of course, these different directions are by no means so sharply separated 
from one another as I have made it appear in my attempt to give you a 
clearer view of each of them. The fact of the matter is that Pliicker gives 
more weight to the unlimited line, Grassmann more to the line-segment, 
while, with each of them, the other configuration sometimes appears. In 
particular, Study might just as well be placed in the present rubric as in the 
preceding one. 

I must emphasize, however, that Grassmann by no means confined him- 
self to things that were immediately applicable, but that, with unfettered 
creative instinct, he went far beyond that. His most important contribution 
is that he introduced the general notion of n point coordinates x1, %2,*** , Xn; 
instead of the three x, , z, and so he became the real creator of geometry of 
space, Rn, of n dimensions. Following his general principle, he considered, in 


1 Parts 1, 2, Leipzig, 1868 and 1869. 
2 Leipzig, 1903. 
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such a higher space, the matrices of the coordinates of 2, 3,-+*,nt+1 
points, whose minors then gave him a whole series of fundamental configura- 
tions of Ra, corresponding to the line-segment and the plane-segment. I 
have mentioned already that Grassmann called the abstract discipline thus 
created the theory of extension. 

This notion of R, has been extended in recent times to include the con- 
sideration of infinitely many coordinates x1, x2, +++ ad infinitum, and one 
speaks of space R.. of infinitely many dimensions. That such a notion can 
make sense can be seen if we think of operating with power series: a power 
series is determined by the totality of its infinitely many coefficients, and it 
can, to that extent, be represented by a point in Ry. 

The remarkable thing here, as has been recognized in general by mathe- 
maticians, is that this way of speaking geometrically of and, indeed, of in- 
finitely many variables, has proved to be of real use. By means of it, dis- 
cussions become more vivid than when they are confined to abstract analytic 
expression. The student acquires soon such facility in the use of the new 
geometric representation as to make it appear that he is really at home in 
Rn or Rx. What measure of truth lies behind this phenomenon, and 
whether, perhaps, a natural gift of the human mind comes to light, which is 
ordinarily limited in its development by experience in space of only two or 
three dimensions—that is a question to be decided by psychologists and 
philosophers. 

If I am to give you a survey of the role of mathematics in general culture, 
I must devote a word to the turn which was given to geometry of higher 
dimensions in 1873 by the astronomer Zéllner of Leipzig. We have here one 
of the rare cases where a mathematical expression has gone over into every- 

day use. Nowadays everybody uses expressions involving the “fourth di- 
mension.” This popularizing of the fourth dimension arose from experiments 
made before Zéllner by the spiritualist Slate. Slate announced himself as a 
medium who had direct intercourse with the spirits, and his exhibitions con- 
sisted, among others, in causing objects to disappear and to reappear. Zéll- 
ner believed in these experiments and set up for their explanation a physico- 
metaphysical theory which was widely accepted. He postulated that for the 
real physical phenomenon, there is really a space of four or more dimensions, 
of which we, because of our limited endowment, can appreciate only a three- 
dimensional section «4 = 0. He argued that an especially gifted medium 
who, perhaps, is in touch with beings living outside this world of ours, can 
remove objects from it, which would then become invisible to us, or he can 
bring them back again. He attempts to make these relations clear by pictur- 
ing beings who are restricted to a two-dimensional surface, and whose per- 
ceptions have this limitation. We may think of the mode of life of certain 
animals, e.g., mites. If an object is removed from the surface in which these 
creatures live, it would appear to them to disappear entirely (that is how it is. 
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conceived), and it was in analogous fashion that Zdllner explained Slate’s 
experiments. Various attempts have been made to picture the existence of 
these two-dimensional beings. Especially amusing is the one in an anony- 
mous English booklet Fiatland.' Here the author paints exactly the appear- 
ance of a two-dimensional world: the individual beings differ through their 
geometric form, being more complicated the more highly organized they are. 
Regular polygons are the highest beings. Women, of whom the author seems 
to have a poor opinion, have simply the form of a dash; and so it goes. 

I hardly need to add here that the mathematical conception of geometry 
of higher dimensions has nothing to do with Zéllner’s metaphysical notions. 
Mathematics shows itself here as a pure normative science, to use a modern 
expression, which considers the possible connections of things, and which 
exists quite independently of the facts of natural science or of metaphysics. 

After this digression, I should like to consider, in somewhat more detail, 
the higher manifolds which, as combinations of Grassmann’s elementary mani- 
folds, in particular of vectors, can be placed alongside of the combinations of 
points, planes, etc., which we have already discussed. We come here to the 
further development of the real vector-analysis, which, thanks especially to 
Hamilton, has become one of the most valuable tools of mechanics and 
physics. I place before you Hamilton’s Elements of Quaternions, as well as 
the Vector Analysis,? already mentioned (p. 52) by the likewise distinguished 
American J. W. Gibbs. 

The new notion which is added here to our already familiar concepts of 
vector and scalar, is the connecting of these quantities with the points of space: 
To every point in space we assign a definite scalar S = f(x, y, 2) and we 
speak then of a scalar field. On the other hand, we attach to every point in 
space a definite vector 


aA (x, 4; 2), Y= V(x, y; 2), 


and we call the totality of these vectors a vector field. 

In this way we designate two of the most important geometric notions, 
which are used everywhere in modern physics. It will suffice if I recall a few 
examples of their wide application. The density of a mass distribution, the . 
temperature, the potential energy of a continuous extended system, always 
thought of as a function of position, are examples of scalar fields. The field 
of force, in which a definite force is applied at each point, is the typical ex- 
ample of a vector field. I will cite the following additional examples. In 
the theory of elasticity, the field of displacements of a deformable body, when 
we assign to each point a line-segment that indicates the amount and direc- 
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14 Romance of Many Dimensions. By a Square. London, 1884. The purpose of the 
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tion of its displacement, is a vector field. Similarly, in hydrodynamics, the 
field of velocities, and finally, in electrodynamics, the electric and magnetic 
field, in which to each point is assigned a definite electric and a magnetic 
vector, are examples of vector fields. Since at every point we can combine 
the vector of the magnetic field strength, which is of axial nature, with the 
polar vector of the electric field strength, to form a screw, the electromag- 
netic field can be interpreted also as an example of a screw-field. 

Hamilton showed how these fields could be made available in the simplest 
way, for the methods of differential and integral calculus. To this end, it is 
fundamental to remark that the differentials dx, dy, dz, whose ratios de- 
termine the direction of displacement at a point of space, represent a free 
vector, i.e., that they behave, under transformation of coordinates, as do free vec- 
tor components. This follows easily from the fact that they arise by a limit 
process from the coordinates of a small linear segment passing through the 
point x, y, 2. 

More important, but more difficult to grasp, is a second remark that the 
symbols of partial differentiation 


0 0 0 

dx’ dy’ Oz 
also have the character of free vector components, i.e., if we go over to a new 
rectangular coordinate system «’, y’, 2’, the new symbols 0/dx’, 0/dy’, 0/d2’ 
behave toward the old as do the transformed coordinates of a vector (and, 
specifically, a polar vector). 

This will be clear, at once, if we carry it out for a rotation of the system of 

coordinates 


"= ay + by + cz, 
(1) y! = age + doy + coz, 
a = asx + day + cz. 


As we showed earlier (p. 41), these formulas of rotation have the character- 
istic that their solution is obtained simply by the interchange of rows with 
columns in the system of coefficients: 


x = ayn! + any’ + azz’, 
(2) y = dix! + boy! + by’, 
B= oe! + coy! + c32’. 


If we have, now, any function of x, y, z, we can, by means of (2), express it as 
a function of x’, y’, 2’, and we shall have, according to the known rules for 
partial differentiation, 


|e 
[a 


Ox 0 Oy , 0 Oz 
da Oy ad ae ae! 


7 => 


Q 
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ade, a dy, a as, 
yy’ Ox Oy’ © Ay dy’ Oz dy’ 
0 _ da, A ay, A ae 
Oz’ Ox dz | dy dz’ ' dz Oz 


x Ne 
Oy’ 


The derivatives of x, y, 2 with respect to x’, y’, 2’ are immediately available 
from (2), and we get 


ee ire eee 

ay = at Pies t. C1ys? 
0 0 0 

= da + bagi Caps? 


he ead Soda 
53, Osa, + beg + cag, 


A comparison with (1) shows, in fact, agreement with the transformation 
formulas for point coordinates, and thus for vector components. 

An essentially simpler calculation would show also that, under translation 
of the system of coordinates, the three symbols 0/dx, 0/dy, 0/dz are un- 
changed, but that, under inversion, the sign changes, so that the statement 
is proved. To be sure, we have taken no account of changes in the unit of 
length, i.e., of dimension. If we do this, we find that our symbols have the 
dimension — 1, because of the differentials of coordinates that appear in the 
denominators. 

We shall now perform, with this Hamilton vector symbol (0/0, 0/dy, 
8/dz), the same operations that we performed earlier with vectors. Let me 
remark, in advance, that we may call the result of the operation 0 /0x upon 
a function f(x, y, 2), that is, 0f/8x, symbolically, the product of 0/dx and f, 
since the formal laws of multiplication, insofar as we are here concerned 
with them, in particular the distributive law 

Aft) _ Of , 9 
Es San be. 


hold for these combinations. 

Now let a scalar field S = f(x, y, 2) be given, and let us multiply this scalar 
by the components of the Hamilton vector symbol, in the sense just out- 
lined, i.e., let us form the vector 


af off. 


ax’ ay’ az 

We have already seen (p. 48) that the product of a scalar by a vector is 
again a vector. Since, in the proof of this theorem, only such properties of 
multiplication are used as persist also in our symbolic multiplication, it 
follows that these three partial derivatives of the scalar field define a vector 
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which depends on x, y, 2 and is thus a vector field. The connection between this 
vector field and the scalar field is independent of the particular system of coordi- 
nates chosen. This vector field, with the sign changed, is called the gradient 
of the scalar field, a term taken from meteorology. Thus, in the familiar 
weather charts of the newspapers, the air pressure at each point is indicated 
as a scalar field S, while the curves 5 = const. are drawn and the correspond- 
ing values of S are indicated. The gradient gives, then, the direction of the 
most rapid drop in air pressure and is always normal to these contour curves. 

One can always form a scalar X2 + ¥*+ Z? from the vector components 
X, Y, Z. Hence we can obtain, from the gradient of a scalar, a new scalar 


field: 
(5) + (&)'+ (3) 


which must be connected with it, and therefore with the original scalar 
field, in a manner independent of the system of coordinates. This scalar is 
equal to the square of the length of the gradient, or, as it is called, to the square 
of the slope of the scalar field he 
Applying this same principle, we can form, from the ‘vector symbol 0/dx, 
9/dy, 0/dz, a symbolic scalar, by multiplying symbolically each component 
by itself, ie., by applying the operation which it implies twice. This yields 
the operation 
oe 8 8 
batt aya t op? 
which has, thus, scalar character, i.e., it is invariant under transformation of 
coordinates. If we “multiply” this scalar symbol by a scalar field f, we get, 
necessarily, again a scalar field 
of , OF , OF 


dx? " Oy? + 02?” 
whose relation to the first one is independent of the coordinate system. If we 
think of a liquid flowing in a field, whose initial density is 1, and whose 
velocity at each point is given by the gradient of f, then the density at each 
Point increases, in the first instant of time dt, by an amount equal to this 
scalar multiplied by dt. Hence we call 


(2h, Shy o” 
(33: Faye t 3) 


the divergence of the gradient of f. 

Formerly, following Lamé, it was customary to call a scalar field 
S = f(x, y, 2) also a point function (fonction du point), and to call the first 
scalar field connected with it, (Of/dx)? + (Of/dy)? + (0f/d2)?, the first dif- 
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ferential parameter and the second, 0°f/Ax* + O7f/Ay? + 3°f/dz", the second 
er 


ifferenti ter. th a pi 
eesin nyo smote sis shall now combine our vector symbol with a given 
s ? 


(polar) vector field: 
X= d(x, a) Z), Y= x(x, y» Z); Z= V(x, y, 3). 
Indeed, we shall do this with the aid of both kinds of multiplication of two 
inted: 

i hich we have become acquain isha 
‘ane multiplication there results a scalar, which, in com vac ge 
‘saieiabantatide of symbolic multiplication, may be written in : 

ox , OY , 02. 
Ox + oy + Oz 
i tsa 
Since this result also is independent, of wv en x, ~ pe probaphv soe 
lation to the given vector field 1s i 
pes lat It is called, in the sense defined above, the divergence 
e , 


of that field. : pi 
(b) Outer multiplication yields the matrix: 


aaa 
ax dy az\, 
x 2. m 


whose three determinants are to be read as: 
OZ . OY Ox dZ OY ox 


dy 02 Os dx Ox dy 


} the case 
i ecedes, a plane-magnitude, or, as 
on kaggaepnetegnne fom desarb vector ‘field. The connection ponpeay: the 
var ie fields is again independent of the choice of the coordinate oe ney 
hee vedi to Maxwell, this vector field is called the curl of the * ; 
ia Cased the German word quirl, of like germanic origin, 1s used. Uc 
i i is called also rotor, or rotation. share yr 
mer Ariat obtained, through systematic geometric sine 
those quantities which the physicist must always have pects vou hae 
f the various vector fields. It is pure geometry, however, ha Neng 
i I must emphasize this all the more, since these things are o Pe 
A ‘a belonging to physics, and are therefore nero o boo oe 
dies on physics, instead of in So tat hy? > alamarinis sa ae 
justi i 
titude is thoroughly unjustified, and 1 < ‘ 
saan of the historical development. When the time pao spre ; 
: eate the weapons which it needed, and which it did not find ready 
cr 


i tics. : ; 
¥, itd dita here the same misunderstanding which I mentioned often las 
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semester in the field of analysis. In the course of time, physics developed 
all sorts of mathematical needs. Hence it often created valuable stimulation 
to mathematical science. But mathematical instruction, especially as it is 
given in the schools, even today, pays no attention to these changes. It 
goes along in the same old rut which it has followed for centuries, and leaves 
it to physics laboriously to provide its own aids, although these would sup- 
ply much more appropriate material for mathematical instruction than do 
the traditional topics. You observe that in the life of the intellect there is 
also a law of inertia. Everything continues to move along its old recti- 
linear path, and every change, every transition to new and modern ways, 
meets strong resistance. 

With this I leave the first main part, which has taught us the various kinds 
of geometric manifolds, the objects of geometry. Now we shall concern our- 
selves with a particular method, which is of greatest importance for the 
more exact study of these manifolds. 





PART TWO 


GEOMETRIC TRANSFORMATIONS 


That which we now undertake is one of the most important chapters of 
scientific geometry. In its fundamental ideas and in its simpler portions it 
offers, however,—and I wish especially to point this out in these lectures— 
very stimulating material for school instruction. Geometric transforma- 
tions are, after all, nothing more than a generalization of the simple notion of 
function, which our modern reform tendencies are striving to make the cen- 
tral point of mathematical instruction. 

I begin with a discussion of point transformations, which constitute the 
simplest class of geometric transformations. They let the point persist as 
space element, i.e., they bring every point into correspondence with another 
point—in contrast with other transformations which carry the point over 
into other space elements, such as the straight line, the plane, the sphere, 
etc. Here again I place the analytic treatment in the foreground, since it 
often enables us to give the most accurate expression of the facts. 

The analytic expression of a point transformation is what analysis calls 
the introduction of new variables x’, y', 2": 


a = o(x, yy z), 
y = x(x, », 2); 
Z = V(x, yy 2). 


We can interpret such a system of equations geometrically in two ways, I 
might say actively and passively. Passively, it represents a change in the system 
of coordinates, i.e., the new coordinates x’, y’, 2’ are assigned to the point 
with the given coordinates x, y, z. This is the meaning we have always had 
in mind previously in our study of the changes of the rectangular system of 
coordinates. For general functions ¢, x, y, these formulas include, of course, 
over and above that, the transition to other kinds of coordinate systems, 
e.g., trilinear coordinates, polar coordinates, elliptic coordinates, etc. 

In contrast with this, the active interpretation holds the coordinate sys- 
tem fast and changes space. To every point x, y, 2, the point x’, y’, 2’ is 
made to correspond, so that there is, in fact, a transformation of the points 
in space. It is with this conception that we shall be concerned in what fol- 
lows. 

We shall obtain the first examples of point transformations, in the sense 
of these remarks, if we consider again the formulas which, before (see p. 39 
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f 
ét seq.), passively interpreted, represented a translation, a rotation, a re- 
flection, or a change in the unit of length, and we shall now interpret them 
actively. It is easy to see that the first two of these 


P groups of formulas represent a translation of space— 

a thought of as rigid—and a rotation about O, re- 
spectively, with respect to the immovable system of 

oi coordinates. The third group gives an inversion of 
ia eo the points of space in the origin O. [Every point 


x, Y, 2 goes into —x, —y, —z, symmetric to it with 
respect to O (see Fig. 49).] The last one represents a so-called similarity 
transformation of space, with O as center. 

We now start our real investigations with a particularly simple group of 
point transformations, which includes all the foregoing as subcases, namely 
the affine transformations. ! 


I. AFFINE TRANSFORMATIONS 


; An affine transformation is defined analytically when 2’, y’, 2’ are linear 
integral functions of x, y, 2: 


x’ = aye + by + «z+ di, 
(1) y’ = age + doy + coz + do, 
a! = ase + bay + cst + dy. 


The name, which goes back to Mébius and Euler, implies that, in such a 
transformation, infinitely distant points correspond again to infinitely dis- 
tant points, so that, in a sense, the “ends” of space are preserved. In fact 
the formulas show at once that x’, ’, z’ become infinite with X,Y, Z. This 
is in contrast to the general projective transformations, which we shall 
study later, in which 2’, y’, z’ are fractional linear functions, and by which 
therefore, certain finite points will be moved to infinity. These affine trans- 
formations play an important role in physics under the name of homogeneous 
deformations. The word “homogeneous” implies (in contrast to heteroge- 
neous) that the coefficients are independent of the position in space under 
consideration; the word “deformation” reminds us that, in general, the 
form of any body will be changed by the transformation. 

The transformation (1) can be made up of displacements, in amounts 

“a1, dz, ds, parallel to the thtee coordinate axes, together with the homo- 
geneous linear transformation 


v= ax + by + C12, 
(2) y = age + boy + c2z, 
a! = age + byy + cx, 
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which leaves the position of the origin unchanged (centro-affine transforma- 
tion), and which is somewhat more convenient to use. We start the con- 


sideration of this type (2). 
1. We inquire about the possibility of solving the system of equations (2). 


As the theory of determinants shows, this depends essentially upon whether 
the determinant of the system of coefficients of the transformation 


a by C1 
(3) A= a2 be C2 
a3 bs C3 


vanishes or not. We shall consider the first case later; for the present we 
shall assume that A #0. Then (2) has an unique solution of the form 


/ ee i 
x= ay’ + by’ +2, 


(4) y = aye!’ + day! + cae, 
z= aye’ + by’ +37’, 
where a,,°+*, ¢, are the minors of A, divided by 4 itself. Thus to each 


point x, y, we may say not only that there corresponds a point x’, y’, 2’, 
but also that there is only one, and the transition from 2’, y’, 2’ to x, y, 2 is 
again an affine transformation. 


2. We now ask how the manifolds in space change under these affine trans- 
formations. To begin with, let us take a plane 


Ax+ By+Cz+ D=0, 


substituting the expressions (4) for x, y, 2,as equation for the corresponding 
manifold, we obtain 


A'x! + B'y! + C's) + D a 0, 


where the A’, +++, D’ are certain combinations of A, +++, D and of the 
coefficients of the transformation. In view of (1), we see that every point 
of the second plane arises from an appropriate point of the first. Thus to 
every plane there corresponds another plane. Since a straight line is the inter- 
section of two planes, it follows necessarily that to every line there corresponds 
another line. Mobius calls transformations that have this property collinea- 
tions, since they express the “collinearity” of three points, i.e., the Prop- 
erty of lying upon a line. Hence an affine transformation is a collineation. 
If we investigate in the same way a surface of the second degree 


Ax? + 2Bay + Cy? + +++ =0, 


using equations (4) to replace x, y, 2 by x’, y’, 2’, we obtain a quadratic 
equation. Hence an affine transformation transforms every surface of second 
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degree into another of the same sort, and, similarly, every surface of degree n 
into another of that same dégree. 

We shall be especially interested, later, in those surfaces which correspond 
to a sphere. In the first place, they will be surfaces of the second degree, 
since a sphere is a special surface of this sort. However, since all points of 
the sphere are finite, so that none of them can be carried to infinity, the 
transformed surface must be one of the second degree which lies wholly 
in a finite region, i.e., it must be an ellipsoid. 


3. Let us now see what happens to a free vector with the components 
X= 41-2, Y = 91 — yo, Z = 21 — 2. Using formulas (2) for the co- 
ordinates of the points 1 and 2, we get, for the components X’ = x} — x9, 
Y= y—%,Z' = 2, — 2, of the corresponding segments 1’ 2’, 


xX’ = aX + bY + a2, 
(5) VY’ = aX + beV + ooZ, 
Z’ 3X + b3Y + C32. 


It follows that these new components depend only upon X, Y, Z and not 
upon the separate values of the coordinates 2}, 41, 21; X2, Ve, Zo, that is, all 
segments 1 2 with the same components X, Y, Z correspond to segments 
1’ 2’ with the same components X’, Y’ , Z’. In other words, under an affine 
transformation, a free vector always corresponds to another free vector. There 
is essentially more in this statement than in the statement that a line al- 
ways corresponds to a line. Indeed, let us take equal segments on two par- 
allel lines, both in the same sense. Since these represent the same free vector, 
the corresponding segments must represent one and the same vector, i.e., 
they must be parallel, equal, and have the same sense (see Fig. 50). To every 


Egat 
1 eeereettn 


Fic. 50 


system of parallel lines there correspond again parallel lines, and to equal seg- 
ments on them there correspond equal segments. These properties are rather 
remarkable, since—as it is easy to show—the absolute length of a segment 
and the absolute value of the angle between two lines are changed, in gen- 
eral, by an affine transformation. 


4. Let us now consider two vectors of unequal length on the same line. One 
of these will be transformed into the other by multiplication by a scalar. 
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Since X’, Y’, Z’, in (5) are homogeneous linear functions of X ¥, Z, the 
corresponding vectors will differ by the same scalar factor, which means 
that their lengths are to each other as the lengths of the first vectors. We 
can state this as follows: Two straight lines which correspond in an affine 
transformation are “similar,” i.e., corresponding segments on the two lines 
have the same ratio. 


5. Finally, let us compare two tetrahedron volumes T = (1, 2, 3, 4) and 
T’ = (1’, 2’, 3’, 4’). We have 


xy V1 2) 1 
%, 2 % 1 

Uy apes 
ot = x, Ys % 1 


x, Ya & 1 

ayxy + bry + 121, ao%1 + boys + 6081, @3%1 + dsyi + C21, 
a1X2 + Byye + CrZ2, dove + bays + C282, Gate + dsye + s20, 
x3 + byys + C1%3, dots + boys + Co%3, aaxs + bays + Cs2s, 
ayes + byys + C124, dox4 + daya + Co%4, Osa + bays + Caza, 


| 
See 


or, applying the known theorem for multiplying determinants, 


a, b; co O Mm ¥1 &% 1 

) _ | a bo 2 0 | X%2 Yo 22 1 : 
st a3 bs cz O % Ys 33 1 
0 0 0 1] jae ya ae 1 


The first factor is A, the second 67, so that we have J’ = A:T. Under 
affine transformations all tetrahedron volumes and hence all space volumes (as 
sums of tetrahedron volumes, or as limits of such sums) are multiplied by a 
constant factor, namely by A, the determinant of the substitution. * 
These few theorems which we have deduced from the analytic definition 
of affine transformation suffice to give us a clear geometric picture of this 
transformation. Their proofs have been simpler than those ordinarily given, 
because we had at hand, in the vector concept, the proper means for pre- 
enting them. ; 
: We get the clearest picture of the affine transformation if we start with 
a sphere in the space R of the coordinates x, y, z. To this sphere, as we knew, 
there will correspond an ellipsoid in the space R’ of the coordinates x’, ’, 2’. 
If we now consider a system of parallel chords of the sphere, we know, by 
No. 3 above, that to these chords will correspond also parallel chords of the 
ellipsoid (see Fig. 51). Further, since corresponding point rows are similar 
(No. 4), the middle points of the chords of the sphere must also be in corre- 
spondence with the middle points of the chords of the ellipsoid. Since the mid- 
points of the chords of the sphere lie in a plane, the mid-points of the chords 
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of the ellipsoid, by virtue of the fundamental property No. 2, must also lie 
in a plane, which is called a diametral plane of the ellipsoid. Now all diametral — 
planes of the sphere contain its center M, which bisects every chord of the ~ 


sphere which passes through it (diameter of the sphere) ; hence the correspond- 
ing point M’ (center of the ellipsoid) 


bisects every chord through it (diam- 
eter of the ellipsoid). 


corresponds to a system of three mu- 
tually perpendicular diametral planes 
of a sphere. This system has obvi- 
ously the characteristic property 
that each of the three planes bisects chords parallel to the intersection of 
the other two planes. This property persists under affine transformation. 
Hence to each of the infinitely many triples of mutually perpendicular diametral 
planes of a sphere there corresponds a triple of diametral planes of the ellips- 
oid which have the property that chords parallel to the intersection of two 
of the planes are bisected by the third. Such groups of planes are called triples 
of conjugate diametral planes; their intersections are called triples of conjugate 
diameters. 

I may assume that you know that an ellipsoid contains three so-called 
principal axes, i.e., a triple of mutually perpendicular conjugate diameters. 
By what precedes, to these there must correspond under our affine trans- 
formation three mutually perpendicular diameters of the sphere in R. Let 
us assume, for simplicity, that the center of the ellipsoid and the center of 
the sphere are the origins in R’ and R, respectively, and, by appropriate ro- 
tation, let us make these two perpendicular triples the 2’, y’, 2’ and x, y, z 
axes in R’ and R, respectively. It is a matter of arbitrary choice whether 
we think here of the space, or of the coordinate axes, as being turned. In 
either case, the operation is effected by a linear homogeneous substitution 
of coordinates of the special sort that we have considered. Since a succession 
of linear homogeneous substitutions always yields another substitution of 
the same sort, the equations of the transformation which carries R into R’ 
will be of the form (2) in the new coordinates: 





x’ = ax + by + cy, 
yy’ = aox + boy + coz, 
a’ = asx + bey + cys. 


With the new coordinate system thus chosen, the x’ axis corresponds to the 


x axis, i.e., when y = z = 0 so is y’ = 2’ = 0. It follows that a2 = a; = 0, 


and, similarly, that b; = 6; = c, = co. = 0. I. If we ignore incidental rotations, 
every affine transformation is a so-called “pure affine transformation”: 


lies in every diametral plane and 


It is also important to see what — 
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x’ = de, 
(6) yl = py, where A z 0, 
zs! = vz, 


or, as the physicists say, a@ pure strain. We may interpret these equations 
geometrically in the following simple way: space is stretched by a factor 
(compressed if |r | <1) parallel to the x axis, and also reflected if X <0; 
and similarly, with respect to the other two coordinate directions, by the Jactors 
wand v respectively. In brief, we can look upon a pure affine transformation 
as a uniform stretching of space in three mutually perpendicular directions, 
which affords as clear a geometric picture as one could desire. Hie, 

If we admit oblique parallel coordinates, the relations are still simpler. 
We take, in the space R, an arbitrary system of aXes 2, Y, 2, rectangular or 
oblique, without changing the position of the origin, and we use the lines 
corresponding to these as axes x’, y’, 2’ in R’. The new axes will be, in gen- 
eral, oblique. Now the formulas for transition from rectangular to oblique 
coordinates, with fixed origin, are linear homogeneous equations of the 
form (2). Since the combination of two such substitutions always leads to 
another of the same sort, the equations of the affine transformation must 
have the form (2), even after applying the above oblique coordinates. How- 
ever, with our selection of axes, they must carry the three axes of R into 
those of R’; hence we can conclude, after a repetition of the above argument, 
that the equations reduce actually to the form (6). Thus, if we make use of 
(oblique) parallel coordinates in connection with two corresponding axis triples, 
the equations of an affine transformation assume the simple special form (6). 

In connection with our discussion, there is a beautiful solution of the prob- 
lem of finding a mechanism with which we can perform affine transforma- 
tions. This problem arose in a course of lectures on mechanics which I 
gave during the winter semester, 1908-09. The best solution, both with 
regard to the underlying thought and with regard to the appropriate form 
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of the mechanism, was furnished by R. Remak. He used, as kinematic 
unit, the so-called ‘‘Niirnberg shears,” i.e., a chain of jointed rods which 
forms a series of similar parallelograms. The corners common to two suc- 
cessive parallelograms So, 51, Se, +++ , under all deformations of the jointed 
system, form similar point rows on the line g which joins them, the common 
diagonal of the parallelograms. (See Fig. 52.) If we fashion a triangle from 
three such shears by jointing them together at any of the corners S, then 
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the point gystem consisting of all the corners S, undergoes an affine trans- 


formation with every change of the total jointed system. This will become 


BN clear (see Fig. 53) if we make an oblique 

j Nei coordinate system out of two of the diagonal 

BOG ve lines of the shears. We can get additional 

B / QR points belonging to the same affine trans- 

é f é om ee if we insert additional shears of 
yx i 

/ J ‘a a same sort between any two points S of 

Bish f A e triangle and consider their corners S. 


/ 
+ ARES SE ap a anita (In the figure, these shears are represented 
Fic. 53 
we : 

variable affine systems of the Dialed cutie tt ct 

T shall not go farther into the discussion of properties of affine transform 
ie Ba 2 I shall show how these transformations can be used. ” 
i " the first place, an example of how they supply an excellent device for 
@ discovery of new geometric theorems. The affine transformation of the 

sphere into the ellipsoid, explained above, enables us to get new theorems 

the ellipsoid from known properties of the sphere. For example, if we col 
eo three mutually perpendicular diameters of the sphere, chechae with 
the six tangent planes at their ends, we have a circumscribed cube of volume 
das’ 878, where r is the radius of the sphere. Our affine transformation ob- 
viously carries each tangent plane of the sphere into a tangent plane of the 
ellipsoid. It follows, with the aid of the theorems above, that to the cube in 
pg R there corresponds in space R’ a parallelopiped circumscribed about 
the ellipsoid, whose faces, tangent at the ends of three conjugate diameters, 


are parallel to the corresponding di 
g diametral pl ; 
parallel to those diameters. (Analo. ral planes; and whose edges are 


gous relations hold in the plane for the 
circle and the ellipse; see Fig. 54.) 
The converse of this argument obvi- 
ously holds also: To every parallelo- 
piped circumscribed about an ellipsoid, 
in the way described above, there cor- 
responds a cube circumscribed about 
the sphere, since to three conjugate 
diameters of the ellipsoid there correspond three mutually perpendicular 
diameters of the sphere. Now we know (p. 73) that, under an affine 
transformation, every volume is multiplied by the determinant A of the 
substitution, so that the volume of a parallelopiped of the above sort cir- 


R' 
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1 A series of such models has a: i ishi 
A L ippeared in the publishing house of Martin Schillin ig i 
yr byonb . ine and F r. Schilling, Modelle zur Darstellung affiner T: ransformationen in 
und tm Raume, Zeitschrift fiir Mathematik und Physik, vol. 58, p. 311, 1910. 


by their diagonal lines.) On this principle, — 
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cumscribed about an ellipsoid is given by the formula J’ = J + A = 87° - A. 
This formula is clearly independent of how the parallelopiped lies, so that 
the parallelopiped has the same constant volume, no matter to what 
triple of conjugate diameters it belongs. If we select, in particular, as 
our triple, the principal axes, which are mutually perpendicular, we 
get a rectangular parallelopiped whose volume is 8abc, where 2a, 2b, 2¢ 
are the lengths of the principal axes. In this way we determine the constant 
volume, and our theorem takes the following form. All parallelopipeds which 
circumscribe an ellipsoid and whose faces are parallel to three conjugate diam- 
etral planes, have the same volume J' = 8abc, where a, b, ¢ are the lengths of 
the semi-principal axes. In order to show that this theorem is valid for all 
ellipsoids, it is necessary only to see that every ellipsoid can be generated 
from a sphere by affine transformation. This follows at once from the 
form (6) of the equations of the affine transformation. These equations 
show that the axes of that ellipsoid are to each other as \: uw: », where A, pM, ¥ 
are three arbitrary numbers. 

Although I shall confine myself to this simple example of the applications 
of affine transformations to theoretical geometry, I wish to emphasize even 
more strongly that affine transformations have the greatest significance in 
practice. 

Coming first to the needs of the physicist, it is to be noted that the affine 
transformations play a fundamental role in the theory of elasticity, in hydro- 
dynamics, and, in fact, in every branch of the mechanics of continua. I hardly 
need to amplify this, for anyone who has busied himself at all with these 
disciplines knows well enough that as soon as consideration is confined to 
sufficiently small space elements, the problem has to do with homogeneous 
linear deformations. 

I prefer to discuss here, at greater length, the application to correct drawing, 
which is used both by the physicist and by the mathematician. Insofar as 


one has to do with parallel projection, 
ane is concerned fundamentally solely 
with affine transformations of space. Un- 
fortunately, many sins are committed 
in this field of correct drawing. You 
can find unbelievable errors in books on 
mathematics in the depiction of space 
configurations, as well as in books on 
physics in the representation of apparatus. To mention but one example, 
the sphere is very often pictured with the equator drawn as two intersecting 
circular arcs. (See Fig. 55.) Of course that is absurd; in fact, the correct 
representation is always an ellipse, as we shall see. 

The principle of correct geometric drawing lies in the fact that the figure 
drawn is projected from a point upon the plane of the drawing. The relations 
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a pe if we think of that central point as lying at infinity, ie., if 
Bd ain the picture by means of a pencil of parallel rays. This is the ail 
ch interests us here. Incidentally, with these remarks we enter the fi 


of descriptive geometry. I shall not give a systematic account, but I shall 
, 


exhibit simply its orderly arrangement in the general edifice of geometry, 


Hence I shall not always give the details of 
proofs. 

Let us begin by investigating the repre- 
sentation of a plane figure, i.e., the projec- 
tion of @ plane E upon another E' by means 
of a pencil of parallel rays. For this purpose, 
we choose the origin O in the intersection © 
of E and E (see Fig. 56), and the x axis 
along this line. Choose the y axis anywhere 
vib. 9 i E, ne perpendicular to the x axis, — 

rough O, and the y’ axi jecti 
yA F y axis as the pro 
Aisin of otboage 5A hid the Revulel pencil, so that we irae he 
: : que parallel coordinates. inates 
two corresponding points of E and EF’ satisfy the bebe crete 


tax! 


S 
& 
& 


v=24, y=pry, 
eens m iy depending upon the given Position of the planes and 
- Lhus we have actually an affine transformation. The proof of these 





equations is so simple that I hardly need to state it. Moreover 
> 


tions are specializations of th 
ecli e general form (6) i 
«’ = x, This is due, of course, Hip inp ay 


these equa- 
= 1 and hence 
| to the fact that th is i i i 

, ‘ € x axis is the int 

he ae plane with the plane of the drawing, so that fay i fice 
nf oa 4 with its image. We get at once all of the essential properties 
ha lela : hes pe ot et plane the theorems deduced earlier for 

1 OB.» rcle in €re corresponds an ellipse in E’ 
It is natural, now, to raise the converse question: If isi ens e jira x 


have a given affine relation 
to each 
Peto wee Sorina each other, can they be so placed that one is the 


e other? In order to decide thi us start from an 

‘ af ‘ s, let us 
arbitrary circle in E and the corresponding ellipse in E . pile this, 
? 
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we might use any two corresponding ellipses.) To the center M of the circle 
there will correspond the center M’ of the ellipse (see Fig. 57). If we now 
place the circle of E in the plane E’ so that its center falls at M’, it will cut the 
ellipse in four points or not at all. The limiting case of tangency will be dis- 
regarded, for the sake of simplicity. 

In the first case, the one shown in the figure, we consider the two diameters 
A’A}, B'Bi, of the ellipse, which go through the four points of intersection 
lying in EZ’. Corresponding to these—and equal to them by construction— 
are two diameters AA1, BB, of the circle in E. Hence, by reason of a gen- 
eral property of affine transformations (No. 4, p. 72), corresponding seg- 
ments on AA; and A’Aj, as well as on BB, and B’ Bj, are equal. Now, if we 
lay the plane E upon E’ so that M falls upon M’ and so that one of these 
pairs of lines, say A.A and A’ ‘Ai, coincides, and if we then turn E about this 
line as axis up into space, we have an affine transformation of the two planes, 
under which each point of their line of intersection corresponds to itself. 
Then it is easy to show, though I shall not carry out the proof, that, no 
matter what the angle between the planes may be, the joins of correspond- 
ing points are all parallel to each other, ie., that the affine transformation 
between the two planes can, in fact, be effected by parallel projection. 

If, however, our circle does not cut the ellipse, i.e., if its radius is smaller 
than the small semi-axis of the ellipse or larger than the large one, then, in 
the language of analysis, the two common diameters are imaginary and 
are not available for use in drawing; hence the construction is impossible. 
If it is still desired to bring about parallel projection, it becomes necessary 
to employ a similarity transformation, and to expand or shrink the circle by 
that transformation until the first case appears. We use such similarity 
transformations constantly in the making of pictures, in order to “change 
the scale.” Thus we reach finally the main theorem, that any affine relation be- 
tween two planes can be effected in infinitely many different ways through com- 
bination of a similarity transformation with a parallel projection. 

_ We go over now to the problem of representing all of space upon a plane by 
means of parallel projection, which is much more important and interesting 
than this mapping of one plane upon another. To avoid tedious details, 
we shall agree always to admit a stretching or a shrinking of the picture by 
means of a similarity transformation. There arises, thus, the process which 
is called axonometry in descriptive geometry. This process plays an extraor- 
dinarily important role in practice. Every photograph is very nearly an 
axonometric mapping, if the object is only far enough away from the cam- 
era. (Strictly speaking, it is a central projection.) Exact axonometry is 
used especially, however, in most of the cases in which we wish to map 
geometric figures in space, physical apparatus, architectural parts, and so 
on. Very interesting examples of all sorts of axonometric mappings, which 
are also directly useful in instruction, can be found in the book entitled 
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An exercise book for constructions in solid geometry Leipzig, 1903. 
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The six constants Ay,+++ , C2 are completely arbitrary, since the determinant 
of the substitution vanishes in any case, by reason of the special form of the 
last row. The three minors may not all vanish however; that is 


Ai: Bi: Cy % Ae: Bo: C2; 


otherwise we should have the degeneration that we excluded above. 

I shall now give the proof that the mappings of the space R upon the 
x'y' plane E’, defined analytically as above, are identical with the axono- 
metric projections defined above. I shall present the proof in separate steps, 
by developing the chief properties of the transformation (3), much as we 
discussed earlier (p. 70 et seq.) the affine transformations with non-vanishing 


determinant. 


1. In the first place, it is clear that to every point x, y, 2 of R there corre- 
sponds a unique point (z’, y’) in E’. Conversely, given a point (x’, y’) in 
E’, the equations (3) show that the corresponding point (x, y, 2) in R lies 
in two definite planes whose coefficients, by our assumption, are not propor- 
tional, and which have, therefore, a line of intersection. All the points of 
this line must cofrespond, in our transformation, to the same point (z’, y’). 
If we now allow the point (x’, y’) to vary; each of the two planes will be 
moved parallel to itself, since the coefficients Ai, Bi, C1 and Ao, Bs, C2 
remain unchanged. Thus their line of intersection remains parallel to itself, 
and we have the result that to each point of E’ there correspond all the points 
of one line of a double infinity of parallel lines in R. This indicates imme- 
diately the connection between our mapping and the parallel projection of 
space. 

2. Just as in No. 3 (p. 72) under the general affine transformation, we 
find now for the components X’, Y’ of the segment in E' which corresponds 
to the free vector X, Y, Z of R, the formulas 


X'=AiX+BY+ CZ, 
Y’ = AX + BY + CZ, 
Zz’ =0. 


(4) 


These show again that éo every free vector in R there corresponds a free vector 
X', Y’ of the picture plane E’, or, more precisely, if one displaces a segment 
in space R parallel to itself, preserving its length and sense, the correspond- 
ing segment in the plane E’ also moves parallel to itself and maintains its 
length and sense. 


3. We consider in particular the unit vector X = 1, Y = Z = 0, on the x 
axis, which goes from (0, 0, 0) to (1,0,0). To it there corresponds in E’, by 
(4), the vector X’ = Ai, Y’ = Aa, which goes from the origin O’ to the 
point whose coordinates are (Ai, A:). In precisely the same way, there cor- 
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parameters of the affine transformation (3) 
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1-2-3 = 6 different ways, and we get #’ as the terminal point of six differ- 
ent additive combinations of parallel and equal segments. The figure thus 
constructed (see Fig. 61) is obviously the representation of that rectangular 
parallelopiped in the space R which is bounded by the three coordinate planes 
and the planes through p parallel to them. We are accustomed, from our 
youth on, to look upon such plane figures as pictures of solid figures, espe- 
cially when the appearance is heightened by drawing the front edges in 
heavier lines. This habit is so strong that this mapping of the parallelopiped 
seems almost trivial, whereas it represents really a very noteworthy theorem. 


6. With the aid of this last construction, we can make in E’ the picture of 
any figure in space, i.e., of all of its points. I shall consider only one example: 
If we have a sphere, with radius 1 and center at the origin O, then we shall 
consider primarily the circles in which 
it cuts the coordinate planes. The circle 
of intersection in the xy plane has the 
unit vectors on the x and the y axes as 
conjugate, ie., as mutually perpendicu- 
lar semi-diameters. Since we have an 
affine relation, there will correspond to 
it an ellipse (see Fig. 62) which has oO’ 
as center and the vectors (A) and (B) as 
conjugate semi-diameters, and which is 
thus inscribed in the parallelogram formed by the vectors 2(A) and 2(B). 
In the same way, the ellipses corresponding to the other two circles of inter- 
section will have O’ as center and (B), (C) and (A), (C) as conjugate 
semi-diameters. 





Fic. 62 


7. Now that we have made a complete picture, showing the nature of the 
affine transformations (3) with vanishing determinant, we must take the 
last, decisive, step in our considerations, and show, namely, that these affine 
transformations actually arise through axonometric projection, as we have 
asserted. This requires, chiefly, the so-called fundamental theorem of Pohlke, 
which K. Pohlke, professor of descriptive geometry at the School of Archi- 
tecture in Berlin, discovered in 1853 and published in his Lehrbuch der darsiel- 
lenden Geometrie' in 1860. H. A. Schwartz published in 1863? the first 
elementary proof of this theorem and gave, at the same time, a sketch of 
the interesting history of its discovery, which you should read. 

Pohlke himself did not define axonometry analytically, but geometrically, 
as a representation of space by means of parallel rays (together, where 
necessary, with a similarity transformation). His theorem stated that the 





1 Two parts, 4th edition, Berlin, 1876. This theorem is in Part I, p. 109. 
2 Journal fiir die reine und angewandte Mathematik, vol. 63, p. 309 = Gesammelte 


Mathematische Abhandlungen, vol. 2, p. 1, Berlin, 1890. 
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three unit vectors on the coordinate axes of space could go over, under such a trans- 
formation, into three arbitrary vectors of E! through O'. That our analytically 


defined mapping actually led to three such vectors was apparent in No. 3; 


‘ 


hence for us the underlying significance of Pohlke’s theorem is that our ana~_ 


lytically defined transformation (3) (p. 80) is effected by parallel projection and 


change of scale, whereby the parallel lines mentioned in No. 1 become project- 


ing rays. 


8. I should like to indicate an approximate plan for a direct analytical 
proof of the theorem thus formulated. If we fix our attention upon the two 
pencils of parallel planes in R: 


Ay + By + Cy = &, Aox + Boy + Coz = 7, 


where & and 7 are variable parameters, then each pair of values of £ and n 
determines one of the parallel lines in question. Now, if it were possible to 
place in the space R a picture plane E’ 
containing a rectangular coordinate 
system x’, y’ with an appropriate unit 
of length, so that each ray &, n would 
pierce the plane EZ’ in the point x’ = &, 
y’ = 7, then the mapping (3) would ac- 
tually be brought about geometrically, 
as desired. 

To this end, the planes § = 0, 7 = 0 
must cut the plane £’ in the coordi- 
nate axes O’y’ and O's’ respectively, i.e., 

Fro. 63 in mutually perpendicular lines. If 61, 

92 (determining the position of E’) are 

the angles between these axes and the line & = = 0 (see Fig. 63), and if 
we denote by @ the (known) angle between the planes ¢ = 0 and 9 = 0, 
then, applying the cosine theorem of spherical trigonometry to the trihe- 


dral angle formed by & = 0, 7 = 0, and £’, we find the cosine of the angle 
of O’x’, Oy’ to be 





cos 6; cos #2 + sin 6; sin 62 cos a, 


and this angle is a right angle if 
(a) ctn 6, + ctn @ = —cos a. 


Now every plane Ayx + By + Cy = & cuts E’ in a line x’ = constant. 
If Q’ is its intersection with the x’ axis, then the corresponding x’ value, to 
within the undetermined scale factor ) of the coordinate system in E’, is 
equal to OQ’. If we drop perpendiculars Q’S and Q’R upon the plane — = 0 
and the line = n = 0, respectively, we shall have 
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Q'R _ OS 
se sin 0: oR sin @ 


and since Q’S, as the common perpendicular between the planes 
Awt By + Cy = 0 


and Ay + By + Cy = £ is easily expressed by means of a known formula 
of analytic geometry of space, it follows finally that 


3 
‘—=}\-00O = —_— _ —_ 
x“ =h-00 Mai 4 Bit Ct-sin sina 


Similarly, we find as the y’ coordinate of the points of intersection of 
Agx + Boy + Coz = nand E’, 
W] 
J 


Now, since we wish each parallel ray determined by the parameter values 
£, n to pierce the plane Z’ in the point x’ = &, y’ = 7, we must have 


(b) X= VA?+ B?+ C?- sin 6, sina = VA? + B2+ C?- sin 6: sina, 
from which we get the second equation for 61, 2: 
(c) sin 6+ V4? + B? + C? = sin 0,.VA2 + B2+ C2. 


A simple calculation shows that the equations (a) and (c) have only one real 
pair of solutions for ctn 61 and ctn 62, determined except for the sign; i.e., 
there is essentially only one position (of course symmetric to the common normal 
plane of § = 0, 7 = 0) of the plane E’, in which the affine transformation 
a! = £, y’ = 7 is axonometrically realized, insofar as we choose the scale of 
the rectangular coordinate system in E according to (b). We can give this 
whole argument a more geometric form if we start from the condition that 
the unit points of the x’ and y’ axes fall upon the oe 4 1,n=0 and 
£=0,7=1. Then the problem is to =o a plane £’ which cuts a given 
i ism in an isosceles right triangle. 
We eet presentation, I hardly need to discuss further the con- 
verse theorem, already mentioned, that every axonometric projection repre- 
sents an affine transformation with a vanishing determinant. _ This converse 
can be verified by using first, as we did earlier (p. 78), the oblique coordinate 
system in the plane of projection E’ which arises by parallel projection from 
the x and y axes in R and then, by won of a ne pa sia going over 
initially given rectangular coordinate system in E’. 
me ph i this chapter ae affine transformations, I should like to remind 
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you that we can get an illustration of axonometric representation experi- 
mentally by using a projection lamp (one must think of it as infinitely re- 
mote) to throw shadow pictures of simple models (square, circle, ellipse, cube) 
upon a projection screen. We should get, in this way, a confirmation of our 
results and our figures; and, in particular, we could easily check experimen- 
tally the theorem of Pohlke, by subjecting the shadow picture of three mu- 
tually perpendicular rods to all sorts of change by movements of the model 
as well as of the screen. 

We go over, now, to a new chapter, which treats of more general trans- 
formations, including affine transformations as special cases, namely, the 
projective transformations. 


II. PROJECTIVE TRANSFORMATIONS 


In this chapter also, I should like to deal with space of three dimensions 
from the first. 


1. I shall begin with the analytic definition of the projective transformation. 
We now take x’, y’, 2’, no longer as integral, but as fractional linear functions 
of x, y, 2, but with the condition, which is essential, that they all have the 
same denominator: 


oh aye + bry + at + di 

age + bay + cae + dy 

(1) — agx + bay + 622 + do 
age + bay + cys + dy 

igh ia age + bay + 632 + ds 


aae + bay + cuz + dy 


To every point x, y, % there corresponds, accordingly, a definite finite point 
x’, 9’, 2’, provided only that the common denominator is not zero. If, however, 
the point x, y, 2 approaches the plane av + buy + cuz + da = 0, the cor- 
responding point x’, y’, z/—this is the novelty, as compared with the affine 
transformation—moves to infinity: it ‘‘vanishes,”’ in a sense. We call that 
plane, therefore, the vanishing plane, its points vanishing points, and we say 
that it corresponds, in the projective transformation, to the part of space 
at infinity, or to the points at infinity. 


2. In the treatment of the problems arising here, it is very convenient, 
as you know, to use homogeneous coordinates, i.e., in place of the three point 
coordinates x, y, z, to use four quantities &, », ¢, 7, defined by the equations 

ee _2 f 

= 4 ? yr >" 2=> . : 
These four quantities are to vary independently of each other, but not all four 
are to vanish simultaneously, and none of them’is to become infinite. To every 
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point «x, y, z there will then belong infinitely many systems of values 
pt, pn, pt, pt, where p is an arbitrary factor (+0). Conversely, every sys- 
tem of values &, 7, ¢, 7 where 7 ¥ 0, determines a definite finite point ~, y, z 
(all systems p+ £, p+, p+ §, p+ 7 give the same point). When r = 0, one, 
at least, of the quotients x, y, becomes infinite, and we stipulate, accord- 
ingly, that every system of values £,n, £, tT = O shall signify an “infinitely dis- 
tant point,”’ and, indeed, all systems p&, pn, pf, 0 represent the same point at 
infinity. In this precise way we introduce the points which, as “‘infinitely 
distant,” are added to the ordinary finite points. 

Experience shows that operation with homogeneous coordinates produces, 
at least with beginners, something like physical discomfort. I believe that 
the somewhat indefinite, fluid, quality of these quantities, which the arbi- 
trary factor p brings in, is the cause of this feeling, and I hope that such 
a statement may help to allay this discomfort. 

With the same end in view, some incidental remarks may be helpful 
about certain geometric representations which can be associated with homo- 
geneous coordinates. I shall speak first only of a plane E. In this case, let us 
write for the two rectangular coordinates 


E 2. 


x=) acer 
T y T 


We now interpret £, 7, 7 as rectangular coor- 
dinates in space and, in this space, we choose 
the plane 7 = 1, parallel to the é, 7 plane, as 
the plane E (see Fig. 64). In this plane £, put Fic. 64 
x =, y=. If we now join the point x, y of 
E to O by a straight line, then, for points on this line, £/r and /r are 
constant and we may write 





ll- 


3 leer 


n 
om | 
: T 


ae A, 


since, for r = 1, we have £= x, n= y. Accordingly, the introduction of 
homogeneous coordinates signifies simply the representation of the plane E into 
that space pencil of rays with the origin O as center, of which E is a section. 
The homogeneous coordinates of a point are the space coordinates of the points 
of the projecting ray of that point. Since to each point of E there correspond 
the infinitely many points of the ray, the significance of the indefiniteness 
of the homogeneous coordinates is made clear. The exclusion of the sys- 
tem of values £ = 7 = r = 0 has its geometric basis in the fact that the 
point O determines no ray, and hence no point in Z. Moreover, it is obvious 
that we need no infinite values of £, n, 7, since we get all rays by joining O 
with finite points. Finally, it is clear that we avoid infinitely large values of 
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the coordinates by replacing the infinite region of the plane E by the parallel 
rays through O given by 7 = 0. 

Moreover, the common expression “the line at infinity” finds here its 
clear geometric connotation. Analytically, it is only the expression of the 
abstract analogy that all “infinitely distant points ” satisfy the linear equa- 
tion 7 = 0, just as every finite line has a linear equation. But now we can 
say geometrically that to every line of £ there belongs a plane pencil of the 
space pencil O; and, conversely, every plane pencil in the space pencil O 
determines a line in E, except the plane pencil r = 0. Hence it seems ap- 
propriate to designate as a line the aggregate of points in E that correspond 
to this pencil 7 = 0, and so we have “the infinitely distant line.” 


We can form similar representations if we introduce homogeneous co- 


ordinates into space of three dimensions. We think of the space as a section 
t = 1 of a four-dimensional auxiliary space &, 7, [, 7, and we relate it to the 
space pencil which projects it from the origin in the auxiliary space. We 


can then carry through without difficulty all the other considerations in — 


almost word-for-word analogy with what precedes, and, in particular, we 
can carry over the interpretation of the infinitely distant elements. In this, 


the use of four-dimensional space is only a convenient means of expression, to 


which no mystical significance is to be attached. 


3. If we now introduce into the equations (1) of the projective trans- 
formation homogeneous coordinates for both spaces R and R’, we can separate 
them, by introducing an arbitrary proportionality factor p’, since they all 
have the same denominator, into the following four equations: 


pe’ = ae + bin + af + dit, 
(2) p’n’ = a2 + ban + oof + der, 
p's” = as + ban + cf + dsr, 
p’r’ ae ae + ban + caf + dat. 


Leaving out of account the arbitrary factor p’, we see that this is the most 
general homogeneous linear transformation in four variables; hence it rep- 
resents an affine relation of the two four-dimensional auxiliary spaces P,P’, in 
which we can interpret the homogeneous coordinates in the manner ex- 
plained in No. 2. All this can be represented more concretely if we again 
limit ourselves to the plane. We obtain the most general projective transforma- 
tion of a plane if we apply an arbitrary affine transformation to the space of 
that space pencil, with fixed center O, which projects this plane, and then cut 
the plane with the transformed pencil. We always get, in this way, the same 
projectivity of our space, corresponding to the factor p’, if we add a simi- 
larity transformation from O. For this transforms into itself each of the 
rays through O, and the projectivity depends solely upon the intersections 
of these with the plane. 

The procedure which we have followed, in using the auxiliary spaces 
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P, P’, is called the principle of projection and section. It is often very useful 
in that, generally speaking, it makes complicated relations in space of n di- 
mensions appear simpler and easier to understand, through auxiliary considera- 
tions in space of n + 1 dimensions. 


4. We shall now solve the transformation equations (2) for £, n, ¢, 7. The 
theory of determinants shows that &, n, [, r are likewise linear homogeneous 
combinations of €', n’, £', 7’, of course with a proportionality factor p: 

p& = a8) + Bin! + oie’ + dir’, 
(3) pn = a," + ban’ rte of” te dy7’, 

pl = ag’ + ban’ + o36" + dar’, 

pt = ag! + ban! + Gg! + dir’, 
provided only that the determinant 


ay by C1 d, 
a2 be C2 ds 
a bs C3 ds 
a ba ce a 


A= 


of (2) does not vanish. The systems of values , n, §, 7 and &, n’, £', 7’ are thus 
in one-to-one correspondence (to within those arbitrary common factors). 

Let me say, however, as you might expect after our experience with the 
affine transformations, that the case A = 0 is here also especially interesting, 
and that it may not be disregarded. It represents the mapping of space 
upon a plane, as in every central projection, e.g., in photography. For the 
present, however, we shall consider the general case A ~ 0. 


5. It follows at once from (2) and (3) that, when a linear relation exists 
between &, 7, £, 7, there is also one between é’, ’, ¢’, 7’, and conversely. To 
every plane there corresponds a plane; in particular, to the infinitely distant 
plane of R’ there corresponds a definite and, in general, a finite plane in R, 
i.e., the vanishing plane mentioned above. Thus the conve..tional introduc- 
tion of the plane at infinity serves a purpose, since it permits the statement 
of the preceding theorem as valid without exception. It follows, further, 
that to every line there corresponds a line. In the terminology of Mébius 
(p. 71), every projective transformation is a collineation. 


6. Now it is remarkable that the converse is also true: Every collineation 
of space, t.e., every reversibly unique transformation such that to every line 
there corresponds a line, and which satisfies certain other almost self-evident 
conditions, is a projectivity, i.e., a transformation defined analytically by 
equations (1) or (2). 

For the sake of convenience, I shall give here Mébius’ proof only for the 
plane; for space we should proceed similarly. The plan of the proof is as 
follows. From an arbitrary collineation, we select two corresponding point 
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quadruples and we shall show (a) that there is always a projectivity which 
transformis two such quadruples into each other. However, a projectivity 
is also a collineation; and we shall prove (b) that, under certain conditions, 
there can be only one collineation in which these quadruples can correspond 
to each other. Thus the projectivity must, in fact, be identical with the 
given collineation, which proves the theorem. We shall now give the details 
of these two steps. 
(a) We remark that the equations of the projectivity in the plane: 


pe’ = ayé + by + dit, 
p’'n! = ac + bon + dor, 
p’7’ a3é + ban + dst 


contain 9 — 1 = 8 constants. (A change in p’ does not alter the transforma- 
tion.) That two given points may correspond to each other in a projectivity 
requires two linear equations for the constants of the projectivity, since we 
are concerned only with the ratios of the three homogeneous coordinates. 
The correspondence of two point quadruples represents thus 2 X 4 = 8 
linear conditions, or, more precisely, eight linear homogeneous equations for 
the nine quantities a:,+ ++ , ds. Such equations always have a solution, as 
you know; hence we have found in this manner the constants of a projectivity 
which transforms the given quadruples into each other. We can guarantee, to be 
sure, that this is a proper projectivity with a non-vanishing determinant, 
and that it is uniquely determined, only if each of the given point quadruples 
is “in general position,” i.e., if no three points of a quadruple are collinear; 
but it is only for this case that we need the theorem. 

(b) We now think of an arbitrary collineation of the planes E and E£’. If, 
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if 1’, 2’, 3’, 4’ are the corresponding points in E’, satisfying the same condi- 
tion, then our assertion is that the collineation is completely determined by the 
correspondence between these two quadruples of points. We shall give this proof 
by showing that this collineation can be built up in one and only one way 
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from these two corresponding quadruples by using solely their two charac- 
teristics properties (uniqueness, and the mutual correspondence of straight 
lines). As our chief aid, we shall use the so-called Mobius’ net, which we 
spread over the plane after the manner of a spider’s web. To begin with, we 
draw, in each plane (see Fig. 65) the six lines joining the four points by pairs. 
These must correspond in the collineation, for, to the line 1 2 there must 
correspond a line in E’ which must contain 1’ as the image of 1, as well as Z 
the image of 2; and that could be only the line 1’ 2’. Similarly, the points 
arising as intersections of corresponding lines must themselves correspond, 
e.g., the points (1 4, 2 3) and (1’4’, 2’ 3’): this follows immediately from 
the collinearity and the uniqueness. If we join the new points by lines, 
extend these to intersection with the earlier lines, join the resulting points 
of intersection again, and continue this process, there will appear in each 
plane a net of points and lines which gets denser and denser, and these points 
and lines must correspond in pairs in the desired collineation. 

If we now select an arbitrary point in EZ, say, either it will be itself one 
of the corners of the net, or else it is easy to show that we can enclose it in a 
mesh which can be made as small as we please, i.e., we can make it a limit 
point of corners. In the first case the corresponding point in E’ is uniquely 
determined as the corresponding net corner. In order to take care of the 
second case, we must make an addition to the definition of collineation, one 
which to Mébius seemed so self-evident that he did not think it required 
explicit statement. It is, namely, that the mapping shall be continuous, 1.¢., 
each limit point of a point set in E shall be in correspondence with the limit 
point of the corresponding point set in E'. From this, and from the preceding 
remarks, it follows also in the second case that the corresponding point in 
E’ is uniquely determined. We have established then the correctness of our 
assertion 6, insofar as the collineation is continuous. In the same way we 
could prove that a continuous collineation in ordinary space is determined 
by five pairs, and in space of m dimensions by + 2 pairs, of corresponding 
points. 

Returning to the considerations at the beginning of No. 6 (p. 89), we 
have, as one result, the following precise theorem. Projective transformations 
are the only continuous reversibly unique transformations which always carry 
lines into lines. 

After this digression, let us resume the investigation begun in No. 5 
(p. 89) of the behavior of the fundamental geometric manifolds under pro- 
jective transformations, or, as we can now say, under collinear transfor- 
mation. We saw there that an unlimited plane or straight line is carried over 
by projection into a figure of the same sort, so that these concepts have a 
definite invariable significance with respect to projectivities. In this prop- 
erty, the general projectivities agree with the affine transformations. They 
differ from them however in their behavior with respect to parallelism. 
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7. Beht&vior with respect to the concept of parallelism. Indeed, the parallel- 
ism of two straight lines is not necessarily maintained under projective 
transformations, as it was under affine transformation (p. 72). On the con- 
trary, the infinitely distant plane of one space can go over into any finite 
plane whatever (the vanishing plane), of the other, and there will correspond, 
thereby, in general, to the point at infinity common to two parallels, a finite 
point of the vanishing plane in which the two lines intersect that correspond 
to the parallels. By the aid of homogeneous coordinates we can follow this 
exactly. To be sure, we see here, also, that the concept of parallelism is not 
ruthlessly disturbed, but that it becomes a part of a perfectly definite gen- 
eral concept. The infinitely distant points of space constitute a plane, which 
can be carried over by projection into any other (finite) plane of space, and which, 
to this extent, has equal justification with all these planes. It is characterized 
as arbitrary, only to a certain degree, by the descriptive phrase “the infinitely 
distant.” Lines (and planes also) are then called parallel if their intersection 
lies on this special plane. By a projective transformation they may be carried 
into lines (or planes) which meet on another fixed plane, in which case the 
new lines (or planes) are said to be no longer parallel. 

With this property there is connected the fact that the fundamental mani- 
folds of Grassmann, likewise, have no invariant significance under projection. 
The free vector is by no means carried over into another free vector, the line- 
bound vector into another such, etc. In fact, let us look at a line-segment of 
space R, with the six coordinates. 


X = 4, — %, "Y= — 92, Z = 2% — 22, 
L = yiz_. — yor, M = 2% — 2m1, N = xxy2— yite 


and let us set up the analogous quantities X’,- - - , N’ out of the coordinates 
of the points (x1, y,) and (x3, y2) which correspond to (21, y1) and (x2, 2) 
under the projective transformation (1) (p. 86): 


af = 1 + diy + 121 + di etc ot = Om + diye + 6122 + di 
1 ats + bay + ci + dy” 2 Gat, + dae + Cate + de 


By these formulas, X’, --- , NW’ become fractions whose numerators, to be 
sure, appear as linear combinations solely of the six quantities X,---, NW, 
with constant coefficients, while the denominator common to all of them, 
(aay + days + Cat1 + ds) (Gare + baye + cate + do), contains the point coor- 
dinates themselves and cannot be expressed in terms of X,---, N alone. 
Thus the coordinates of the transformed line-segment depend not only on 
those of the original segment but also on the special position of its end 
points. If we slide the segment (1 2) along its line, so that X,---, NW do 
not change, X’,---, WN’ will change, in general, i.e., the segment (1’ 2’) is 
not a line-segment in the Grassmann sense. 

That the unlimited straight line persists as such, nevertheless, under pro- 


etc. 
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jective transformation, follows from the fact that it is represented by the 
ratios of the quantities X’ : Y’:- +--+ N’, from which the disturbing common 
denominator disappears by cancellation. Thus these ratios are actually ex- 
pressed solely in terms of the ratios X: Y:---:N. 


8. There remain still some important manifolds which go over into mani- 
Solds of the same sort under projective transformation. In the first place, every 
quadratic equation in x’, y’, z’ arises from a quadratic equation in x, y, z, as 
we see by multiplying through by the square of the common denominator 
a4x + bay + cz + da, and conversely. This shows that every surface of the 
second degree in a space R corresponds to one of the same nature in R’. There- 
fore every intersection of such a surface with a plane, i.e., every curve of 
order two in a space R corresponds to one of the same nature in R'. In the same 
way, any algebraic manifold, defined by one or several equations in the coordi- 
nates, will be transformed into a manifold of the same sort; the nature of these 
manifolds is thus invariant under projective change. 


9. Along with these invariant manifolds, defined by equations, I must 
mention a numerical quantity whose value remains unchanged under all 
projective transformations. It offers a certain substitute for the concepts 
distance and angle, whose values, as you know, are not invariant even under 
affine transformations, to say nothing of projective transformations. Speak- 
ing first of the straight line, let us consider a certain function of the distances 
among four arbitrarily selected points 1, 2, 3, 4, namely, the cross ratio men- 
tioned on page 6: 

22 2-9 

14°34 14-32 
In fact we can easily verify (by calculation), the invariance of this quantity 
under projective transformation, and we shall actually do so later in another 
connection. (See p. 146 et seq.) 

The case is quite similar for pencils of rays, except that we use, not the 
angles themselves, but their simes. Thus, if 1, 2, 3, 4 are rays or planes of a 
pencil, their cross ratio is the expression 


Since these cross ratios were the first numerical invariants of projective 
transformations to be discovered, many students of projective geometry 
thought it a praiseworthy goal to reduce all other invariants to cross ratios, 
even though the reduction was sometimes very artificial. Later on we 
shall consider these questions more thoroughly. 

These few indications will suffice to show how we can distinguish sharply 
between the various concepts of geometry according to their behavior under 
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projective transformation. Everything that remains unchanged by such 
transformation constitutes the subject matter of projective geometry, which 
arose during the last century, of which I have already spoken, and which 
we shall discuss more thoroughly later on. This name, which is used now 
quite generally, is better than geometry of position (Geometrie der Lage), 
which was much used earlier, and by which mathematicians wished to in- 
dicate the contrast to geometry of measure or elementary geometry, which 
embraced all geometric properties, including those that are not invariant 
under projective transformation. The older name conceals entirely the fact 
that many properties of measurement, in particular the values of the cross 
i ratio, are included. 

I should like to discuss now the applications 
of projective transformations, just as I did earlier 
with affine transformations. 


1. Starting with descriptive geometry, and mak- 
ing no attempt to be systematic, I shall discuss 
some characteristic examples. 

(a) The first is the mapping of space upon a 
plane by means of central perspective, which is 
the direct generalization of axonometry (parallel perspective). The pro- 
jecting rays proceed here from a finite point instead of from an infinitely 
distant one. We select the center of projection at the origin of coordinates 
O and the plane of projection as z = 1. (See Fig. 66.) Then, for the image 
p(x’, y’, 2’) of any point p(x, y, z) we always have z’ = 1, and, since p and 
p’ lie on the same ray through O, we have 
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iy sa! = x yis. 


Hence the equations for our mapping are 


x 2 
w=; y=2, g=-- 
4 2 2 


This is a special projective transformation, and the analogy with what happens 
in axonometry leads us to suspect that its determinant vanishes. In fact, 
going over to homogeneous coordinates, we get 


/ 


pe’ coy é, p’n! =; p's’ oa f, p'r Hy f, 


and the determinant of the substitution is 


0 
0 
1 
1 


ooco 


0 
1 
0 
0 


oo or 
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You can readily derive the various properties of this transformation by 
analogy with our earlier discussions, provided you note that, in general, 
every plane is connected with the plane of projection by a projective (two- 
dimensional) transformation with a non-vanishing determinant. It follows 
from this, in particular, that the cross ratio of any four points on a line, or 
of any four rays through a point, is unchanged by the transformation. 

(b) The second example concerns a projectivity which includes the central 
perspective as limiting case, one with a non-vanishing determinant, the so- 
called relief perspective. The relief of an object is to be so formed that it 
will send the same rays to an observer’s eye, placed at a definite point, which 
the original would send to an observer correspondingly placed. This means 
that, with an appropriately oriented system of coordinates, the original point 
and its image should lie on the same ray through the origin: 


(1) we syse = eryis. 


The difference between this and the previous case is that the original is 
not mapped upon a plane but is compressed into a certain narrow space 
segment of finite width. 

I assert that this is accomplished by the formulas 


(2) ea Gthe 4 _ thy 4 _ tbs 


z+k y otk z+k 


which, in the first place, give at least a projectivity and also obviously 
satisfy equations (1). Let us form their determinant, using the corresponding 
homogeneous equations 


pe =(1+HE, pn = (144m, p= (+R, wir =o+ kr. 
It will be 





1+k 0 0 8 60 
phe i 1+k O OF; _ ‘ 
ain 0 0 1+k 0| ah te 
0 0 1 k 
and is thus different from zero, except when k = 0 or k= —1. 


For k = 0, (2) goes over precisely into the previous formulas of central 
perspective, i.e., the relief degenerates completely into a plane. The value 
k = —1 gives x’ = y' = 2’ = 0, i.e., every point in space is represented by 
the origin, which is obviously a useless and trivial degeneration. 

For the sake of definiteness, we choose k > 0. In order to make the trans- 
formation (2) clear geometrically, we notice, first, that every plane z = const. 
goes over into a parallel plane: 


(3) 


ya ths, 
stk 
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The resulting mapping of the two planes upon each other by the rays pro- 
ceeding from O is perfectly clear, and we now need only interpret the law (3). 
Forz= (7 =0),2° =1+4&. The plane parallel to the xy plane and at 
a distance 1+ k is the vanishing plane of the space of the image, and at the 
aces same time it forms, in a sense, the background 
~ , of the relief upon which the infinitely distant 
background of the space of the object appears 
Object to be mapped. The plane z = 1 plays also an 
important role, since object and image coin- 
cide for that plane. This follows from the 
fact that if z = 1, then 2’ = 1 also. If, now, 
z increases from 1 to ©, z’ increases mono- 
tonically from 1 to 1+ &, ie., if we restrict 
ourselves to objects behind the plane 2 = 1, we 
obtain actually, as image, a relief of finite 
depth k. In practice, there can and must always be such a restriction. 
(See Fig. 67.) 

Examining again the relation (3), we find for the cross ratio of the points 

z, 1, 2’, 0, the relation 


O 0 
Fic. 67 





In general, those two values z and z’ correspond to each other which form 
with the points 1 and 0 a cross ratio of constant value. 

We have a model in our mathematical collection which represents, in 
relief perspective, a sphere on a cube, a cone of revolution, and a cylinder 
of revolution. Examined at the proper distance, the model actually gives 
a very clear impression of the original bodies. Of course, psychological 
reactions play an important part. The isolated fact that the same light rays 
enter an eye does not suffice to determine the spatial impression; habit must 
certainly play an important part. Indeed, since we have seen a sphere on a 
cube much oftener than we have seen a narrow ellipsoid on a narrow hexa- 
hedron (that is the form of the image in relief perspective), we are disposed, 
from the start, to refer the light impression to the first source. A closer 
examination of the reactions that enter here may be left to the psychologists. 

This will suffice to give you a first glimpse of the application of projective 
transformations to descriptive geometry. Of course, these theorems demand 
further consideration, and I cannot leave this field without urging you to 
make a thorough study of descriptive geometry, which is, I think, indis- 
pensable for every teacher of mathematics. 


2. The second application of projective transformations of which I wish 
to talk is the derivation of geometric theorems and points of view. You will 
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recall that we discussed affine transformations with a similar purpose 
(p. 76 et seq.). 

(2) We start from the theorem that when we subject a circle to a projective 
transformation or to a central perspective: transformation, it goes over into a 
“conic section,” i.e., into the intersection by a plane of the cone whose sur- 
face is formed by the projecting rays 
drawn to the points of the circle. I 
have here a model which shows how an 
ellipse, a hyperbola, or a parabola can 
arise in this way. (See Fig. 68.) 

(b) It follows that, for projective geom- 
etry, there is only a single conic section, 
since any two can be transformed into 
a circle and therefore into each other. 

The division into ellipse, parabola, hy- 

perbola indicates, from this standpoint, 

no really fundamental difference, but 

reflects merely the accidental position \ 
with reference to that line which is 

ordinarily called “infinitely distant.” 

(c) Let us now derive the follow- 
ing fundamental cross-ratio theorem for Fn 
conics: Any four fixed points 1, 2, 3, 4 on a conic are projected from a fifth 
movable point P of the same conic by four rays whose cross ratio is independent 
of the position of P. 

To prove this, we go back to 
the circle from which the conic in 
question arose by central perspec- 
tive. Since, in this, the cross ratio 
is unchanged, our theorem will be 
true, in general, if only we can 
show that the four corresponding 
points 1’, 2’, 3’, 4’ on the circle 
are projected from two other ar- 
bitrary points Pi, P:, by rays 
which have the same cross ratio. 
But this is at once evident, for, 
by the theorem on inscribed an- 
gles, the angles of the pencil of rays P4(1’, 2’, 3’, 4’) on the one hand, and 
of P;(1’, 2’, 3’, 4’) on the other, are equal in pairs; hence the two cross ratios 
formed from the sines of the angles of the two ray quadruples are equal. 

(d) Steiner actually based his definition of conics on this theorem by 
starting from two “‘projectively related” pencils of rays, in which two cor- 
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responding ray quadruples have the same cross ratio. A conic is then the 
locus of the intersections of corresponding rays of these projectively related 
pencils. 

These few remarks will suffice to make clear to you the great significance 
of projective transformations for the theory of conic sections. You can 
find a more complete account in any textbook on projective geometry. 

Proceeding further in the wide range of this chapter, we shall now come 
to new classes of geometric transformations not belonging to the class 
of linear transformations which we have thus far considered and which 
ty led us progressively from displacements to the most general projectiv- 
ities. 


III. HIGHER POINT TRANSFORMATIONS 


We shall now investigate transformations that are represented, not by 
linear functions, but by higher rational algebraic functions, or even by tran- 
scendental functions: 


x = d(x, y; Z), y’ ms x(x, y; z), Z= V(x, > Z). 


Adhering to the plan of these lectures, I shall not give a systematic pres- 
entation, but I shall present a series of particular examples which have 
general significance in pure mathematics and, above all, in its applications. 

First of all, I shall discuss that one of these transformations which is 
most frequently used: the ‘ransformation by means of reciprocal radii. 


1. The Transformation by Reciprocal Radii 


' This transformation carries each point p into that point p' on the line Op 

joining p with the origin O, for which Op + Op’ is equal to a given constant. 
(See Fig. 70.) 

P As you know, this transformation plays an im- 


G 


P portant role in pure mathematics, and particularly 
in the theory of functions of a complex variable. It 
Fic. 70 appears not less frequently, however, in physics 


and in other applications. Later on, we shall dis- 
cuss at length one particular application. 


1. In treating this transformation, I shall again start with the derivation 
of its equations in rectangular coordinates. Since p and 7’ lie on the same 
line through O, we have 
(1) ai y'sa! = x yi2, 


and from the relation between the distances Op and O}9’, setting the con- 
stant equal to 1, for simplicity, we find 


(2) (x? + y? + 2?)(a!? + 9’? + 2”) = 1. 
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Therefore, the equations of the transformation are 
pe x ad y pie z 7 
(3) ety te’ y e+y+e od e+y+e 


In the same way, we obtain, conversely, 


y 2! 


x! 
x? py? 422" YS yt Hy? +272’ a type 


Thus not only are the coordinates of p’ expressed rationally in terms of 
those of p, but also the coordinates of p are expressed rationally in terms of 
those of p’; and the functions that occur are the same in both cases. The 
denominator in each case is a quadratic expression. We have here a par- 
ticular case of what is called a quadratic birational transformation. There is, 
moreover, an extensive class of such birational transformations (in general 
uniquely reversible), which are expressed, in both directions, by rational 
functions. Under the name Cremona transformations they are the object 
of a widely developed theory, to which I must at least allude as I discuss 
the simplest one of them. 


2. Equations (3) and (4) show that to every point p in space there cor- 
responds a point 9’, and, conversely, to every point p’ there corresponds a 
point 9, if we except (for the present) the origin. However, if we let x, y, 
and z approach zero simultaneously, the denominator of (3) becomes small, 
of higher order than the numerator, and x’, y’, and 2’ become infinite. We 
could call the origin, therefore, a vanishing point of the transformation. 
Conversely, if x’, y’, and z’ become infinite in any way, then, by (4), , 9, 
and z all approach zero. If, then, we were to use our earlier terminology, we 
should say that a single point corresponds to the whole infinitely distant 
plane. However, this “infinitely distant plane” was merely a convenient 
expression which was suitable for the projective transformation. It signified 
that, under that transformation, the infinitely remote part of space behaved 
as though it were a plane, i.e., it went over into the points of some finite 
plane, and this made it possible to enunciate theorems without making 
exceptions, and without introducing several cases. There is nothing to 
hinder us from employing here a different form of expression, and from 
stating, by means of it, for our present purpose, theorems likewise valid 
without exception. By our transformation, the infinitely remote in space 
is transformed into a point; hence we say, simply, there is only one infinitely 
distant point, and it corresponds, under our transformation, to the origin of 
coordinates. Then our transformation in fact is uniquely reversible without 
exception. 

It is impossible to overemphasize that here, as well as in our earlier re- 
marks, we are not thinking, in the remotest sense, of metaphysical repre- 
sentations of the true nature of infinity. There are, of course, always people, 


(4) x= 
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Png partial by habit to the one or to the other form of expression, wo 
bo 0 sh 0 transcendental meaning to infinity. Such advocates of 
points of view sometimes fall int é aa 
: 0 controversy. Of course they a 
: is oe They forget that we are really concerned merely with pel bi- 
y convention which is appropriate for the one purpose or for the othe 


3. The principal property of our transformation is that (speaking gen- 


erally) it transforms spheres i 
has the form pueres into spheres. Indeed, the equation of a sphere 


(5) A(x!? + y/? + 2/2) + Bel + Cy! + De) + E=0, | 


ph crn ioe i x’, y’, 2’ their values in (3), replacing the quadratic term . 
fa a 3 rae ound * (2), and multiplying through by x’? + 2 4 3/2 
¢ ‘y 2+ E(x? + y? + 22) = 0, which is i 
( = is indeed 
ibe o a sphere. To be sure, it should be wotided that the equation a 
seshitgh : Acct also planes, which we can appropriately consider here 
a a : es; they are in fact those spheres which contain the point at 
aan, Sng er ap "ef a Py they go over into spheres that pass 
point which corresponds to the poi infini i 
ro point at infinity, that is; 
rv iat Conversely, any spheres that go through the mW ‘Ge over a 
dn best the point at infinity, that is, into planes. With this col 
e theorem that r i t 
poi a at spheres correspond to spheres is valid without _ 
phew Soe yim yeni sphere and a plane) intersect in a circle, it 
0 @ circle there corresponds alwa i j 
at to é ys @ circle 
particular, straight lines are included as “circles through the AeA 


Conversely, to a strai i 
7 ght line corres ; 
circle through the origin. ponds, under our transformation, a 


4. This last theorem is, of cour. i id i 
‘em is, se, still valid if we restrict the tr: 
tion to a plane. This gives rise to an elegant solution of the harder 


aire erating a straight line which is very elemen- 
0 


tary and which belongs really to the field of 
interests of the non-mathematician. The 
Fic. 71 


U 


P problem is to guide a point, by means of a 


linkage of rigid rods, so that it will describe 

a straight line. Formerly, in the construc- 

tion 4 rie, engines, particular importance 

was placed upon hani 

“4 al pon mechanisms that 

nay ray transmission between the piston, which moves rectilinear] nee 
a rr of the crank, which describes a circle. eno 

ale nt cade oe interest to the inversor which Peaucellier, a French officer 

rset in 64, and which caused a sensation then, although the dau 

very simple and fairly obvious. The apparatus consists of six 
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jointed rods. (See Fig. 71.) Two of the rods, of length /, are attached at a 
fixed point O; the other four rods, all of length m, form a rhombus whose 
opposite vertices are the ends of the rods /. Call the two free corners of this 
rhombus # and p’. The apparatus has two degrees of freedom: First, one 
can incline the two rods / to each other at will, and, second, one can rotate 
them together about O. With every such motion, however, Opp’ remains 
a straight line, as it is easy to prove geometrically, and the product 


Op - Op’ =P - m?* = const. 


is independent of the position of p. Thus the apparatus actually effects a 

transformation by reciprocal radii with O as center. We need only move p 

on a circle through O, in order to force p’—according to the theorems of 

§ 3—to move actually on a straight line. This result is secured at once if 
we attach at pa seventh rod pC, whose other end, C, is fixed at the midpoint 
between O and the initial position of p. Then there remains but one degree 
of freedom, and p’ will, in fact, be carried along a line. It should be noticed 
that the point p’ cannot traverse the entire unlimited line, but that its free- 
dom to move is limited by the fact that its distance from O remains always 
less than Jm, because the given lengths of the rods do not permit more ex- 
tended motion. In some models, the point C is displaced a little, so that the 
circle which p traverses passes close to O, and p’ moves, therefore, not ina 
straight line but on a circle of large radius. This application of the apparatus 
also may be useful at times.’ 

5. Of the general properties of the transformation by reciprocal radii, I 
will emphasize, lastly, that of the preservation of angles. This means that 
the angle which two surfaces make with each other at any point of their curve of 
intersection is the same before and after the transformation. I shall omit the 
proof since I am not concerned, in this survey, with carrying out the de- 


tails. 

6. We can look upon stereographic projection, which also plays an impor- 
tant role in the applications, as a special chapter of the transformations by 
reciprocal radii. It is obtained as follows. Let us consider the sphere which 
is carried by our transformation into the fixed plane 2’ = 1. By the third 
of the formulas (3) the equation of this sphere is 

ee z 
~ get y+ 2 
which may be written in the form 
+ ytt (@—-DP=F 


1 [See also A. B. Kempe, How to Drawa Straight Line, London, 1877; and G. Hessenberg, 
Gelenkmechanismen sur Kreisverwandtschaft, Heft 6 der Naturwissenschaftlich-medezin- 
ischen Abhandlungen der Wiirttembergischen Gesellschaft zur Férderung der Wissen- 
schaften, Abteilung Tiibingen, 1924.] 
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Thus the sphere which is transformed into the plane 2’ = 1 hasa radius 

and has its center at the point z = 4 on thez axis. It passes through the origin 
and is tangent to the image plane 2’ = 
(See Fig. 72.) We can at once make cle: ir 
the details of the relation between he 
plane and the sphere if we use the spac 
pencil of rays through the center O, and 
discover the corresponding points. I shall 
state the following theorems withou 
proof. 


1. The mapping is, without exception, 





finitely distant part of the plane as a 
point, which is then mapped upon the point O on the sphere. 


2. Circles on the sphere correspond to circles in the plane; in particular, 


circles through O correspond to circles through the point at infinity, ive., 
to straight lines. 


3. The relation between the two surfaces preserves angles, or, as it is cus- 


tomary to say, the transformation is conformal. 

You know, of course, that stereographic projection has great significance 
in the theory of functions of a complex variable. Indeed, I used it to advantage 
frequently in my lectures last semester.! Of other applications in which it 
plays an equally important role, I would mention geography and astronomy. 


Stereographic projection was known to the ancient astronomers; even today, — 
you find in every atlas representations of the hemispheres, and of the polar 


regions of the earth, in stereographic projection. 


T shall now present a few more examples from the last-mentioned field 
of application. 


2. Some More General Map Projections 


A digression in this direction seems to me especially appropriate for the 
present lectures. The theory of geographic maps is, after all, a subject which 
is of great importance in school instruction. It will interest every boy to 
hear from what point of view the maps in his atlas were drawn. The teacher 
of mathematics can put more feeling into his instruction, if he can give the 
desired information, than he can if he discusses only abstract questions. 
Thus every prospective teacher should be informed in this field, which, 
moreover, furnishes the mathematician with interesting examples of point 
transformations. 

It will serve our purpose best if, at the outset, we think of the earth as 


See Part I, p. 105 et seq. 














reversibly unique, if we think of the in-_ 
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projected stereographically from, say, the south pole, upon the xy plane. 
Then, with respect to that pole, any other mapping upon a & plane will be 
given by the two equations § = $(x,y), 7 = x(x, ys 

Among the first representations, much used in practice, are those in which 
angles are preserved. We obtain these, as is taught in the theory of functions 
of a complex variable, if we think of the complex variable § + in as an analytic 
function of the complex variable x + ty: 


E+ in = f(x + ty) = O(a, y) + ix(z, 9). 


I should like to emphasize, however, that precisely in geographic practice 
use is often made of representations in which angles are not preserved, so that 
conformal transformations should not be regarded, as is often done, as the 
only important ones. 

Under the conformal representations there appears prominently the so- 
called Mercator projection, which was discovered about 1550 by the mathe- 
matician Gerhard Mercator, whose real name, by the way, was the good 
German name Kremer. You will find 
mercator maps of the earth in every 
atlas. ‘ 

The mercator projection is determined 
by choosing our analytic function f as the 
logarithm. It is given by the equation 
E+ in = log (x + iy). 

As mathematicians, we can at once 
deduce the properties of the projection 
from this short formula, whereas for the 
geographer without mathematical train- 
ing, the treatment of the mercator pro- by 
jection is, of course, rather difficult. Introducing polar coordinates into 
the xy plane (see Fig. 73), i.e., putting x + zy = r+”, we get 


i 
£ + in = log (r+ e*) = log r + i¢, 


= logr, n= o. 

psec aut te ma pole of the earth is the center of our stereo- 
graphic projection. Then the origin O of the wy plane corresponds to os 
north pole of the earth, and the rays ¢ = const. in the xy plane correspon 

to meridians. Consequently, in the mercator projection (see Fig. 74) the 
meridians become 7 = const., i.e., parallels to the £ axis. The north pole 
(r= 0, = —~) lies on them to the left, the south pole (r wt +, 
£ = +), to the right, at infinity. Since the angle @ is undetermined to 
within multiples of 27, the mapping is infinitely many-valued, and each 
strip of width 27, parallel to the & axis, gives an image of the entire surface 
of the earth. The circles of latitude, = const., become, in the mercator map, 





Fic. 73 
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the parallels — = const., i.e., since angles are of course preserved, they are 
the orthogonal trajectories of the images of the meridians. To the equator 
(r= 1), there corresponds the 7 axis 
(€ = 0). 

This one example may serve to arouse 
you to further study of the numerous 
transformations in the geographical theory 
of mapping. Let me now pass on, rather, 
to a more general theorem of this theory. 
Those of you who have busied yourselves 
with geography have heard, certainly, of 
the Tissot theorems which Tissot devel- 
oped in his book, translated by Hammer 
in Stuttgart.1 It is very easy to make its 
contents clear, from our standpoint. 

Fic. 74 Let there be two geographic maps, rep- 

resentations of the earth’s surface upon 

an ay plane and a &y plane, each of which may be arbitrary and not nec- 

essarily conformal. The two will stand in some relation to each other, 
which we may write in the form £ = ¢(x, y), 7 = x(s, y). 

We shall examine the neighborhood of two corresponding positions (x0, yo) 
and (&, 70), where = $(xo, yo), m0 = X(0, Yo). For this purpose we intro- 
duce new variables (x’, y’) and (é’, n’) by means of the equations 


To North Pole 
To South Pole 








t= mtx’, y=yty; 
E= &+ &, n= n+ 7’. 


We obtain then, by development according to Taylor’s theorem, 


1 (99). 1 (96) a, 
¢ = (3).2+(#).-9 * f 


pm ed, 1) OT a 
¢o(B)-<+(B) 74 


where the derivatives are to be taken for x = x, y = yo, and where terms 
of higher order are indicated by dots. We restrict ourselves, now, to such a 
small neighborhood of (xo, yo) that the indicated linear terms give a sufficient 
approximation to the actual values of (&, n’). This means, of course, that 
we exclude singular positions (x0, yo) for which such a neighborhood does 
not exist. Thus we exclude a point at which all four partial derivatives 
vanish simultaneously, so that the linear terms would not give a usable 
approximation. Then if we look at the linear equations thus obtained be- 
tween (x’, y’) and (&’, 7’), we have at once the fundamental theorem which 


1 Die Netzenentwiirfe geographischer Karten nebst Aufgaben iiber Abbildungen beliebiger 
Flachen auf einander, Stuttgart, 1887. 
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forms the basis of Tissot’s reflections: Two geographic maps of the same ter- 
rain are connected, in the neighborhood of a non-singular position, approxi- 
mately, by an affine transformation. If we now apply our earlier theorems on 
affine transformations, we obtain actually all of the so-called Tissot theorems. 

I shall merely remind you of a few principal points. We know that every- 
thing depends on the determinant of the affine transformations, i.e., here, 


on the determinant 
(3), () 
A= Ox 0 dy 0 
@) @)) 
Ox 0 dy /o 
which is called the functional determinant of the functions $ and x, for the 
position x = %, y = yo. We always avoid the case A = 0 in these applica- 
tions, for in that case the neighborhood of (xo, yo) in the xy plane would be 
mapped upon a curve segment of the & plane, and the geographer would 
hardly consider such a map as usable. We are thus to consider here A # 0. 
In our earlier discussions (see p. 73 et seq.) we made clear how such an affine 
transformation comes about; hence we can now take over the theorem: 
The neighborhood of the point (& no) is obtained from that of the point (xo, yo), 
with the accuracy which here concerns us, by subjecting the latter to a pure de- 
formation in two mutually perpendicular directions and by then turning it 
through a suitable angle. You will find in Tissot’s book that he actually 
gives a clear ad hoc deduction of this theorem, and you have here an in- 
teresting example of how those concerned with the applications manage to 
meet the mathematical needs of their own subject. To the mathematician, 
the thing always seems very simple, but it is still instructive for him to 
know what these applications require. 
I shall now pass to the consideration of a general class of point trans- 
formations. 


3. The Most General Reversibly Unique Continuous 

Point Transformations 

All of the mapping functions which we have thus far considered were 
continuous and successively differentiable, indeed they were analytic (de- 
velopable into a Taylor series). However, we admitted multiple, even in- 
finitely many-valued functions (e.g., the logarithm). We shall now set down 
as precisely our chief requirement that our mapping functions shall be without 
exception reversibly one-valued. We shall assume also that they are continuous. 
We shall make no assumptions, however, as to the existence of derivatives, 
etc. We inquire as to the properties of geometric figures which remain un- 
changed under these most general reversibly unique and continuous trans- 
formations. Let us think, say, of a surface or a solid made of rubber, with 
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figures marked upon it. What is preserved in these figures if the rubber is — 


arbitrarily distorted without being torn? 
The totality of properties which we find in the treatment of this question 


makes up the field that is called analysis situs. We might call it the science — 


of those properties which depend upon position and not at all upon size. The 
name comes from Riemann, who, in his famous paper of 1857, Theorie der 
Abelschen Funkionen,' was drawn into such investigations by function- 
theoretical interests. Since that time, moreover, it has often happened that 
analysis situs is not mentioned in books on geometry, and is left for dis- 
cussion in the theory of functions when it is needed. It was not so, how- 
ever, with Mobius, who, in a paper written in 1863,? discussed analysis situs 


from its purely geometric interest. He calls those figures which transform — 
into each other through reversibly unique continuous distortion elementarily — 


related figures, because the properties which are invariant under these trans- 
formations are the simplest possible properties. 

We shall restrict ourselves here to the investigation of surfaces. To begin 
with, we should note a property which was first discovered by Mébius, and 
which Riemann had missed entirely: the distinction, namely, as to whether a 
surface is one-sided or two-sided. Indeed we have discussed (p. 18 et seq.) 
the one-sided Mobius band, upon which, by continuous movement, one can 


come unawares from the one side to the other, so that a distinction between — 
the two sides no longer has any meaning. It is clear that this property per- — 


sists through all continuous distortions and that therefore, in analysis situs, 
we must actually distinguish, from the beginning, between one-sided and two- 
sided surfaces. 

For the sake of simplicity we shall concern ourselves here only with two- 
sided surfaces, especially since they alone are ordinarily considered in the 
theory of functions of a complex variable. However, the theory of one-sided 
surfaces is not essentially more difficult. It turns out that for a surface, in the 
sense of analysis situs, there are two natural numbers which are completely 
characteristic: The number p of its boundary curves and the number p of closed 
cuts which do not separate it into parts (the so-called genus). More precisely, 
a necessary and sufficient condition that two two-sided surfaces be applicable 
to each other reversibly uniquely, and continuously (that they be “ elementarily 
related” or, as we say today, they be homeomor phic) is that these two numbers 
band p shall be the same for both surfaces. The proof of this theorem would 


1 Journal fiir die reine und angewandte Mathematik, vol. 54 = Gesammelie mathema- 
tische Werke (2nd edition, Leipzig, 1892), p. 88.—Riemann, following Leibniz, uses here 
the word “analysis” in its original methodological sense, not with the meaning which it has 
taken on as a mathematical term. 

? Theorie der elementaren Verwandtschaft, Berichte iiber die Verhandlungen der K6niglich 
Sachsischen Gesellschaft der Wissenschaften, mathematischphysikalische Klasse, vol. 15, 
p. 18 ff. = Gesammelte Werke, vol. 2 (Leipzig, 1886), p. 433 ff. 
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carry us too far afield. I can merely illustrate these numbers and p by a 
few examples. 

Let us think of three surfaces placed alongside of one another, a sphere, a 
torus, and a double torus (shaped like a pretzel), as they appear schematically 
in Fig. 75. Each is a closed surface, i.e., it has no boundary curve; hence 


: OO) 
Fic. 75 


y= 0. In the first example, every closed cut divides the surface into two 
separate parts, so that p = 0. In the second example, a meridian curve C 
represents a closed cut which does not separate the surface into parts. After 
the curve C has been drawn, however, every additional closed cut actually 
divides the surface into parts. This is precisely what we mean when we say 
p = 1. In the,third example, p = 2, as is shown by the two different meri- 
dian curves C; and C2, on the two separate handles. By the addition of more 
handles, we can create surfaces with any desired value of . On the other 
hand, we can give p any desired integral value different from zero by mak- 
ing in these surfaces small holes or punctures, each of which adds a boundary. 
Thus we can actually set up surfaces with arbitrary values of p and p, and 
all other surfaces with the same values of p and » must then be homeomor- 
phic with them, no matter how different they may be in appearance. The 


theory of functions offers many examples of such surfaces. 
I must explain here also the term connectinty, which Riemann introduced. 
By it he means the number 2/ + y, and he calls the surface (2p + p)-ply 
connected. A surface is simply-connected 
if 2p + w= 1,s0 that p= Oandyp = 1; 
that is, it is homeomorphic to a sphere 
with one puncture, which we could de- oo 
form continuously into a circular disk 
by enlarging the hole. (See Fig. 76.) 

Riemann also introduces the notion Fic. 76 Fic. 77 
of crosscut, i.e., a cut which joins one ) 
boundary point with another. Thus we can speak of crosscuts only if bound- 
ary curves actually exist, that is, only if u> 0. We can then prove the fol- 
lowing theorem. Each crosscut reduces the connectivity by 1, so that, in particu- 
lar, any surface for which u> 0 can be changed into a simply-connected surface 
by 2p + w — 1crosscuts. Let us consider a torus (see Fig. 77) with one punc- 
ture (p = » = 1), and let us draw the first crosscut qi from this puncture 
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and necessarily back to the same puncture. Then let us draw the secon 
crosscut g2, which starts and also ends in the first cut and resembles pre 
cisely the closed cut in the torus of Fig. 76. Then the connectivity is actualli 
reduced from 2:1+1= 3 tol. . 
As to literature concerning analysis situs, there is a comprehensive list, no! 
merely for surfaces, but also for arbitrarily extended manifolds, in 
Enzyklopadie der mathematischen Wissenschaften in the Report by M. Dek 
and P. Heegard (III AB3), which is, to be sure, very abstract. It would b 
highly desirable to have a more readable presentation, which would be acces: 
sible to the beginner, and in which the abstract theory would be preceded by 
a development of the general ideas with simple examples.! i 
Analysis situs finds applications in physics, especially in potential theory, 
But it reaches also into school instruction, in the polyhedron theorem of E 
concerning which I shall say a word. Euler observed that if an ordinar 
polyhedron has E corners, K edges, and F faces we always have the relatio 
E+F=K-+2. Nowif we deform the polyhedron in any way which is re 
versibly unique and continuous, these numbers, and hence the equation, wil 
remain unchanged, so that the latter will still hold when E, F, K are th 
numbers of corners, faces, and edges of an arbitrary division of the sphere or 
indeed, of any surface homeomor phic to it, provided only that each subdivision 
ts simply-connected. We can generalize this theorem at once to surfaces o 
arbitrary genus, as follows. If we divide a surface which admits p closed cut 
without dismemberment, into F simply-connected parts by means of K line-seg- 
ments, and if E corners are created, then we shall have E +F=K+2-2% 
T leave it to you to set up illustrative examples and to ponder over the proo 
of the theorem, or to read it in the Dehn-Heegard report. Of course, there 
are still broader generalizations of this theorem. 
With this we shall leave altogether the theory of point transformations, 
and we shall try to obtain a view of the most important classes of those trans- 
formations which carry points over into other space elements. 


























- 








IV. TRANSFORMATIONS WITH CHANGE 
OF SPACE ELEMENT 






1. Dualistic Transformations 





The most obvious cases are those correspondences which interchange 
point and line in a two-dimensional region, or point and plane in a three- 
dimensional region. I shall restrict myself to the first case, and I shall follow 
the line of thought which Pliicker first used in 1831 in the second part of his” 








1 [A more recent work is B. v. Kerékjart6, Vorlesungen tiber Topologie (vol. 1, only, has 
appeared), Berlin, Springer, 1923. Another article on analysis situs will appear soon in the 
Enzyklopidie der mathematischen Wissenschaften, by H_ Tietze.] 
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Analytisch-geometrische Entwickelungen, which we mentioned earlier (p. 57). 
We shall begin with the analytic formulation. ’ 

The first idea used by Pliicker, which I have discussed already (p. 59 et 
seq.), is to place on an equal footing with ordinary coordinates the constants 
u and v in the equation of the straight line, 


(1) ux + vy = 1, 


to regard u and v as line coordinates, and to build up the snpctare of analyte 
geometry by using these two sorts of coordinates in analogous rip ways. 
Thus, in the plane, there correspond to each other the curve as a sR “ 
points given by the point equation f(x, y) = 0, and the curve as the igre ; 
a single infinity of lines of a family defined by the line equation ye: 4 i 
A proper transformation, such as we now wish to consider, will e€ 3 ra ; 
of course, only when we add to our plane E a second plane E ,and set up a 
relation between the line coordinates u and vin E and the point coordinates 
x andy’ in E’. Thus the most general transformation of this kind would be 


given by the two equations 
(2) u = g(x’, 9’), 
ie., to each point (x’, y’) in E’ there will correspond the line in E whose equa- 
tion is obtained by substituting these values (2) in (1). 

1. To begin with, let us consider the simplest example of such a transforma- 
tion, which is given by the equations 


v= x(x’, y’) 


(3) u=2, v=y'’. 


By means of this transformation, to the point (x’, y’) in E’, there will corre- 
spond in £ the line 


(3a) 


If we now superimpose the planes E and E’ so that their coordinate we Arenerns 
coincide, we see that this equation represents the polar of the point (x’, y’) 
with respect to the unit circle about the origin, Baty’ 
(x? + y? = 1), so that our transformation ts the eae 
familiar polar relation for the circle. (See Fig. 78.) ‘ 
We notice that, in place of the two equations 
(3), the one equation (3a) suffices to define the re- 
lation, since it is the equation of the line corres- 
ponding to any point (x’, y’). Since it is com- 
pletely symmetrical in « and y on one hand gre 
in «’ and y’ on the other, the two planes fi and E 
ame role in our relation, i.e., toevery ' 
pri nl eet must also correspond a line in EZ’. It makes no rae 
when the two planes coincide, whether we think of the point as in Lorin E’. 


a'x + yy = 1. 





Fic. 78 
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With respect to the first property, we call the transformation dual in the 
narrower sense; with respect to the second, reciprocal. Thus, without mak- 
ing any distinction between the two planes, we can speak simply of the cor- 
respondence of a definite polar to a pole, and then express the reciprocal 
property in the manner stated on page 57. 

As for other properties of this transformation, I remark merely that, to a 
curve traced by the point (z’, y’) in the plane Z’, there would correspond, 
by the principle of duality, the curve in the plane E enveloped by the cor- 
responding line (w, v). 

2. By analogy with our earlier discussion of the most general “‘collinea- 
tion,” it can be proved easily that the most general dual relation is obtained 
if we generalize the assumption (3) and set « and » equal to linear fractional 
functions of x' and y' with the same denominator: 


va aye! + by’ + c1 ; 

(4) age’ + byy’ + cs 
od ax! + bay! + co 

asx’ + bgy’ + cs 


Substituting these values for u and » in (1), multiplying by the common 
denominator, and noting that the nine coefficients a1, +++ , cz are arbitrary, 
we obtain the most general linear equation in x and y as well as in x! and y’: 


(4a) ayer’ + byxy! + crx + ayy! + boyy’ + coy — age’ — bay’ — cz = 0. 


Conversely, every such “‘bilinear”’ equation in x, y and x’, y’ represents a dual 
transformation between the planes E and E’. For, if we assume that one pair 
of coordinates are constant, i.e., if we think of a fixed point in one of the 
planes, the equation is linear in the other two coordinates and represents a 
line in the other plane, corresponding to that fixed point. 

3. This relation, however, is not in general reciprocal in the sense defined 
above, unless two symmetrical terms in (4a) always have the same coeffi- 
cient, in which case the equation is 


(5S) Axa’ + Bay’ + yx’) + Cyy’ + Dix +2x/)4+ Ey +y) + F = 0. 


The transformation thus determined is familiar from the theory of conic sec- 


tions. It expresses the correspondence of pole and polar with respect to the 
conic whose equation is 


Ax? + 2Bxy + Cy? + 2Dx + 2Ey + F = 0. 


Every such polar relation is dual and reciprocal. 

We can pass immediately from this to the consideration of an essentially 
more general class of transformations with a change of the space element, 
namely, the contact transformations. 
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2. Contact Transformations 


These transformations, so named by Sophus Lie, are obtained if, instead 
of the bilinear equation (4a), we start with an arbitrary higher equation in the 
four point coordinates of the two planes: 


(1) Q(x, 9; x’, 9’) = 0. 


We shall assume that this equation satisfies the requisite conditions of con- 
tinuity. It is called, after Pliicker, the aequatio directrix or directrix equation. 
For plane geometry, all the relevant developments are found in Pliicker’s 
work mentioned above.! To begin with, we keep « and y fixed, i.e., we con- 
sider a definite point P(x, y) in E. (See Fig. 79.) Then the equation 2=0 
represents, in the running coordinates 2’ and y’, a definite curve C’ in the 
plane Z’, and we make this curve correspond, as a new element of the plane 
E’, to the point P, as we did earlier with the straight line. If, however, we 
now take a fixed point P’(x’, y’) in E’, say on the curve C’, then the same 
equation 2 = 0, in which we now 
think of x’ and y’ as fixed and of x 


Plane E: Plane E: 
: : \P Cc . C' \K' 
and y as running coordinates, rep- P 

resents a definite curve C in E. Of 





course, the curve C must pass \ 

through the first point P. In this R\ 

way, we have established a corres- NY 

pondence between the points P in 

E and the o? curves C’ in E’, and Fro. 79 


between the points P’ in #’ and 
the «2 curves C in E, just as we established earlier a correspondence be- 
tween points and straight lines. 

If, now, a point P in E moves on an arbitrary curve K (indicated by a 
broken line), there will correspond to each position of P a definite curve C "in 
E'. In order to obtain from the simply infinite family made up of the curves 
C’, a single curve in E’ which we can set into correspondence with the curve 
K in E, we apply to the present case the envelope principle already used in the 
relation of duality: We place in correspondence with K that curve K' in E’ 
which is enveloped by the curves C' that correspond to the points of K by means 
of the equation Q = 0. Evidently, we could repeat the same argument, start- 
ing with an arbitrary curve K’ in E’. Thus we have finally derived from the 
directrix equation 2 = 0, a transformation of the two planes by which to 
every curve in the one plane, there corresponds a definite curve of the other 
plane. 

In order to follow this discussion analytically, let us replace the curve K 
by a rectilinear polygon with short sides, as we habitually do in differential 


1 Loc. cit., pp. 259-265. 
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calculus for the sake of clearness, and let us ask what corresponds to a single 


such polygonal side. We always have in mind, of course, a passage to the 


Plane F: Plane Et, curve as a limit, so that by the polygon 


Fro. 80 P, (see Fig. 80) with coordinates x + dx 

and y + dy, where dx and dy are small 

and are ultimately to approach zero, but where dy/dx always has the de- 
finite value p which characterizes the given direction at P. To the point P’ 

corresponds the curve C’ in E’ whose equation in the running coordinates 


x’ and y’ is 
Q(x, y; x’, y’) = 0. 
To the point P; there corresponds the curve C; whose equation is 
Q(x + dx, y + dy; x’, y’) = 0. 


Expanding in terms of dx and dy, and retaining only linear terms because 
of the ultimate passage to the limit, we obtain . 


an 


Oe, 95 2 9) + det F 


dy = 0. 

These two equations give the coordinates x’ and y’ of the intersection of C’ 
ag C1, which, in the limit, is the point of contact of C’ with the envelope 
K’. Since dy/dx = p, we may write these equations in the form 


Q(x, 9; x’, y’) = 0, 
(2) aa | oa 

dx Oy’ 
Moreover, C’ and Cc i have, in the limit, a common tangential direction in P’ 
given by the equation dy’ /dx’ = p’, which is also the direction of the enve- 


lope K’ if P . Since 2 = 0 is the equation of C’ in the running coordinates 
« and y’, this tangent direction is determined by the equation 


ao., a., 
PO Sy ee aly 

or 

(3) 92 | 98 
erage * 


side we understand, really, a point P and 


P Cc ‘é ee 
ai its direction of motion (the direction of 
4 1 _ the tangent to K at P); together these 
b P form a so-called line-element. We now 
choose, in this direction from P, a point 
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Thus, if we know a point P of K and the direction p of the tangent at P, 
then a point P’ on the corresponding curve K’ is determined, together with 
the direction p’ at P’. We say, therefore, that our transformation establishes 
a correspondence between every 
line-element x, y, p of the plane E 
and a definite line-element x’, y', p' 
of the plane E’, by means of equa- FF 
tions (2) and (3). K, 

If we apply this argument to 
each side of the polygon which K 
approximates the corresponding ' 
curve K (or to each of the line- K 
elements of K), we get in E’ the 
sides of the polygon which approximates the corresponding curve K’ (or 
the line-elements of K’). Hence the equations (2), solved for x’ and y’, give 
the analytic representation of the curve K ’ when we let x,y, and p, the coordinates 
and the slope, run through the values given by all the points on K. (See Fig. 81.) 

It now becomes clear why Lie called these transformations contact trans- 
formations. For, if two curves in E touch each other, this means that they 
have a line-element in common; hence the corresponding curves in EZ’ must 
have a common line-element, i.e., a common point and a common direction 
through that point. The tangency of two curves is thus an invariant under 
the transformation, which is what the name implies. Lie developed exten- 
sively the theory of these contact transformations also for space. He began 
in 1896, together with G. Scheffers, a comprehensive presentation in his 
work entitled Geometrie der Beriihrungstransformationen, which unfortu- 
nately was not continued much beyond the first volume.* 

Having given this brief discussion of the theory of transformations with a 
change of the space element, I shall try to enliven it with a few concrete 
examples, in order to show what can be done with these things in the appli- 
cations. 


Plane E: K! 
Plane E:/ K, K’ : 
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3. Some Examples 


Let me speak first of the dual transformations and of the role which they 
play in the theory of the forms of algebraic curves. We shall inquire how typi- 
cal curve-forms change under dual transformation, as in the reciprocal polar 
relation with respect to a conic. We must restrict ourselves, of course, to a 
few characteristic cases. Thus I shall examine first, under curves of third 
degree, the type which has an odd number of branches, and which is cut by 
every line either in one or in three real points. In the adjacent sketch 
(Fig. 82) there is one asymptote; but we can immediately obtain from this a 


1 Vol. 1, Leipzig, 1896. The first three chapters of the second volume appeared post- 
humously in Mathematische Annalen, vol. 59 (1904). 








114 Geometric Transformations 


form with ¢hree asymptotes by transforming the curve projectively so that 
a line which cuts it in three points is thrown to infinity. In any event, the 
curve has three real points of inflection, and these have the 
special property of being collinear. By dualization of this 
curve, we get a curve of class three, to which there can be 
drawn from any point either one or 

three tangents. To the point of inflec- 

tion there must correspond a cusp, as. 

will become clear upon careful reflec- 

yn tion. Moreover, you will find these 
Vain matters discussed thoroughly in my 
earlier lectures on geometry. The curve 

of the third class which arises here 





Fic. 82 Fie: 83 


(Fig. 83) has thus three cusps, and the © 


tangents at those cusps must go through a point P’ which corresponds to 
the line g on which the three points of inflection lie. 

I shall now make similar brief statements concerning the curves of degree 
four and those of class four. A curve of fourth degree can appear in the form 


a2 


Fic. 84 


of an oval with an indentation; indeed, there exist also forms with two, three 
or four indentations. (See Fig: 84.) In the first case, there will be two ps 
points of inflexion and one double tangent; in the others there can be as 
many as eight inflexions and four double tangents. If we dualize, we must 
add to what was said above that the dual of 


a double tangent is a double point. There 
will arise, therefore, types of curves of fourth 
class with from two to eight cusps and from 
one to four double points, as sketched in 
Fig. 85. There is a special charm in care- 
Fic. 85 


fully working out the forms of algebraic 
curves. Unfortunately, I cannot here follow them in more detail and I 
must content myself with these brief indications.1 These examples amply 


1 [See F. Klein, Gesammelte mathematische Abhandlungen, vol. 2, p. 89 et seq., p. 136 et 
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illustrate, however, how duality transformations bring under the same law 
things which at first glance seem as unlike as possible. 

I come now to the applications of the theory of contact transformations. It 
turns out here, interestingly enough, that the idea of contact transforma- 
tions, like most really good theoretical ideas, has a wide field of application. 
Indeed, mathematicians were making use of them long before the theory 
was worked out. It is the old principle of cog wheels, or gears, that I now have 
in mind particularly. It constitutes a special chapter of kinematics, of the 
general science of the mechanisms of motion, which is of central importance, 
for example, in the construction of machines. The devices for drawing a 
straight line, of which we recently discussed an example, also belong to 
kinematics. What I have so often said in these lectures holds likewise here: 
I can of course only pick out small parts of each discipline and endeavor 
to make their meaning and significance as obvious as possible by means of 
simple examples. With the stimulation that I have supplied, I trust that 
you will try to fill in the details from special presentations. As chief means 
of orientation in the whole field of kinematics, I recommend the report by 
A. Schoenflies in the Enzyklopddie (IV3), which also gives information con- 
cerning the extensive literature. 

The problem of constructing gears is to transfer uniform motion from one 

wheel to another. However, since forces are also to be transferred at the same 
time, it is not enough to let the wheels roll upon 
each other (see Fig. 86). It is necessary to pro- 
vide one of the wheels with projections (teeth) Rz 
which fit into depressions on the other. The 
problem is, therefore, to form the profiles or 
faces of these teeth so that wniform rotation of R, 
the one wheel will bring about uniform rotation of 
the other. That is certainly a very interesting 
problem, even from the geometric side. I shall Fic. 86 
give the most important part of its solution. 
The teeth of one of the wheels can be chosen, in the main, arbitrarily, with 
restrictions imposed by practical usableness, such as that the individual 
teeth should not collide with one another. The teeth of the second wheel 
are then necessarily fully determined, and, in fact, they are derived from the 
teeth of the first wheel by a definite contact transformation. 

I need only explain briefly how this theorem comes about, without giving 
a full proof. We note first that we are concerned only with the motion of 
the two wheels relatively to each other. We may think, therefore, of one 
of them R, as fixed, while the other Re, in addition to its own rotation, 
travels around R;. Thus every point on Re describes in the fixed plane of 


seq., p. 99 et seq., Berlin, Springer, 1922, the two papers Uber eine neue Art Riemannscher 
Flachen and the first paper Uber den Verlauf der Abelschen Integrale bei den Kurven 4 Grades.] 
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R; an epicycloid which is prolate, has cusps, or is curiate, accordiag as the 
tracing point is inside, on, or outside the periphery of R2. It follows that to 
every point of the moving plane of Rp» there 
corresponds a definite curve in the plane 
of Ri. If we derive, by the method aheady 
discussed, the contact transformation from the 
equation which expresses this correspondence, 
we shall have precisely the contact transform- 
ation for the gears in question. It is easy to 
show that two curves which correspond to 
each other under this transformation actu- 
ally mesh into one another in this motion. 

Finally, a word as to how the theoretical principle, thus outlined, actually 
takes form in the practical construction of gears. I shall mention only the 
simplest case, the toothing of the driving pinion. Here the teeth of Ro are 
simply points (see Fig. 88) or, rather, since points could not transfer force, 
small circular pivots, the pinions. To every such small circle there corre- 
sponds, under the contact transformation, a curve 
which differs only slightly from an epicycloid, namely, (#.) 
a curve parallel to it and distant from it by the radius \ 
of the pinion. The circles roll upon these curves 
when R, turns, so that these curves are the flanks of 
the teeth which must be erected upon R; in order that 
the circular teeth of R2 may clutch properly. In this 
model which I show you, the beginnings of these 
curves can be seen realized as profiles of the teeth of Ri, each curve being 
of such width that one tooth after another clutches. 

I show you also the models of two other types of gear teeth which are 
much used in practice, the involute and the cycloid gear teeth.' For the first 
type, the tooth profiles of both wheels are in- 
volutes of circles (see Fig. 89), curves which arise 
when a thread is unwound from a circle, and whose 
evolutes are therefore circles. For the second type 
mentioned, the teeth are made up of arcs of cy- 
cloids. 

I hope that I have succeeded in giving you at 
least a preliminary orientation concerning the problems with which the 
theory of transformations with a change of the space element is concerned. 
Before we leave this second major part concerning transformations, I must 
supplement what I have said by a discussion of an important chapter 
which should not be omitted in a cyclopedia of geometry, namely, the use 
of imaginary elements. 


1 All these models are made by F. Schilling (firm of M. Schilling, Leipzig). 
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V. THEORY OF THE IMAGINARY 


As you know, the theory of imaginary quantities was first developed in 
algebra and analysis, especially in the theory of equations and in the theory 
of functions of a complex variable, where, indeed, it has celebrated its 
greatest triumph. In addition to this, however, at an early date, mathema- 
ticians had assigned to the variables x and y in analytic geometry complex 
values x = x; + ix, y = ¥1 + iy, and had thus added to the real points a 
large manifold of complex points without, at first, assigning any proper geo- 
metric meaning to this manner of speaking, which had been borrowed from 
analysis. 

The usefulness of this new introduction was, of course, that it made 
superfluous those distinctions of cases which were imposed by a restriction 
to real variables, and that it made it possible to enunciate theorems in a 
general way, without exceptions. Entirely analogous considerations in 
projective geometry led us to the introduction of infinitely distant points 
as well as the infinitely distant line and plane. What we did is appropriately 
called the “adjoining of improper points” to the proper points of space which 
are conceived intuitively. 

We shall now undertake both extensions at the same time. To that end, 
we shall introduce, as before, homogeneous coordinates. Remaining, for the 
present, in the plane, we put x: y:1 = £:9:7 and we admit complex values 
for £, 7,7. We exclude the system of values (0, 0,0). Let us consider now, 
for example, a homogeneous quadratic equation 


(1) AE + 2BEn + Cy? + 2DEr + 2Ent + Fr? = 0, 


and let us call the totality of systems (&, 7, 7) which satisfy it (no matter 
whether they represent finite or infinitely distant points) a curve of second 
degree. The term conic section is sometimes used, but this can lead to mis- 
understanding, if not by those who know the subject, at least by those who 
are not familiar with the consideration of imaginary elements. The curve, 
under this definition, need not have a single real point. 

We now combine (1) with a linear equation 


(2) aé + Bn + yr = 0, 


which we look upon as the definition of a curve of first degree, i.e., a straight 
line. These equations then have just two sets of values (&: 4:7) in common, 
ie., a curve of the first degree and one of the second degree intersect always in 
two points, which may be real or complex, at a finite or at an infinite distance, 
separate or coincident. To be sure, degenerations are thinkable which would 
furnish exceptions to this theorem. If the left side of (1) breaks up into two 
linear factors, one of which is identical with (2), i.e., if the curve of second 
degree is a pair of straight lines, and if (2) is identical with one of them, 
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then every point of (2) is a common point. This amounts to saying that 
the quadratic equation which we get by eliminating one variable from the 
two given equations has only vanishing coefficients. Other degenerations 
appear, of course, when the left side of one of the given equations, or, in- 
deed, of both of them, vanishes identically (A = B=---=F= 0, or 
a = B= y= 0). However, I shall ignore all such particular situations as 
being essentially trivial. Passing to the consideration of two curves of second 
degree, we may then enunciate the theorem that they always have four com- 
mon points. 

Let us now introduce homogeneous coordinates x: y:2:1 = &:9:¢:7in 
space, and let us assign to them arbitrary complex values, excluding the 
system of values (0:0:0:0). The totality of solutions of a linear homogene- 
ous equation in these four variables is called a surface of the first degree 
(a plane); of a quadratic homogeneous equation, a surface of second degree. 
Then, if we ignore trivial exceptions, it is true that, in general, a surface of 
second degree is cut by a plane in a curve of second degree; and that two surfaces 
of second degree intersect in a space curve of order four, which itself is cut by 
any plane in four points. In this it is left undetermined whether or not these 
curves of intersection have real branches, or whether they lie wholly in a 
finite region. 

In his Traité des proprietés projectives des figures, Poncelet had already ap- 
plied these notions, as early as 1822, to circles and spheres. To be sure, he 
did not use homogeneous coordinates and the precise formulations which 
they make possible. Instead, he followed his strong feeling for geometric 
continuity. In order to become acquainted with his remarkable results in 
exact form, let us start with the equation of the circle 


(#—- a? + (y— b=, 
which we shall write in the homogeneous form 
(E — ar)? + (n — br)? — rr? = 0. 

The intersection with the line at infinity 7 = 0 will thus be given by the 
equations 

2+ 7?=0, 7r=0. 
The constants a, b, and r, which characterize the preceding circle, do not 
appear in this result. Hence, every circle cuts the line at infinity in the same 
two fixed points: 

E:y = +1, 7=0, 
which are called the imaginary circular points. In the same way one can 
show that every sphere cuts the plane at infinity in the same imaginary conic: 


2+ 7?+ $?=0, rT=0, 


which is called the imaginary spherical circle. 
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The converse is also true: Every curve of second degree which passes through 
the imaginary circular points in its plane is a circle; and every surface of second 
order which contains the imaginary spherical circle is a sphere. These are, 
then, characteristic properties of the circle and the sphere. 

I have purposely avoided using the expressions “‘infinitely distant” cir- 
cular points and “infinitely distant” spherical circle, which are sometimes 
used. Indeed, the distance from the origin to the imaginary circular points 
is not definitely infinite, as might perhaps at first be believed. Instead, that 
distance has the form vz? + y? = Vv + 72/7 = 0/0, and is therefore 
indeterminate. Any desired limiting value may be assigned to it according 
to the way in which we approach the imaginary circular points. Similarly, 
the distance from amy finite point to the imaginary circular points is inde- 
terminate, and the same is true of the distance from any point in space to a 
point of the imaginary spherical circle. This is not surprising, for we have 
required of these imaginary circular points that they should be at a dis- 
tancer from a finite point (lie on the circle with an arbitrarily given radius r), 
and at the same time that they should be at an infinite distance from it. 
This apparent contradiction can be relieved in the analytic formula only 
by its yielding this indeterminateness. It is necessary to make these simple 
things clear, especially since untruths are often spoken and written about them. 

The imaginary circular points and the imaginary spherical circle make it 
possible to include the theory of circles and spheres very elegantly under 
the general theory of manifolds of the second degree, whereas, in the ele- 
mentary treatment, certain differences seem to exist. Thus, in elementary 
analytic geometry, it is customary to speak always of only fwo points com- 
mon to two circles, since the elimination of one unknown from their equa- 
tions leads to only a quadratic equation. The elementary presentation takes 
no account of the fact that the two circles have in common also the two 
imaginary circular points on the line at infinity. The preceding general the- 
orem actually furnishes us four intersections, the requisite number for two 
curves of the second degree. Similarly, it is customary to speak always of 
only one circle in which two spheres meet, and moreover that one may be 
real or imaginary. However, we know now that the spheres have in com- 
mon also the imaginary spherical circle on the plane at infinity, and this, 
together with the finite circle, makes the curve of order four in which the 
general theorem requires them to intersect. 

In this connection, I should like to say a few words about the so-called 
imaginary transformation. By this is meant a collineation with imaginary co- 
efficients which carries imaginary points in which we are interested over into 
real points. Thus, in the theory of the imaginary circular points, we can 
use to advantage the transformation 


Bab asin =r. 
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This transformation sends the equation &-+ 7? =0 into the equation 
£2 — n’? = 0 and changes the imaginary circular points &:n = 1, T= 0 
into the real infinitely distant points 


#:yn' = +1, 1r=0 


which are the points at infinity in the two directions that make an angle of 
45° with the axes. Thus all circles are transformed into conics which go 
through these two real infinitely distant 
points, i.e., into equilateral hyperbolas whose 
asymptotes make an angle of 45° with the axes. 
(See Fig. 90.) By means of the picture of 
these hyperbolas, all of the theorems on cir- 
cles can be explained. This is very useful 
for some purposes, especially for the corres- 
ponding developments in space. I must con- 
tent myself with these brief remarks if I am 
not to overstep the limits of these lectures. 

Fic. 90 More complete discussions are given in lec- 
tures and books on projective geometry. 

The question arises as to whether or not a pure geometric approach might 
be made to these imaginary points, planes, conics, etc., without drawing 
them by force from the formulas of analysis, as we have done thus far. The 
older geometers, Poncelet and Steiner, were never clear on this point. To 
Steiner, imaginary quantities in geometry were ghosts, which made their 
effect felt in some way from a higher world without our being able to gain a 
clear notion of their existence. It was von Staudt who first gave a complete 
answer to the question, in his works Geometrie der Lage} and Beitrige zur 
Geometrie der Lage,? which we have mentioned before. We must now give 
some attention to his reflections. These books of von Staudt are quite hard 
to read, since his theories are developed at once deductively in their final 
form without reference to analytic formulas and without inductive hints. 
One can grasp with comfort only the genetic presentation which follows the 
path probably taken by the author in the development of his ideas. 

Corresponding to the two works of von Staudt, there are two different 
steps in the development of his ideas which I shall now present briefly. The 
work of 1846 is concerned primarily with the consideration of manifolds of 
order two with real coefficients—I say manifolds, because I wish to leave 
undetermined the number of dimensions (straight line, plane, or space). 
Let us consider, say, a curve of the second degree in the plane, i.e., a homo- 
geneous quadratic equation in three variables with real coefficients: 


Ak? + 2BEn + Cy? + 2DEr + 2Enr + Fr? = 0. 
2 Nurnberg, 1856-1860. 





1 Niinberg, 1846. 
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For the analytic treatment, it is a matter of indifference whether or not this 
equation has real solutions, i-e., whether or not the curve of the second de- 
gree has a real branch or has only complex points. The question is how a 
pure geometer, in the latter case, should visualize such a curve; how he 
should define it by geometric means. The same question arises in the one- 
dimensional region, when we cut the curve by a straight line, say by the 
x-axis 7 = 0. The intersections, whether they are real or not, are then given 
by the equation with real coefficients 


Af? + 2DEr + Fr? = 0 


and the question is whether or not, in the case of complex roots, one can 
attach a geometric meaning to them. 

Von Staudt’s idea is, in the first place, as follows. He considers, instead 
of the curve of second degree, its polar system, which we have dicussed 
(p. 110), i.e., a dual reciprocal relation given by the equation 
AEE + BE’ + &'n) + Con! + D(Er' + &'r) + Ent’ + 17) + Frr’ = 0. 
Because of the reality of the coefficients, this is a thoroughly real relation, 
which creates a correspondence between every real point, and a real line, whether 
the curve itself is real or not. The polar system, on the other hand, com- 
pletely determines the curve as the /ofality of those points which lie on their 
own polars. The question is left open as to whether or not such points have 
a real existence. In any case, however, the polar system supplies always a real 
representative of the curve of second degree defined by the preceding equation, 
and one which can be used, instead of the curve itself, as the object of the 
investigation. 

If we now cut the curve by the ~ axis, i.e., set 7 and 7’ equal to zero, we 
have on it, by analogy, a one-dimensional real polar relation, given by the 
equation 

Ag! + D(ér' + 7) + Fr’ = 0, 
which always sets two real points in reciprocal relation to each other. The 
intersections of the x axis with the curve are the two self-corresponding 
points in this polar relation, the so-called fundamental or order points. They 
can be real or imaginary, but they will be only of secondary interest; the 
chief thing is, again, the polar relation as their real representative. 

To designate the two points (&/7, &’/7’), which correspond to each other 
in such a one-dimensional polar relation, we use the expression point pairs in 
involution, which originated with Desargues in the seventeenth century, and 
we distinguish two principal kinds of such involutions, according as the 
fundamental points are real or imaginary, and a transition case in which they 
coincide. The chief thing here for us, however, is the notion of involution 
itself; the distinction as to cases, i.e., the question as to the nature of the 
roots of the quadratic equation, is of secondary interest only. 
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These considerations, which can easily be carried over into three dimen- 
sions, of course, do not afford, indeed, an interpretation of the imaginary, 
but still they supply, insofar as manifolds of order two are concerned, a 
standpoint for the distinction between real and imaginary. Each manifold of 
second order is represented by a real polar system and we can operate geo- 
metrically with this polar system as we can operate analytically with the 
real equations of the manifold. 

An example will show this more fully. Consider a curve of the second de- 
gree, i.e., of a polar system given in the plane, and consider also a straight 
line. This offers intuitively many possible cases according as the curve has 
or has not any real points whatever, and, if it has, whether the line cuts it 
in real points or not. In any case, the plane 
polar system will establish on the line g (see 
Fig. 91) a linear polar system, i.e., an involu- 
tion. To every point P on g there corresponds 
in the first system a polar ’, and this meets g in 
a point P’. The points (P, P’) traverse the in- 
volution in question. We may enquire also 
about the fundamental points, and determine 
whether they are real or imaginary. In all this, we have put into geometric 
language just what we inferred from the equations in the beginning of this 
discussion. 

We shall apply these considerations, in particular, to the imaginary cir- 
cular points and the imaginary spherical circle. We said earlier that any two 
circles cut the line at infinity in the same two points, the imaginary circular 
points. This means now, geometrically, that their polar systems set up on the 
line at infinity one and the same one-dimensional polar system, the same involu- 
tion. In fact, if we draw the tangents (see p. 57) from an infinitely distant 
point P to a circle, then its polar p;, as the join of the points of tangency of 
these tangents from P, will be perpen- 
dicular to their common direction (see P 
Fig. 92). Since all lines to the same 
point at infinity are parallel, the polar Pe ” 
of P, with respect to a second circle, will 1 
be perpendicular to the same direction as a Zeit tee ns 
?; and therefore parallel to p;. In other 
words, p; and p; meet the line at infinity 
in the same point P’. Thus the polar sys- 
tems of all circles cut the line at infinity in P 
one and the same polar system, the so-called Fre. 92 
“absolute involution,” whose pairs of 
points, looked at from any finite point, appear in directions at right angles to 
each other. 





Fic. 91 
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Let us now put these thoughts into analytic language. If we start from 
the homogeneous equation of the circle: 


(€ — ar)? + (y — br)? — rr? = 0, 
or 
& ++ n*? — 2akr — 2bynr + (a? + Bb? — 7?)7? = O, 


then the corresponding polar relation is 
£&' + nn’ — alér’ + &'r) — B(yr’ + '7) + (+ 8? — 1)r7’ = 0. 


From this we get the relation generated on the line at infinity if we put 
r=7T'=0: i 


f+’ =0, +r=0, 7/=0. 


These equations are, in fact, independent of the special constants a, b, and r 
of the initial circle. Furthermore, it follows from analytic geometry that, 
because of the first equation, two lines drawn to the points (£, », 0) and 
(&’, n’, 0) are perpendicular to each other, so that we have actually obtained 
the theorem stated above. 

Entirely analogous results hold for the spheres of space. They all generate 
on the plane at infinity one and the same, the so-called absolute polar relation, 
which is given by the equations 


f+ on + 5 =0, +r=0, 7 =0. 


Since the first equation says that the directions §::¢ and £: 9’: are 
perpendicular to each other, then there corresponds to every point at infinity P 
that line at infinity which is cut out by the plane perpendicular to the direction 
toward P from a finite point. Thus we have a real geometric equivalent of the 
theorems concerning the imaginary spherical circle. 

It may be said, to be sure, that the imaginary is avoided rather than in- 
terpreted in this discussion. An actual interpretation of individual imagi- 
nary points, lines, and planes was first given by von Staudt in his “Beitrdge”’ 
of 1856-60, by an extension of this theorem. I shall give this interpreta- 
tion, also, because it is actually simple and ingenious; it seems strange and 
difficult only in von Staudt’s abstract presentation. I shall follow the 
analytic presentation given by Stolz in 1871.1 Stolz and I were then to- 
gether in Gottingen. He had read von Staudt, which I could never bring 
myself to do; hence I learned in personal intercourse with him not only 
these but many other interesting ideas of von Staudt with which I myself 
later worked a good deal. I wish here to give only the most important fea- 
tures of the train of thought, without carrying out the details fully. It will 
suffice if I confine myself to the plane. 


1 Die geometrische Bedeutung der complexen Elemente in der analylischen Geometrie, Mathe- 
matische Annalen, vol. 4, p. 416, 1871. 








124 Geometric Transformations 


Let us assume, to start with, an imaginary point P, given by its complex 
coordinates (£, n, 7). Let these be separated into their real and imaginary 
parts 


(1) E=§+i%, n=mtim, tT=1+%2. 


Now we wish to construct a real figure by means of which this point P can 
be interpreted, and the connection is to be projective, i.e., speaking more pre- 
cisely, it is to remain unchanged under arbitrary real projective transforma- 
tion. 


1. The first necessary step for this is to fix attention upon the two real 
points P1, P, whose homogeneous coordinates are, respectively, the real 
parts of the coordinates of P and the imaginary parts multiplied by —?: 


(1a) Py: &1, 1.73; Po: &, 2, T2- 


These two points are different, i.e., the relation £1: 91: 71 = &: no: T2 cannot 
obtain, otherwise £: 7:7 would behave like three real quantities and would 
represent therefore one real point. Hence P;, P2 determine a real straight 
line g whose equation is 


2 au. F 
(2) & m T1)> 0. 
£ 2 T2 


This line contains the given imaginary point P, as well as the conjugate 
imaginary point P, whose coordinates are 


(1) é= £1 — ike, 2= m1 — 12, T= 71 — 172, 
since both coordinate triples (1), (1) satisfy the equation of the line. 


2. Of course the pair of points P;, P2, so constructed, can by no means 
pass as the representative of the imaginary point P, for they depend essen- 
tially upon the separate values of £, n, and 7, whereas, for the point P, it is 
only the ratios of these values which count. The same point P will therefore 
be represented if, instead of &, 7, and 7, their products by an arbitrary com- 
plex constant p = pi + tpe are written in the form 


p& = pibi — po&s + i(prés + pits), 
pn = pim — p22 + i(peme + pi), 
pt = pits — pate + i(peti + pita); 


(3) 


but then we get, if we separate the real parts from the imaginary, instead of 
Baits points Pi, Ps, other real points Pi, Py whose coordinates are 


yeh fi: m: 7 = piéi — poke: pin — P22: PiT1 — Pate, 
Ph: tg: 72 = pak + prke: pom + pine! pati + pire. 


(a) 
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If we consider the totality of pairs of points P, and P,, given by all the values ~ 
of p; and p2, we have a geometric manifold in which only the ratios £: 9:7 
count, i.e., the “geometric” point P, which is therefore fitted to serve as 
representing P. Moreover, the connection with P is, in fact, projective, for, 
if we transform &, 7, 7 in any real linear manner, then £1, 7;, 7,, and £o, Noy Ts 
suffer the same substitution. 


3. In order, now, to study the geometric nature of this totality of pairs 
of points, we note first that, whatever the value of p, the points P, and P; 
lie on the line P,P, (see Fig. 93), since their coordinates obviously satisfy 
equation (2). Moreover, if we allow p to assume all complex values, i.e., 
p1 and pe all real values (a common real factor —.~——_.—_»____.—_-g 
makes no essential difference), then Pi runs FB RG E, 
through all the real points of g, and P rep- Fic. 93 
resents always a second real point on g in unique correspondence with P}. 
Thus, for pi = 1, p2 = 0, we have P; and P: as corresponding points. 
The correspondence stands out more clearly if we introduce the ratio 


P= 2. 
Pi 
Then we have 


for Pi: Erm ty = £1 + AE ms + Ama: T1 + Ar9; 
(3b) >i ’ ee 1 1 1 
for Ps: Gaim: ts = £1 — y€22m — ymita— y Te 


4. From these formulas we can infer also that, when A varies, the points 
P, and P2 become all the point pairs of an involution on the line g. For if 
we introduce a one-dimensional coordinate system on g, the homogeneous 
coordinates of the points P; and P, become linear integral functions of the 
parameters 4; = \ and \y = —1/A, respectively, of the equations (3b). 
Hence the equation \, +; = —1 between the two parameters yields a 
symmetrical bilinear relation between the linear coordinates of P; and a 
and consequently, in view of the definition on page 121 (see also p. 110), the 
assertion is proved. 


5. The fundamental points of this involution, i.e., the points which cor- 
respond to each other, are given by\ = —1/A, orA = +i. They are both 
imaginary, one being the point P with which we started, the other the con- 
jugate imaginary P. Thus far we have given only a new presentation of 
von Staudt’s old theory. Besides P we have considered the point P, which, 
together with P, forms a one-dimensional manifold of the second degree, deter- 
mined by a real quadratic equation, and we have then constructed the resulting 
involution as its real representative. I remind you that such an involution is 
determined if we know two of its point pairs, say P1, Po and P;, P3. If this 
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involution is to have imaginary fundamental points, it is necessary and 
sufficient that these point pairs should overlap, i.e., that one of the points 
P}, and Py should lie between P; and P2 and the other outside of them. 


6. In order to solve our problem completely, we need only a means fot 
transforming the common representative of P and P into a representative 
of P alone (or of P alone). Von Staudt discovered such a means in 1856 as 
the result of a brilliant thought. The point Pj, with the coordinates 
&, + Ako: 71 + Ane: 71+ Ate traverses, namely, the line g in a perfectly 

definite direction (see Fig. 94) if X 
9 runs through all real values from 0 to 

+ and back through negative val- 

ues to 0. It is easy to show that we 
- should be led to just the same sense on g if we started with the coordinates 
of P multiplied by an arbitrary p, i.e., if we considered the point 
fi + ré, -++. Moreover, under real projective transformation of P, the 
direction of the arrow for the image point would follow from the one just de- 
termined, as a result of the same transformation. We shall, then, satisfy 
our requirements if we make this arrow direction correspond, once for all, 
with the original point P (&,+ if, ---). Since the conjugate imaginary 
point P has the coordinates £; + i(—£2), - - - , we must, accordingly, assign 
as the sense of motion of P for positive increasing A, the opposite of the 
sense just determined for the line g, thus achieving the desired distinction: 
We distinguish between +1 and —i simply by distinguishing between the 
positive and the negative traversing of the real values of X. 

Thus we have, at last, the following rule for the construction of a unique 
and projectively invariant real geometric figure to represent the imaginary point 
&1 + tk, 1 + ine, T + ite: Construct the points P\(£1:91:71) and P2(E1: 72:72), 
their join g, and that point involution on g (or another point pair on g) in 
which the potnts 


»<0 =A=0 =A0 Azo =O 


Be ao ae. EZ 
Fic. 94 


Pi(&1 + Ake: m1 + Age: 71 + AT2) and Pi & Ber sta! m = sms: vi Very 7) 


are always paired. Finally, we add the arrow, giving it the direction in which 
P{, moves with positive increasing X. 


7. It remains for us still to show that, conversely, every such real figure, 
consisting of a straight line, two overlapping point pairs on it P1, P2 and P}, P, 
(or an involution range without real double points), together with a direction 
arrow, represents one and only one imaginary point. I need not carry this 
proof out in detail. However, by choosing a suitable real constant factor, it 
is easy to give the coordinates of P2 such values £2, 72, T2 that the coordinates 
of P; and Ps are proportional to 
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1 1 
+ Nboimi t+ Apeiti t+ Ar. and & — xfs! m — <M! 71 — tra 


or, what is the same thing, that the double points of the assumed involution 
range have the coordinates £ + if:,--+. The sign of A, which is thus far 
arbitrary, is to be chosen so that the direction of motion of the point 
&, + Ako: m1 + An: 71+ AT2, when X increases positively from zero on, 
shall agree with the direction arrow. Then the point P, with coordinates 
&, + dé, -- - , in view of the preceding developments, will actually represent 
the given involution with the given direction of the arrow. Moreover, it 
can be shown, that we are led to the same co- 
ordinate ratios, i.e., to the same point P, if we 
start from another point pair of the involu- 
tion. 

Having completed the discussion of our 
problem for the point, we can carry over the 
solution to the straight line in the plane by 
the principle of duality. Accordingly, we have Fic. 95 
a real unique representation of a complex line 
by means of a real point (or a pencil involution without real double rays), 
together with a definite sense of rotation in the pencil. (See Fig. 95.) 

These results permit also the representation of all relations between 
complex and real elements, by means of tangible properties of real geometric 
figures. This fact constitutes the real value of these results. In order to 
make this clear by a concrete example, I shall show you the meaning, in this 
representation, of the statement that a point P (real or imaginary) les on a 
line g (real or imaginary). Here we have, of course, to distinguish four cases: 

1. Real point and real line. 

2. Real point and imaginary line. 

3. Imaginary point and real line. 

4, Imaginary point and imaginary line. 

Case 1 needs no special explanation; it consti- 
tutes a fundamental relation of the usual geom- 
etry. In case 2, the given real point must lie 
also on the conjugate imaginary line; hence it 
must be identical with the vertex of the pencil 
which we use to represent the imaginary line. 
Similarly, in case 3, the real line must be iden- 
tical with the range which carries the point in- 
volution that represents the given imaginary 
Fic. 96 point. Case 4 is the most interesting. (See 

Fig. 96.) Obviously, in this case, the conjugate 








imaginary point must lie on the conjugate imaginary line, from which it 
follows that each point pair of the involution range which represents P 
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must lie on a pair of lines of the involution pencil which represents g, i.e., 
that these two representing involutions must be perspective to each other; more- 
over, it turns out that the arrows of the two involutions are also in perspective. 

Summing up this discussion, we may say that we have a complete real pic- 
ture of the plane of analytic geometry, one which takes account also of the com- 
plex elements, if we adjoin to the totality of the real points and lines of the 
plane, as new elements, the totality of given involution figures together with the 
direction arrows. It will suffice, perhaps, if I indicate in outline how we 
should construct this real picture of complex geometry. In this I shall follow 
the order in which the earlier theorems of elementary geometry are now 
usually presented. 


1. We start with the existence theorems which take accurate account of the 
presence of the elements we have just considered in the extended field of 
ordinary geometry. 


2. Then follow the theorems of connection, which state that through two 
points there goes one and only one line and that two straight lines have one and 
only one common point, even in the extended region defined in 1. There are 
four cases to be distinguished here, just as above, according to the reality 
of the given elements, and it is interesting to determine in what point and 
line involutions these complex relations find their image. 


3. As to the Jaws of order, there arises here, in contrast with real relations, 
an entirely new situation. In particular, the totality of real and complex 
points on a straight line constitute a two-dimensional continuum, as do also 
all the lines through a fixed point. Everyone, indeed, is accustomed, from 
the theory of functions of a complex variable, to represent the aggregate of 
values of a complex variable by all the points of a plane. 


4. Concerning the theorems of continuity, I shall only point out how we 
represent the complex points which lie arbitrarily near a real point. For 
this purpose, we draw a real line through the real point P (or through a 
neighboring real point) and we take upon it two overlapping point pairs 
P,, P2 and Pj, P2 (see Fig. 97) such that two points P;, P; of different pairs 

P lie close to each other and to P. If we 

. now let P; and P; move into coincidence, 

Te eng Be armor the involution determined by these pairs 

Fic. 97 degenerates, i.e., the two double points 

which were complex coincide with 

P, = P;. Each of the two imaginary points represented by the involution 

(with the one or the other arrow) thus goes continuously into a point 

near P or, indeed, into P itself. We must, of course, work our way care- 

fully into these representations of continuity in order to use them with 
profit. 
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If this entire construction is prolix and bothersome, in comparison with 
the ordinary real geometry, it can, on the other hand, supply incomparably 
more. In particular, it completely clarifies algebraic manifolds, from a geo- 
metric standpoint, as the totality of their real and complex elements. With 
it, we can make geometrically obvious, with figures, such theorems as the 
fundamental theorem of algebra, or the theorem of Bezout that two curves of 
degrees m and n have, in general, m + » common points. To achieve this, we 
should have to work out the theorems much more carefully than has yet 
been done. However, all the essential material for such an investigation 
can be found in the literature. 

In most cases, to be sure, the application of this geometric interpretation, 
notwithstanding its theoretical advantages, might create such complications 
that we should be satisfied with its theoretical possibilities and return ac- 
tually to the more naive standpoint: a complex point is the aggregate of 
complex coordinate values with which, to a certain extent, one can operate 
as with real points. As a matter of fact, this use of imaginary elements, in 
complete disregard of all questions of theory, has always proved fruitful 
in dealing with the imaginary circular points and the imaginary spherical 
circle. As we saw, Poncelet was the first to use the imaginary in this sense. 
Other French geometers followed, notably Chasles and Darboux. In Ger- 
many, this conception of the imaginary was used particularly by Lie with 
great success. 

With this digression on the imaginary, I bring to a close the second main 
division of this course and turn to a new chapter. 





PART THREE 


SYSTEMATIC DISCUSSION OF GEOMETRY AND 
ITS FOUNDATIONS 


I. THE SYSTEMATIC DISCUSSION 


In this chapter, we shall use geometric transformations to bring about 
a division of the entire field of geometry, one which will enable us, from one 
standpoint, to see the separate parts and their interrelations. 


1. Survey of the Structure of Geometry 


We are concerned here with ideas such as those that I developed systemati- 
cally in my Erlanger Programm ‘ of 1872. You will find information as to 
the development of these ideas since that time in the encyclopedia report 
by G. Fano: Die Gruppentheorie als geometrisches Einteilungsprinzip (Enz. 
III A.B. 4b). 


1. As in the past, we shall consistently make use of analysis to gain 
mastery of geometric relations by thinking of the totality of points in space 
as represented by the totality of values of the three “coordinates” x, y, and 2. 
To every transformation of space there corresponds, then, a certain trans- 
formation of these coordinates. From the beginning of our discussions we 
have recognized four kinds of transformations of particular significance, 
which are represented by certain special linear substitutions of x, y, and 2: 
Parallel displacements, rotations about the origin O, reflections in O, and sim- 
ilarity transformations with O as center. 


2. It might be supposed that the introduction of coordinates would bring 
about complete identity between analysis of three independent variables 
(x, y, 2) and geometry. Such is not the case, however, at least in a specific 
sense. As I have already emphasized (p. 25 et seq.), geometry is concerned 
only with those relations between the coordinates which remain unchanged 
by the linear substitutions mentioned in 1, regardless of whether these are 
thought of as changes in the system of coordinates or as transformations 
of space. Thus geometry is the invariant theory of those linear substitutions. 
All non-invariant equations between coordinates, on the other hand, e.g., 
the statement that a point has the coordinates (2, 5, 3), have reference only 


1 Vergleichende Betrachtungen tiber neuere geometrische Forschungen, Erlangen, 1872. Re- 
printed in Mathematische Annalen, vol. 43, p. 63 et seq., 1893; and F. Klein, Gesammelte 
mathematische Abhandlungen, vol. 1, p. 460 et seq., Berlin, Springer, 1921. 
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to a definite coordinate system, fixed once for all. Such a discussion would 
belong to a science which must individualize each point for itself and con- 
sider its properties separately: to ¢opography, or, if one prefers, geography. 
As an aid to understanding, I call to your attention several examples of 
geometric properties: The statement that two points are separated by a dis- 
tance, when once a unit of length is chosen, means for us that we can con- 
struct from their coordinates (x1, y1, 21) and (22, ye, 2) an expression 
NV (ei — 2)? + (yn — Ya)? + (21 — 22)? which remains unchanged under all 
those linear substitutions, or is multiplied by a factor that is independent 
of the special location of the points. A similar meaning must be given to 
the statements that two lines are inclined at a certain angle, that a conic has 
certain principal axes and foci, etc. 
The totality of these geometric properties we shall call metric geometry, in 
order to distinguish it from other kinds of geometry. We shall obtain the 
latter by separating out for consideration by themselves, according to a 
definite principle, certain groups of theorems of metric geometry. Accord- 
ingly, all these newer kinds of geometry are, at least for the immediate 
purpose, parts of metric geometry as the most inclusive “‘kind of geometry.” 


3. We start with the affine transformations, which we have studied care- 
fully, i.e., with the integral linear substitutions in x, y, and 2: 


yy’ = age + boy + 628 + de, 


ly ax+ by +az+ di, 
a! = age + by + 692 + ds. 


Under this transformation all the transformations mentioned in 1 are em- 
braced as special cases, and we select from among the totality of geometric 


§Beorcerts and theorems the narrower group of those which remain unchanged 


under all affine transformations. This aggregate of concepts and theorems 
we consider as the first new kind of geometry, the so-called affine geometry 
or the invariant theory of affine transformations. 

From the knowledge we have acquired of affine transformations, we can 
select, at once, the concepts and the theorems of this geometry. I recall 
here only a few: In affine geometry, we cannot discuss distance and angle. 
The notion of principal axes of a conic, and the distinction between circle 
and ellipse likewise disappear. There remains, however, the distinction be- 
tween finite and injinite space and everything which depends upon it, such 
as the notion of parallelism of two lines, the division of conics into ellipses, 
hyperbolas, parabolas, etc. Moreover, the notions of center and diameter of a 
conic, and particularly the relation of conjugate diameters, remain. 


4. We shall now proceed to projective changes, i.e., we shall introduce the 
linear fractional transformations 
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a! = (aye + bry + c+ di): (aur + bay + xz + dy), 
yl = (aon + boy + coz + de): (aux + day + xz + ds), 
a! = (asx + byy + cz + ds): (ae + bay + cz + dy), 


which include the affine transformations as special cases. Geometric prop- 
erties that remain unchanged under these transformations must certainly 
belong also to affine geometry. Thus, from affine geometry, we separate 
out the so-called projective geometry as the invariant theory of projective trans- 
Jormations. The step-by-step sifting of affine and projective geometry from 
metric geometry can be compared to the procedure of the chemist, who, by 
applying ever stronger reagents, isolates increasingly valuable ingredients 
from his compound. Our reagents are first affine transformations, and then 
projective transformations. 

As to the theorems of projective geometry, it should be emphasized that 
the exceptional role of infinity and the concepts connected with it in affine 
geometry all now fall away. There is only one kind of proper conic. There 
still remains, however, for example, the relation between pole and polar, and 
likewise the generation of the conic by means of projective pencils, which we 
discussed earlier (p. 96 et seq.). 

By means of the same principle, we may now pass from metric geometry 
also to other kinds of geometry. One of the most important is the geometry of 
reciprocal radii. 


5. The geometry of reciprocal radii. This comprises the aggregate of those 
theorems of metric geometry which retain their validity under all trans- 
formations of reciprocal radii. In this geometry, the concepts of straight line 
or plane have no independent meaning; they appear as special cases in the 
notion of circle or sphere, respectively. 


: £% 
6. Finally, let me propose still another kind of geometry, which, in a sense, Nw 


is obtained by the most careful sifting process of all, and which, therefore, 
includes the fewest theorems. This is analysis situs, which I mentioned 
earlier (p. 105 et seq.). Here one is concerned with the aggregate of properties 
which persist under all transformations which are reversibly unique and con- 
tinuous. In order to avoid assigning an exceptional place to infinity, which 
would go into itself in all such transformations, we can adjoin either the 
projective transformations, or the transformations by means of reciprocal radii. 


We shall define still more sharply the scheme thus outlined, by intro- 
ducing the concept of a group. As we have already seen, an aggregate of trans- 
formations ts called a group if the combination of two of its transformations 
gives again a transformation of the aggregate, and if the inverse of every trans- 
formation also belongs to the aggregate. Examples of groups are the totality 
of all movements, or that of all collineations (projective transformations); 
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for two movements combine into a movement, two collineations into a col- 
lineation, and in both cases there exists an inverse to every transformation. 

Tf we look back at our different kinds of geometry, we see that the trans- 
formations which play a role in each case always form a group. In the first 
place, all linear substitutions which leave unchanged the relations of metric 
geometry—displacements, rotations, reflections, similarity transformations— 
obviously form a group, which one calls the principal group of the transfor- 
mations of space. It is easy to establish the analogous significance of the 
affine group of all affine transformations for affine geometry, and of the pro- 
jective group of all collineations for projective geomeiry. The theorems of the 
geometry of reciprocal radii remain valid under all transformations that are 
obtained by combining any reciprocal radii transformations with substitu- 
tions of the principal group. All these form again a group, namely, that of 
reciprocal radii. For analysis situs, finally, one has to do with the group of all 
continuous reversibly unique distortions. 

We wish now to determine upon how many independent parameters a 
single operation in each of these groups depends. In the principal group, 
the motions involve six parameters, to which one must add one parameter 
for the change in unit length, so that altogether there are seven parameters. 
We express this by calling the principal group a G7. The equations of the 
general affine transformation contain 3 - 4 = 12 arbitrary coefficients; those 
of the projective 4 - 4 = 16, whereby a factor common to all is uriessential. 
It follows that the affine group is a Gi, and that the projective group ts a Gis. 
The group of the reciprocal radii turns out to be a Gi. Finally, the group of all 
continuous distortions has no finite number of parameters whatever; the 
operations of this group depend, rather, upon arbitrary functions, or, if one 
wishes, upon infinitely many parameters. We may say that it is a Ge. 

In the connection between different kinds of geometry and groups of 
transformations, which we have just discussed, there appears a fundamental 
principle which can serve to characterize all possible geometries. It was just 
this which constituted the leading thought of my Erlanger Programm: 
Given any group of transformations in space which includes the principal 
group as a sub-group, then the invariant theory of this group gives a definite 
kind of geometry, and every possible geometry can be obtained in this way. 
Thus each geometry is characterized by its group, which, therefore, assumes 
the leading place in our considerations. 

This principle has been completely carried through in the literature only 
for the first three cases of our outline. We shall devote some time to these 
as the most important or the best known, and we shall pay special attention 
to the passage from one of them to the other. 

We shall adopt an order opposite to that just followed, and start with 
projective geometry, that is, with the Gis of all projective transformations, 
which we may write in the homogeneous form 
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pe = ag + bin + cf + dit, 
(1) p'n! oat 2k + ben + oof of dar, 
pS" = ask + bsn + cf + dsr, 
p’r’ => ask + ban + ost + dur. 


In order to get from this to the affine group, we begin with the remark 
that a projectivity is an affine transformation if it sends the plane at infinity 
into itself, i.e., if to every point with vanishing 7 there corresponds a point 
with vanishing 7’. This will happen if a, = b4 = ca = 0; hence, if we divide 
each of the equations (1) by p’7’ in order to get non-homogeneous equations, 
and replace a: ds, - - - simply by ay, - - - , we obtain 


x! = ax + by + C12 + di, 
(2) y = ax + doy + coz + de, 
2 = asx + byy + ce + dz. 


These are, in fact, the old affine formulas: The condition that the plane at in- 
Jjinity shall remain unchanged separates out of the projective Gig a twelve- 
parameter sub-group, namely, the affine group. 

Similarly, we obtain the principal group G7 by selecting out the projectiv- 
ities (or the affine transformations) which leave invariant not only the plane 
at infinity but also the imaginary spherical circle, i.e., under which, to every 
point which satisfies the equations £? + ? + ¢? = Oand7 = Q, there corre- 
sponds a point which satisfies the same equations. This assertion is easily 
verified. You need only bear in mind that our condition fixes, to within a 
constant factor, the six (homogeneous) constants of the conic which corre- 
sponds to the imaginary spherical circle by virtue of an affine transforma- 
tion in the plane 7’ = 0. Hence it imposes upon the twelve constants of the 
affine transformation 6 — 1 = 5 conditions, so that precisely the 12 — 5 = 7 
parameters of the G7 remain. 

This whole manner of viewing the subject was given an important turn 
by the great English geometer A. Cayley ! in 1859. Whereas, up to this 
time, it had seemed that affine and projective geometry were poorer sections 
of metric geometry, Cayley made it possible, on the contrary, to look upon 
affine geometry as well as metric geometry as special cases of projective geometry. 
“ projective geometry is all geometry.” This apparently paradoxical connection 
arises from the fact that one adjoins to the figures under investigation cer- 
tain manifolds, namely, the plane at infinity, or, as the case may be, the 
imaginary spherical circle which lies in it; hence the affine or the metric prop- 
erties, respectively, of a figure are nothing but the projective properties of the 
Sigure thus extended. 


1In A sixth memoir upon quantics, Philosophical Transactions of the Royal Society of 
London, 1859 = Collected Mathematical Papers, vol. 2 (Cambridge, 1889), p. 561 et seq. 
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Let me illustrate this by two very simple examples, in which I shall 
present well-known facts in a somewhat altered form. The statement that 
two straight lines are parallel has no immediate meaning in projective geom- 
etry. However, if we add the plane at infinity to 
the given manifold (the two lines), we have the 
purely projective statement (see p. 92) that two 
given lines intersect on a given plane. We have a 
similar situation if a line is perpendicular to a plane. 
We can resolve this (see p. 122 et seq.) into a 
polar relation (a projective property) of the given 
figure extended by the addition of the imaginary 
spherical circle (see Fig. 98): The point trace P. 
of the line and the line trace g.. of the plane, in the 
plane at infinity, are pole and polar with respect to the imaginary spherical 
circle. 

I should like to carry out more fully the line of thought which I have in- 
dicated briefly here and show how it leads to a completely systematic structure 
of geometry. The greatest credit for this belongs to the English mathemati- 
cians. I have already mentioned Cayley. Next to him I should place 
J. J. Sylvester and G. Salmon of Dublin. These men, beginning in 1850, 
created the algebraic discipline which is called, in a narrower sense, the in- 
variant theory of linear homogeneous substitutions,’ and which, under the 
guidance of Cayley’s principle, makes possible a complete systematic struc- 
ture of geometry on an analytic basis. In order to understand this system, it 
will be necessary for us to devote a little time to the theory of invariants. 





Fic. 98 


2. Digression on the Invariant Theory of Linear Substitutions 


Of course, I shall be able to present only the main results and lines of 
thought, without going into details and proofs. As to the literature of this 
wide field, I refer you, above all, to the report by W. Franz Meyer: Die 
Fortschritte der projectiven Invariantentheorie im letzten Vierteljahrhundert in 
the first volume of Jahresberichte der deutschen M athematiker-V ereinigung 
(1892), as well as to the report on Invariantentheorie in the Enzyklopidie 
by the same author (Enz. Bd. I B 2). All that is needed in the geometry of 
invariant theory especially is to be found in the textbooks of G. Salmon,? 
which have contributed most to spread the ideas which arise here. The 
German edition of Salmon’s book by W. Fiedler has always enjoyed an 


} The words “invariant theory” are used also in a wider sense with reference to arbitrary 
transformation groups. In the narrower sense, as we shall use them in these pages, they 
were first applied by Sylvester. 

? Analytic Geometry I. Conic Sections; II. H: igher Plane Curves; III. Space; IV. Lectures on 
the Algebra of Linear Transformations. German by W. Fiedler, Leipzig (Teubner). Each 
volume in several editions. [I newly edited by F. Dingeldey; III by K. Kommerell and 
A. Brill.] 
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unusually wide use. The lectures of A. Clebsch,’ which Lindemann edited, 
are in the same category. 


1. Going over now to our subject, let us think of any number of given 
variables, and let us speak, accordingly, of a binary, ternary, quaternary, . . 
region. To enable us to consider the variables in the first three cases ulti- 
mately as homogeneous coordinates in a line, a plane, or in space, we desig- 
nate them by the symbols 


f7;  &17; & 15,75 
where 7 = 0 will always characterize the infinitely distant elements. 


2. We consider the groups of all homogeneous linear substitutions of these 
variables. At present we shall have in mind not merely the ratios of the 
variables, as will be the case later in projective geometry, but also their 
individual values. We may write these substitutions in the form 


’ f= at + bin + af + air, 

= bin +d 
Pmattary leet am tar, Trot bat att an, 
T = at + dat; aah Mek ews v= ast + ban + caf + dsr, 


r= ast + dan + C4 + dar. 


The number of parameters in these three groups is 4, 9, and 16, respectively. 

For convenience, we shall use habitually in the formulas only the variables 
and r, and we shall write out only the terms involving these two, with 
dots between them. If we are dealing then with the binary region, we simply 
ignore these dots; for the ternary and quaternary regions, we replace the 
dots by terms in 7, or in 7 and ¢, analogous to terms already written out. 
In general, then, we speak of the variables &,--- , 7 and of the linear sub- 
stitutions in them 


= at+---+ di, 
(1) ARTEL RORY 
v= ag +--+ + dat. 

3. As to the objects of the invariant theory, we shall consider the ques- 
tion in two different forms. In the first form we think of any individual 
systems of values of the variables §1,+ +>, 715 £,- ++, 723 &3,°°*, Ta °° 
which, in the spirit of geometry, we may designate outright as points 
1, 2, 3,---. Each of these systems of values is subjected to the substitu- 
tions of the group (1), and we are concerned with setting up combinations 
of our systems of values which remain invariant under these simultaneous sub- 
stitutions. 


1 Vorlesungen iiber Geometrie, edited by F. Lindemann, Leipzig (Teubner), 1st ed., 1876 
et seq., 2nd ed., 1906 et seq. 
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4. The second form of the problem considers, in addition to such points, 
also functions of the variables, and, primarily, rational integral functions. We 
may confine ourselves, indeed, to homogeneous rational integral functions 
(called forms), since the terms of like dimension substitute as such, anyway, 


by reason of the homogeneity of the substitutions. Thus we shall consider 
the linear forms 


$= ab +--+ + br 
the quadratic forms 


f=A&+---+4+2Gi7t+---+ Kr? 


and soon. We can also examine simultaneously several forms of like dimen- 
sion, in which case we distinguish them by indices, e.g., 


oi = e+: +++ by; po = ae + +++ + bor; 


Similarly, we could start with forms in several variables, e.g., with the 
bilinear forms 


f= Abitot+- +--+ Abia +--+ + Nrigée +--+ + rir. 


In. order to make clear the general problem which arises here, we must 
first inquire how the coefficients of these forms are transformed when we subject 
the variables to the substitutions of the group (1) and prescribe that the 
value of the form @ or f shall remain unchanged. Considering first the 
linear form, let us place 


d=aé+---+br=av/l+---+ 57’. 


If we introduce for ¢’,---, 7’ the expressions (1), we get, in the variables 
&,-++, 7, the identities 


ok + +++ br = al (E+ +--+ dir) +--+ + (aE +--+ + dar) 
= (e/a; +--+ + HayE+ +--+ (adi +--+ + 8'dy)r, 


from which we obtain 


a=aa'+---+ 4,6, 
(2) Sep ve dusts ieee ede 

6 = dio’ ++ +++ di’. 
Thus the new coefficients a’, ++, 6’ of the linear form are connected with 
the old a,+ ++, 6 by another linear substitution, which is related in a simple 
way to (1): the vertical and the horizontal rows in the array of coefficients 
are interchanged (the substitution is ‘“‘transposed’’) and, furthermore, the 
places of the old (unaccented) and the new (accented) magnitudes are inter- 
changed. This new substitution (2) is called coniragredient to the original 
substitution (1) and we say, briefly, that the coefficients a, + ++ , Sof a linear 














138 Systematic Discussion of Geometry 


form are contragredient to the variables £,--+, 7. The sets of variables 
£1,°°*, 71; &2,°°*,72;°°*, which are all subjected to the same substitu- 
tion (1), are called, in analogous terminology, cogredient variables. 

Going over now to the quadratic form f, let us inquire first how the quad- 
ratic terms £, +++, &7, +++, 7” behave under the linear substitution (1). 
From (1), we find at once, for the quadratic terms of the new variables, the 
formulas 


£2 = ae? foe + + Qardiér + +++ + dir’, 
(3) tr! = ayaak? + +++ + (aids + aads)ér + +++ + didar’, 
7/2 = ate? + +++ + Qadir ++° »+ dir’. 


We can express these relations briefly as follows. The quadratic terms of the 
variables undergo, simultaneously with the variables themselves, a homo- 
geneous linear substitution which can be derived immediately from (1). 
Since f is a linear form in these quadratic terms, we infer, by repetition of the 
foregoing reasoning, that the coefficients A,++:, 2G,+++,K undergo a trans- 
formation which is linear and homogeneous, and which is, indeed, contragredient 
to the substitution (3) of the terms &,+++, &r,+++ 7°; 1.€., the equations be- 
tween A,+++,2G,:++,KandA’,+++,2G’,++:, K’ are obtained from (3) 
just as (2) are from (1). 


5. We can now formulate the general problem of the theory of invariants. 
Given any set of points 1, 2,+++ , and also certain linear, quadratic, or even 
higher forms $1, ¢2,°* +, fi, fa*** then we mean by an invariant a func- 
tion of the coordinates £, +++ , 71; £2,***, 723° *, and of the coefficients 
ory, O15 O2,°**, ba5+++5 Aree, Ki; Anse', Ko;+++, which re- 
mains unchanged under the linear substitutions (1) of the variables and the 
associated substitutions ‘of the systems of coefficients which we have just 
determined. The aggregate of all possible invariants is to be studied. 

The words covariant and contravariant are used sometimes for particular 
kinds of what are designated above in general as invariants. If the variables 
£1, °° +, 71382, ° °°, 723° * + themselves occur in the invariant expression, we 
speak of covariants, and if coefficients of linear forms a, ncitie 613 Q2,°°°, 
8; - - appear init, wesay contravariant. The word invariant is then confined to 
the expressions which contain neither such coordinates &1,- - - nor coefficients 
a1, +++, but are made up only of coefficients of quadratic or higher forms. 
The reason why these two cases are emphasized and contrasted is that the 
sets of variables £,- - - , 7 on the one hand, anda,---, 6 on the other, showa 
certain reciprocal behavior: if one of them undergoes a linear substitution, 
the other experiences the contragredient substitution, no matter with which 
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set we start. Hence we can derive from every invariant expression of the one 
sort, by suitable rearrangement, a similar one of the other sort. As for the 
geometric interpretation, we have here obviously an expression of the prin- 
ciple of duality, for a,- ++, 6 become homogeneous line or plane coordinates 
if we think of £, - - - ,7 as point coordinates. However, the distinction as to 
whether or not £,---+,7,ora,-~--, 6, actually appear in the expressions in 
question has, of course, no fundamental significance. We shall, in general, 
from now on, use the word invariant in the wider sense. 


6. We shall now define the notion of invariant more sharply in another 
direction, so as to make it possible to build up the theory in an orderly way. 
From now on, we shall think of invariants only as rational functions of the 
coordinates and the coefficients and which, moreover, are homogeneous in the 
coordinates of every point and in the coefficients of every form that occurs. 
We can express each such rational function as the quotient of two integral 
rational homogeneous functions, and we shall investigate these by themselves. 
Since a factor common to numerator and denominator does not alter the 
value of the quotient, these terms need not be invariants, in the sense thus 
far used, but may possibly take on a certain factor under each linear sub- 
stitution. 

It can be shown that this factor depends only on the coefficients of the sub- 
stitution, and that it is necessarily a power of the determinant of the sub- 
stitution: 

’ Pa ED 3 


Q4:++ dy 


We come thus finally to the consideration of those rational integral homoge- 
neous functions of the given sets of quantities which, under linear substitution 
of the variables and the coefficients (as we have set them up) are multiplied by a 
power r* of the determinant of the substitution. These we call relative invari- 
ants, since the changes they undergo are always unessential and they remain 
entirely unchanged under all substitutions for which r = 1. The exponent 
d is called the weight of the invariant. By contrast, we call that which we 
have heretofore designated as invariant an absolute invariant. Thus every 
absolute invariant is the quotient of two relative invariants of the same weight. 


7. With this we have actually gained a point of view for the systematization 
of the theory of invariants. The simplest relative invariants will be poly- 
nomials of the lowest possible degree in the given sets of variables. Starting 
with them, we should ascend to those of higher degree. If ji, 72 are any two 


relative invariants, then every product of their powers i! , it will also be 
a relative invariant. For, if the substitution brings to j, the factor 7“ and to 
jo the factor r“, then j;'+j;' will reproduce itself except for the factor 
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Kida + ade hue 
r . If we now construct a sum of such terms, each multiplied by a 
constant factor 

Yn KY ee are oe 2 


(x1, x2, .. «) 


and if we make sure that the individual summands are all multiplied by the 
same power of 7, i.e., that they all have the same weight (are “‘isobaric”’), 
then we have again, obviously, a relative invariant of higher degree, since 
the factor of the individual terms can be placed before the summation sign. 

The central problem of the theory of invariants is, naturally, the question 
as to whether or not we can always get all the invariants in this way. What 
is, in each given case, the complete system of lowest invariants from which one 
can build up, rationally and integrally, in the way indicated, all relative invari- 
ants? ‘The principal theorem, however, is that fo every finite number of given 
quantities there is always a finite “complete invariant system,’ i.e., a finite 
number of invariants from which all others can be built up rationally and in- 
tegrally. The credit for these definitive results in the systematic theory of in- 
variants goes to the German investigators P. Gordon and D. Hilbert. The 
memoir by Hilbert in volume 36 of the Mathematische Annalen ! is espe- 
cially noteworthy. 

I shall now take up some simple examples, such as we shall use afterward 
in geometry, in order to make clear the abstract development which we have 
been considering. Here, of course, I shall give outlines rather than proofs. 


1. Let us assume, first, that we have merely a number of points in a binary 
region: 
£71; 2,72; Es, T3; 


Here we have the interesting theorem that the simplest invariants are fur- 
nished by the two-rowed determinants which can be formed from these coordinates, 
and that these determinants constitute the complete invariant system. 

With two points 1 and 2, we can set up a two-rowed determinant 


& T1 
& 72 


An = 








This is actually an integral rational function of the variables, and is also 

homogeneous both in (£, 71) and (&, r2). We recognize the invariant nature 

of this determinant at once if we apply the rule for multiplying determinants 

to the calculation: 

fin 
1 Pri 
272 


a 1@, 
ad 


af, ee dyn, ak; + dari 
ibe + dyr2, aut, + date 


Thus the invariant has the weight 1. 


ir 1 
fore 


Ais rs = 175 


=f « Ay. 


























1 Uber die Theorie der algebraischen Formen, vol. 36, p. 473 et seq., 1890. 
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In the same way, ” points 1, 2,--- , » have altogether 2(m— 1) /2 invari- 
ants of weight 1: 


Es; 


fxr k 


Aun = (i,k =1,2,-+-,m). 








To prove that these determinants constitute the complete invariant system, 
i.e., that every relative invariant of the n points can be expressed as a sum of 
tsobaric terms: 


DC: Au Aim °° 


would take us too far. We obtain the most genera] rational absolute invari- 
ants from the relative invariants, as quotients, where numerator and de- 
nominator are of equal weight; thus a simple example of an absolute invari- 
ant would be the quotient Ajz/Aim. 

In connection with this example, I should like to explain a finer abstrac- 
tion which plays an important role in the theory, namely that of the syzygy 
(i.e., a coupling together, or connecting, of invariants). It can happen, 
namely, that certain of those aggregates of the fundamental invariants vanish. 
Thus we have, for example, with four points 


ArAss + ArsAa2 + ArsAcs = 0. 


This amounts to nothing more than a known determinant identity, which 
we have used, in fact, on occasion (see p. 30). Such an identity between in- 
variants of the complete system is called a syzygy. If we have several such 
syzygies, we can form new ones from them by multiplication and addition, 
and we may ask, as with determinants themselves, concerning the complete 
system of syzygies, out of which all the others can be formed in this way. 
The theory shows that there is always a finite system of this sort. In the case of 
four points, for example, this complete system consists of the single equation 
above, i.e., all identities obtaining between the six determinants Aj, -- -, 
Asq are consequences of that one. In the case of five or more points, the com- 
plete system consists of all the equations of this type. Knowledge of these 
syzygies is, of course, of fundamental importance toward knowledge of the 
whole invariant system; for, if two isobaric aggregates of the simplest invari- 
ants differ by terms which have as a factor the left side of a syzygy, they are 
identical and do not need to be counted twice. 


2. Similarly, if we have single points in a ternary or quarternary region, then 
the full invariant system consists, in precisely the same way, of the ¢hree- 
rowed or four-rowed determinants formed from the coordinates. In the ternary 
region, for example, the fundamental invariant of three points is again of 
weight 1: 








142 Systematic Discussion of Geometry 


& om m1 
Ais =| ™ Tel. 
&3 3 T3 


T shall leave to you all the rest of the details; in particular, how the syzygies 
are set up here. 


3. Let us now consider a quadratic form, in, say, a quartenary region: 
f= AP + 2Bén + Cr? + 2DEE + 2Eny + FS? + 2GEr + 2a 
+ Wor + Kr’. 


We can write down at once one invariant which depends only on the ten 
coefficients A,---, K, namely, the determinant 


A BODG 
yy BCEH 
DEF J\° 
GHJIK 
Since the coefficients A, - - - , K transform contragrediently to the quadratic 
terms in £,--- , , itis easy to show that the weight of this invariant is —2: 


A’ = 17-A. The full system of invariants formed alone from the coefficients of 
the form consists solely of this A, i.e., every integral rational invariant which 
contains only A,--- , K is a multiple of a power of A. 

If we add now the coordinates &, n, , r of a point to the coefficients of the 
former, the simplest common invariant, or (according to the terminology men- 
tioned above) covariant, is the form f itself; for the transformations of the 
coefficients A,-- - , K are completely determined by the prescription of their 
invariance. Thus every given form is of course its own covariant. Indeed, by 
definition, it is entirely unchanged under our substitutions and is therefore 
an invariant of weight 0, or an absolute invariant. Moreover, if we employ 
two points £:,---,71, and &,- - +, 72, there will appear, as new covariant, the 
so-called polar form: 


Abies + B(Eim2 + £21) + Com. + +++ + Kriro, 


whose weight is again 0, i.e., it is likewise absolutely invariant. 

Finally, if we consider, simultaneously with f, also a linear form @, i.e., the 
totality of its coefficients a, B, y, 5, we obtain the following simultaneous 
invariant of weight —2 which arises from the determinant through the so- 
called process of “bordering” with a, B, y, 6: 


A BDGe 
BC E dH 8B 
D By Boi 
G HJ K 6 
a B y 6 0 
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According to what precedes, we can also call it a contravariant. This deter- 
minant, as you know, plays an important role in analytic geometry. We 
recognize that the pure analytic process of forming invariants is funda- 
mental here. 

If we have two linear forms ¢1, $2, with coefficients a1,--+, 6; and ae,+--, 
52, we obtain, by a “double bordering” of the same determinant, another 
invariant: 


G Qi Ae 
H Bi Bs 
JIm 
K 61 be ? 
6,5 0 O 
2 5. 0 0 


Ayvwea 
Reaw 
sam&S 


2 
PR 
224 


w 


which likewise has the weight —2. 


These few statements must suffice to give you a glimpse of the broad field 
of the theory of invariants. An unusually extensive doctrine has been de- 
veloped here, and much acumen has been exercised, especially in devising 
methods for setting up the complete system of invariants and the complete 
system of syzygies for a given fundamental form. Let me make just one more 
remark of a general character. In our examples, we have always reached our 
invariants by setting up determinants, and in this we find justification for 
the theory of determinants as the foundation for the theory of invariants. Be- 
cause of this connection, Cayley originally used the name hyperdeterminants 
for invariants. It was Sylvester who introduced the word invariant. It is 
interesting to raise the question as to the importance, in the field of mathe- 
matics as a whole, which should be assigned to a particular chapter of it, let 
us say to determinants. Cayley once said to me, in conversation, that if he 
had to give fifteen lectures on the whole of mathematics, he would devote 
one of them to determinants. Reflect, if you will, whether, according to your 
experience, your appraisal of the value of the theory of determinants would 
be so high. I find that in my own elementary lectures, I have, for peda- 
gogical reasons, pushed determinants more and more into the background. 
Too often I have had the experience that, while the students acquired facility 
with the formulas, which are so useful in abbreviating long expressions, they 
often failed to gain familiarity with their meaning, and skill in manipulation 
prevented the student from going into all the details of the subject and so 
gaining a mastery. Of course, in general considerations, and consequently 
here in the theory of invariants, determinants are indispensable. 

We come now, at last, to our real object, to obtain, by the aid of these re- 
flections, a systematization of geometry. 
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3. Application of Invariant Theory to Geometry 


We begin by using the variables &, - - - , 7 to represent ordinary rectangular 
non-homogeneous coordinates: (€, r) in the plane, (€, 7, 7) in three-dimen- 
sional space, (£, 7, ¢, 7) in four-dimensional space, etc. The linear homo- 
geneous substitutions of invariant theory 


= ab+---+diz, 

(1) peeFIEY yee Als ede 

T= ae +++ + dar 

represent then the’ totality of affine transformations of the space under con- 

sideration with fixed origin of coordinates. Each relative invariant itself will 

be a geometric magnitude which, to within a factor, remains unchanged by 
these affine transformations, i.e., a magnitude which has a definite meaning in 
the affine geometry defined by these transformations. 

If, for example, in the binary case, i.e., in the plane, two points 1 and 2 
are given, then, as we have seen, the fundamental invariant Ay, represents 
twice the area of the triangle (012), provided with a suitable sign. In fact, it is 
known (see the analogous situation for space, p. 73) that an affine transfor- 
mation merely multiplies the area of a triangle by the determinant of the 
substitution, and this means precisely that Ai, is a relative invariant of 
weight 1. The quotient Ai2/As:, of two areas, remains absolutely unchanged, 
but so also does the equation Az = 0, since multiplication by a factor would 
have no significance in this equation. Actually, this equation has the ab- 

é solutely invariant meaning, with respect to our 

; affine transformation, that the three points 0, 1, 2 
lie on a straight line. 

4 If we have several points 1, 2, 3, 4, - - - (see Fig. 
99), their complete invariant system consists of all 
their determinants A;,. Hence if it is possible to 
construct a quantity which is a rational integral 

O 7 function of the coordinates and which is relatively 

mn ® invariant under all affine transformations (1), i.e., 


which has significance, at all, in our affine geometry, it must be expressible as — 


a polynomial in the Aix. We can verify this at once geometrically in simple 


cases, e.g., every area in the plane, say that of the polygon (1, 2, 3,4), is such 


an invariant, and the general formula which we gave earlier (p. 8) for the 
area of a polygon 


(1, 2, 3,4) = Aw + Acs + Ass + Ann 


is actually nothing but the expression of the general theorem for this special 
case. 
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Finally let us consider the syzygies between the invariants. The funda- 
mental syzygy 


AwAss + AisAdz + AvsAcs = 0 


represents an identity between the areas of the six triangles formed by 
four arbitrary points and the origin, and therefore a general theorem of our 
affine geometry. Something similar holds, of course, for every syzygy. 
Conversely, every theorem of our affine geometry, insofar as it is a relation 
between invariants of the affine transformations (1), must be represented 
by a syzygy. Thus, according to our previous assertion (p. 141) about the 
complete system of syzygies in the case of four points, all the theorems of our 
affine geometry which are valid for a system of four points must follow from 
the one just given. In the same way, we can establish the correctness of the 
general assertion that the theory of invariants permits the systematic enumera- 
tion of all possible magnitudes and theorems, without exception, since it sup- 
plies the complete system of invariants and syzygies. 

Again I shall refrain from carrying through this examination in detail. I 
mention merely that, along with points, one can consider also geometric 
manifolds determined by forms ¢ = aé + 617, f = A& + 2GEr + x7’, -->. 
Such a form sets up a correspondence between each point of the plane and a 
number, i.e., it determines a scalar field. With this point of view, we can 
easily interpret geometrically the invariants of a given form, and each 
syzygy between the invariants will represent again a geometric theorem. 

Alongside of what I may call the naive interpretation of invariant theory 
in geometry of m dimensions, which we have thus far considered, in which 
the variables are thought of as rectangular coordinates, there is another 
essentially different interpretation: One can think of the variables as homo- 
geneous coordinates in (m — 1)-dimensional space Rn—1, whose non-homo- 
geneous coordinates are x = &/7,- - - , where a factor common to the # coor- 
dinates is unessential. We discussed earlier (p. 87 et seq.) the connection 
between the coordinates in R,—1and R,. We thought of Ra—1 as the linear 
(m — 1)-dimensional manifold r = 1 of R, and projected its points by rays 
drawn from the origin of Rn. The aggregate, then, of all possible systems 
of values of the homogeneous coordinates of a point in R,—1: is identical 
with that of the coordinates of the points in R, corresponding to it. Now 
the linear substitutions of the homogeneous variables in R,—1 represent pro- 
jective transformations. Indeed, all substitutions of the form 


pe’ = aé+---+ dir, 


pir’ = agg +--+ dar, 
which differ from one another by an arbitrary factor p’ produce one and the 
same projective change. The group of all these projective transformations 
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contains pot m2 but only m; — 1 arbitrary constants; in Rz and Rs, in particu- 
lar, the number of such constants is 8 and 15, respectively. 

If we wish, then, to interpret the theory of invariants of variables 
&,-+-, 7 geometrically in the projective geometry of R,~—1, we must bear in 
mind, above all, that, just because we are using homogeneous coordinates, 
only those magnitudes and relations of the theory of invariants will be ca- 
pable of interpretation which are homogeneous of order zero in the coordinates 
§,--+-+, 7 of every point that occurs, and which have the same property also 
with respect to every system of coefficients of a linear, quadratic, or other 
form which may occur. 

This will become clear if I carry it out in concrete examples. It will be 
sufficient to discuss the binary field (n = 2). We assume, then, two variables 
€and 7, and we think of « = £/7 as an abscissa on the straight line. If a series 
of systems of values (£1, 71), (&, 72), ---, is given, we know that the de- 
terminants 


& Ti 


An = 
; be Tk 


? (i,k =1,-++,p) 








represent the complete system of fundamental invariants. Of all invariant 
statements, which ones have meaning in projective geometry? Among these 
is certainly not the statement that one of the Ax, has some definite numerical 
value, for if we multiply &;, 7; by a factor p, which would not change the 
point 7, we multiply Ay also by p. However, the vanishing of a Ax, that is, 
the relation Ay = 0, has a meaning in projective geometry, for we can 
write it in the form &;/r; = &/7,, so that actually only the ratios of the 
coordinates of the points appear, and the geometric significance—the coin- 
cidence of the points i and k—is evident. 

In order, now, to get a numerical invariant which is itself of dimension 
zero in the coordinates of each point, we must combine more than two 
points. Trial shows that we need at least four points 1, 2, 3, 4, in which 
case each quotient of the form 

Ara + Ax 


Au m Ase 


is homogeneous of dimension zero in each of the four pairs of variables 


(&1, 71),** +, (&, 74). It follows from this that its weight is 0, ie., it is an 
absolute invariant. This quantity has, then, a projective meaning and rep- 
resents a numerical value which is invariant under all projective trans- 
formations of the line. It is, of course, nothing other than the cross ratio of 
the four points written in a definite order. For it can be written, in non- 
homogeneous coordinates, in the form 


1 — X2 Xx — Xe 
1 — %4° X3 — X4 
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From the standpoint of the theory of invariants, we obtain the cross ratio of four 
points as the simplest invariant of a point range on the line which satisfies the 
homogeneity condition that is necessary in order that the invariant have a mean- 
ing in projective geometry. 

I should like to add here a general remark. For many years I have thought 
about the widespread tendency in projective geometry to resolve all mag- 
nitudes which exhibit invariant character back to cross ratios. From the 
standpoint which we have reached, we can pronounce the judgment that 
such an effort only makes it more difficult to gain a deeper insight into the 
structure of projective geometry. It is better to begin with a search for all 
rational integral (relative) invariants and to form from them, first, the 
rational invariants, especially the absolute ones, and among these again 
those which satisfy the homogeneity condition of projective geometry. In 
this way we follow a systematic procedure which progresses from the sim- 
plest to the more complex. This procedure is obscured if we place in the fore- 
ground a special rational invariant, the cross ratio, and try to form the other 
invariants exclusively from it. 

Let us now see to what kind of theorems of projective geometry the 
syzygies between the invariants Aj, give rise. Starting from the fundamental 


Syzygy 
AyAsza -F AisAg + AysAcs oF 0, 


dividing through by the last summand of the left side, and noting that 
Aos ="—Azo, and Aroq = —Axg, we get 


AvAsa i hl AisAn | 
AvA3z2 AvsAos 


Here we have, on the left, the cross ratio of the points 1, 2, 3, 4, according 
to the original definition. On the right, we have the cross ratio of the same 
points formed in the same way after the order of 2 and 3 has been changed. 
The cross ratios in still other orders are obtained if we divide by other terms. 
Thus the fundamental syzygies between the invariants of four points find their 
geometric meaning in the known relations between the six values which their 
cross ratio can take according to the order in which the four points are taken. 

I shall not go any farther here in showing how the projective geometry of 
the straight line is built up on this foundation and how, in like manner, the 
inter pretation of the ternary and quaternary theory of invariants in the projective 
geometry of the plane and of space proceeds. You will find that set forth in 
detail in, for example, the books of Salmon-Fiedler and Clebsch-Lindemann, 
already mentioned, where precisely this interpretation of the theory of in- 
variants is used continually. There arises thus a self-contained complete de- 
velopment of projective geometry, not only with respect to the magnitudes 
which one can consider in it (corresponding to the invariants), but also with 
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respect to the theorems which can be set up (corresponding to the syzygies). 
To be sure, this interpretation is less satisfying for the student of invariants 
than it is for the geometrician. For the former, the interpretation given in 
the study of affine geometry of R,»+1 is more valuable, since in R, only those 
invariants and syzygies are useful which satisfy the homogeneity condition, 
as we have seen. 

I should like to consider in more detail one especially important point, in 
order to resume the discussion which we interrupted earlier (p. 135). I 
should like to show how the Cayley principle makes it possible by use of the 
theory of invariants to classify affine and metric geometry in the scheme of 
projective geometry. 


4. The Systematization of Affine and Metric Geometry Based on 
Cayley’s Principle 

We are concerned here with general affine geometry, where we do not 
assume a special fixed point, the origin of coordinates, as was the case when 
the complete interpretation of the theory of invariants was first discussed. 

We start at once, in three-dimensional space, with the non-homogeneous 
coordinates x, y, 2 or, as the case may be, with the homogeneous coordinates 
&,,§,7. Then the Cayley principle states that affine geometry or metric 
geometry arises from projective geometry when we adjoin to the given 
manifold the plane at infinity, r = 0, or this plane and also the imaginary 
spherical circle r = 0, & + n? + 7? = 0, respectively. 

A remark about the imaginary spherical circle will simplify the following 
discussion. We have defined it here by two equations, as the intersection 
of the plane at infinity with a cone through the origin. But we can determine 
it, or, in fact, any conic, by one equation in plane coordinates, if we think of 
it as the envelope of all the planes which touch it. If, as before, we denote the 
“plane coordinates,” i.e., the coefficients of a linear form ¢, by a, B, ¥, 4, 
then, as is easily verified, the equation of the imaginary spherical circle is 
oa? + 6? + 7? = 0. In other words, this equation is the condition that the 
plane af + - - - +67 = 0 shall be tangent to the imaginary spherical circle. 

It is now easy to understand the transition by means of the theory of in- 
variants to affine and to metric geometry, respectively. To the given sys- 
tems of values—point coordinates, linear and quadratic forms, etc.—which 
describe the configuration under discussion, we add the definite linear form t 
(i.e., the system of coefficients 0, 0, 0, 1), or the quadratic form a2 + B? + -?, 
written in plane coordinates, respectively. If, just as before, we treat the 
system of forms thus extended, i.e., if we set up the full system of its invariants 
and of the syzygies between these, and emphasize those among them which 
satisfy the condition of homogeneity, we obtain all of the concepts and all of the 
theorems of affine and of metric geometry, respectively, of the elements originally 
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given. The development by means of the theory of invariants is thus carried 
over to affine and to metric geometry. I should like again to call your at- 
tention (see p. 147) to the fact that, by emphasizing in particular the form- 
ing of rational integral invariants and syzygies, a systematizing point of view 
comes into geometry which otherwise is not brought clearly to light. 

Instead of talking abstractly about this, I prefer to make these relations 
clear at once by means of simple examples by showing how we can represent 
the most elementary fundamental magnitudes of affine and metric geometry 
as simultaneous invariants of the given systems of magnitudes and of the 
forms 7 and a? + §? + +?, respectively. 

To start with, I choose from affine geometry, as an example, the volume T 
of the tetrahedron formed by four points, which, as you know, is expressed by 
the formula 


1 1 2 1 & om $1 11 
pai 2 Ye g 1}/_ 1 f2 m2 Se T2]_ 

6|x3s ys 83 1) Oritersta} Es ns £3 Ts 

xe Ya Be 1 &, na Sa 7 


Let us inquire to what extent this expression has the asserted invariant 
property. In the first place, we know that this determinant is actually the 
fundamental relative invariant of four points (p. 141). Moreover, we find, 
in the denominator for these four points, the values of the linear form 7 
which we adjoined to our configuration, and these are the very simplest 
(absolute) invariants that can be constructed by the use of a form (p. 142). 
This means, of course, that, after a transformation, those values of the form 
into which the linear form 7 goes over are to be written in the denominator, 
or that, if we adjoin in general the form af + Bn + yf + 67, the product 
of the four values of this form for the points 1, - - - , 4 is to go into the de- 
nominator. Thus T is itself also a rational invariant and, indeed, it is homo- 
geneous of dimension zero in the coordinates of each of the four points. To 
be sure, T has the dimension —4 with respect to the coefficients of our ad- 
joined linear form 0, 0, 0, 1 (or a, B, y, 6, as the case may be) which appear 
in the denominator. Hence, since a common factor of these magnitudes is 
arbitrary, the absolute value of T can have no meaning in the projective 
geometry of our extended figure. In fact, there is also no way of assigning a 
definite numerical value to the volume of a tetrahedron in affine geometry, 
unless we have already selected a unit segment or a unit tetrahedron, as we 
always did when we were using non-homogeneous coordinates. But this 
would mean, from our present general point of view, that we should add to 
our figure other elements beside the “infinitely distant plane” + = 0. If we 
adjoin a fifth point, for example, and take the quotient of two expressions 
analogous to 7, we have actually an expression that satisfies all of the con- 
ditions of homogeneity. This expression must be, then, an absolute invariant 
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of affine geometry. The single expression T is only a relative invariant of 
weight 1, as indeed we learned earlier (see p. 73). 

At this point we should refer again to the developments of the first main 
part, the essential meaning of which now appears more clearly. We recog- 
nized in our special study of affine transformations (see p. 72 et seq.) that 
the Grassmann elementary magnitudes of geometry which we deduced there 
belong entirely to affine geometry. The Grassmann determinant principle, 
however, which supplied those magnitudes, is by no means a haphazard 
device. To the contrary, as we can now see, it is a thoroughly natural appli- 
cation of the theory of invariants in affine geometry, i.e., projective geometry 
under adjunction of the plane at infinity. The appearance of the ordinary 
determinants—segment, area, volume—is sufficiently explained by the 
example just discussed. It remains to be shown how the development by 
the theory of invariants leads to the general Grassmann elements defined 
by the minors of rectangular matrices. That, again, will be made clear by 
means of an example. Given two points (£1, 71,71) and (£2, m2, 72) ina plane, 
we wish to find the equivalent in the theory of invariants of the manifolds 
of affine geometry (line-segment, straight line, - - -) which belong to them. 
This falls into orderly agreement with earlier results if we add a third “un- 
determined”’ point (&, 7, 7) and consider again the fundamental invariant 
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as a linear form in £, 7, r. The three coefficients of these variables, that is, 
the determinants of the matrix 
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TiT2 


xy yy 1 
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are thus the characteristic magnitudes for the newly defined manifold, and 
we have actually been led precisely to the matrix which was used earlier to define 
the line-segment 1 2. In exactly the same way, in space, we can set up, from 
three or from two points, by adjoining one or two quadruples of undeter- 
mined coordinates, respectively, a relatively invariant linear or bilinear form, 
whose coefficients then supply the coordinates of a plane-segment or a space 
line-segment, in entire agreement with our old definition. I cannot amplify 
these suggestions with further details; they will perhaps suffice as a first 
orientation and as a stimulation to further study. 

Now that we have found &n ordered place in the theory of invariants for 
the principle of Grassmann, it is important to raise the question as to its 
usefulness. In this connection, we should compare it especially with that 
principle of classification which was stated (p. 25 et seq.) for the particular 
case of the principal group, and which yielded for us there all the funda- 
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mental geometric manifolds. The appropriate extension of the principle of 
classification to the case of an arbitrary linear transformation group is ob- 
vious. According to it, we shall consider, in each “geometry,” alongside of 
the single integral rational functions of the given series of magnitudes 
(coordinates, form coefficients, etc.) which thus far have furnished the invari- 
ants, also systems of such functions 21, %2,---. If such a system is trans- 
formed into itself under all the substitutions of the pertinent group con- 
cerned, i.e., if the similarly formed functions =), =», - - - of the transformed 
series of magnitudes are expressed linearly in terms of #1, Zs, - - - alone, with 
the aid of coefficients which arise in a definite and unique manner from those 
of the fundamental transformation, we say that the system defines a manifold 
of the geometry in question. The separate functions of which the system con- 
sists are called the components of the manifold. The property which deter- 
mines the nature of a geometric manifold is the behavior of its components 
under the transformations of the group under consideration. Two geometric 
manifolds are said to be of the same sort when their components form two 
series of the same number of expressions, each of which, under change of 
coordinates, undergoes the same linear substitution, that is, they are co- 
gredient, according to our earlier terminology. If the system which defines 
a geometric manifold consists of a single function, the linear substitution 
reduces to a multiplication by a factor, and the function is a relative in- 
variant. 

I shall make this abstract situation clear by means of a simple example 
from the invariant theory of the ternary field, which we shall interpret in 
the affine geometry of three-dimensional space with a fixed origin. If two 
points (£1, 71, 71) and (2, 92, T2) are given, then the simplest system of func- 
tions in which both coordinate triples appear homogeneously and symmetri- 
cally is the system of nine bilinear terms 


(1) Eb, E1me, Extra, més, «++ TiT2. 


Under a linear transformation, in our customary notation (see p. 136), we 
get: 


Ese, = ajtite + aibi(Erme + més) +++ ++ dinate, 
Eine = Qideéiso + arbotina + aebimb, + +++ + didyrite, 
717, = aibik. + aadalEm + mb) = +++ + + darirs, 
i.e., these nine magnitudes form, in fact, a system of the sort just discussed. 
We shall look upon them as the determining elements of a manifold of our 
affine geometry. Such a manifold, and likewise any other system consisting 


of nine magnitudes which transform according to the equations (2), is called 
a tensor. 
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Upon examining equations (2), we notice that we can derive from the nine 
quantities (1), on the one hand six, and on the other hand three, simple 
linear combinations which are transformed into themselves under a linear 
substitution. Indeed, if we arrange the quantities (1) into a quadratic 
system 


fifo Em. Eira, 
mée 142 172, 
T 1£2 T1iN2 7172, 


the first set is the sums of the terms symmetric to the diagonal: 


(3) 2Eié2, Eime+ mb, Eir2+ 71k, +++, 2172, 


and the other is their differences: 


(4) Eine — me, §iT2— 7 182, 1T2 — T1M2- 


The substitution formulas for the systems (3) and (4) come immediately 
from equations (2). Thus we have secured two new manifolds for our affine 
geometry, of which the one, made up of the six magnitudes (3), is called a 
symmetric tensor, while that consisting of the three magnitudes (4) is the 
plane-segment already known to us. The name applies, of course, to any 
system of magnitudes which are transformed cogrediently. We shall con- 
sider directly the justification for the adjective “symmetric.” 

As to the geometric meaning of the three quantities (4), we know (see 
p. 29) that they are twice the projections upon the coordinate planes of the 
triangles formed by the points (£1, 71, 71) and (£2, 2, 72), and the origin of 
coordinates, each triangle contour being traversed in a suitable sense. We 
have here precisely one of the first manifolds which the Grassmann deter- 
minant principle yielded. Hence we may enunciate the following theorem. 
The systematic search for manifolds of affine geometry by means of our principle 
of classification leads necessarily, among other things, to the Grassmann deter- 
minant principle and to the geometric manifolds determined by its use. Of 
course, I cannot carry this out here in detail. It will suffice to state that all 
the manifolds can be derived which we discussed earlier if we treat the 
general affine geometry in a similar way by means of Cayley’s principle, by 
means of the quaternary invariant theory (see p. 148 et seq.). 

The important result of our examination, however, is the knowledge that 
the Grassmann determinant principle is something special, and, in itself, does 
not at all yield all the manifolds of affine geometry. We have, rather, in the 
tensors (1) and (3) essentially new geometric magnitudes. 

Because of the great significance which these manifolds have for many 
fields of physics, as, for example, for the theory of elastic deformation and 
for the theory of relativity, I shall discuss them briefly. Above all, I shall 
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make some remarks concerning the names of these quantities, which should 
help the reader to orient himself in the newer literature on tensor calculus. 

I used the word fensor in volume 1 of this work, when I was discussing 
Hamilton’s quaternion calculus, in a sense different from that which we 
are now using. If g = a+ bi+ cj + dk is a quaternion, we called the ex- 
pression T = Va? + b?+ c? +d? its tensor. This name, introduced by 
Hamilton, is justified, since one can interpret multiplication by a quaternion, 
geometrically, as a rotation and a stretching, with a fixed origin, as we ex- 


plained fully in volume 1 (p. 65 et seq.). The Tension 

measure of the stretching turns out to be pre- 

cisely the square root J which we called the Compression 
> meeaihis sees aa 


tensor. W. Voigt, in his work on the physics 
of crystals,! used the word ¢ensor in a manner ' 
closely related to this. Voigt denotes by it directed magnitudes which 
correspond to events, such as the longitudinal stretching or compression 
of a rod, at the ends of which pulls or pushes are applied in the direction 
of the axis of the rod, but in opposite senses. We could represent such a 
tensor pictorially by a segment which carries at its ends 
arrowheads oppositely directed (see Fig. 100). 

We could designate the directional character of a 
tensor, thus understood, as “two-sided,” and that of a 
vector, by contrast, as “one-sided.” Such tensors arise 
often in physics as éensor triples, i.e., three of them at 
right angles to one another (see Fig. 101). We men- 
tioned earlier (see p. 75) a pure strain (pure affine 
transformation) as a uniform stretching of space in 
three mutually orthogonal directions, with a fixed 
origin. Instead of this, we can say now that a pure strain is represented 
geometrically by a tensor triple. We reach a commonly used meaning of 
the word tensor if we think of the concept of those three stretchings of 
space as a single geometric quantity, and, dropping the word triple, call 
this magnitude a tensor. The tensor notion in this sense is precisely what 
we called above a “symmetric tensor.” 

In fact, a pure strain, with a fixed origin, is given by substitutions of the 
following form 


Fie. 100 


Fic. 101 


E = ane + any + a32, 
(5) N = A12x + Aooy + eg, (Qi, = axi). 
T = Age + dosy + G38. 


1See, for example, (a) Der gegenwiértige Stand unserer Kenninisse der Kristallelas- 
tizitat; (b) Uber die Parameter der Kristallphysik und tiber gerichtete Groéssen hoherer Ord- 
nung. Both memoires in the Géttinger Nachrichten 1900. 
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Let us interpret the number triples (x, y, 2) and (, 7, 7) as point coordinates 
in one and the same rectangular coordinate system. The array of the coeffi- 
cients of the transformation is symmetrical with respect to the principal 
diagonal. If we go over now to a new rectangular coordinate system with 
the same origin, we obtain, as a simple calculation shows, the following 
new representation for the strain in question: 


é B= aye! + ayy’ + ais’, 
, , 

) 1 = Qype! + Aggy’ + 552", (ix = oy). 
Ur! = ayge’ + aoay’ + agge’ 


The same formulas give the relations between x,y, 2 and x’, y’, 2’ as be- 


é fi , 
Hie £, , 7 and é’,’,7’. For the six coefficients as, Gig: 5 aj, it turns 
out that 


1. They depend linearly upon the six coefficients G11, 212, °* +, @33, and 
upon these only, 1.e., they define a geometric magnitude. 


2. They transform precisely as do the expressions (3), bilinear in the co- 
ordinates, which we designated on page 152 as the components of a sym- 
metric tensor. The adjective symmetric is justified by the form of the array 
of coefficients in the transformation formulas (5S) and (6). 

Let us now go over to the general affine transformation 


é = ayx + a2 + 32, 
(7) 1 = dorx + ay + ao3z, 
T = Asx + Asoy + ass, 


where the origin is fixed. Then it develops, in a manner corresponding pre- 
cisely to that just indicated, that in the geometry of the orthogonal trans- 
formations the nine coefficients a3, ayo, - - - , 433 transform precisely as do 
the coordinate products (1); hence they form the components of a magnitude 
of the same sort. This, means, in our terminology, according to which the 
word tensor is not restricted specially to pure strains, that the array of co- 
efficients of a general affine transformation is a tensor. 

A large number of other names for this concept are to be found in the 
literature. Some of the most common are the following. 


1. Affinor (because of the connection with the affine transformation). 


2. Linear vector function [since the linear substitutions (7) can be so in- 
terpreted that, by means of them, to a vector x, ¥, 2, starting from the origin, 
another similar vector £, y, r will be placed in linear correspondence]. 


i 3. Dyad and dyadic. However, the first of these two words is used orig- 
inally only for a particular case, to be explained later. 
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The components of the plane-segment (4) also can be regarded as the co- 
efficients of a transformation, namely one of the type 


f= 1-x-—cry+b-z, 
() n= cetley—ars, 
T= —b-xtary+1<z. 


Indeed, it is easy to show that the coefficients of this substitution behave, 
under rectangular coordinate transformation, as do the bilinear expressions 
(4). Because of the structure of the array of coefficients in (8) (symmetry 
with respect to the main diagonal along with change of sign), the magnitude 
determined by it is also called an antisymmetric tensor. 

Geometrically, the formulas (7) can be interpreted as a general homo- 
geneous deformation, the formulas (6) as a pure deformation (without ro- 
tation), and the formulas (8) as an infinitesimal rotation. The decomposition 
of a homogeneous infinitesimal deformation into a pure deformation and a ro- 
tation corresponds thus perceptually to the formal process (p. 151) in which we 
derived the symmetric tensor (3) and the antisymmetric tensor (4) from the 
coordinate products (1). 


Thus far, in changing the coordinate system, we have confined ourselves 
to orthogonal transformations. It remains to complete this for the case in 
which we pass from the rectangular to oblique coordinates, or, indeed, 
where both (&, 7, 7) and (x, y, 2) are, at the start, introduced as oblique par- 
allel coordinates. We shall continue to think of the origin of coordinates as 
fixed. In making this change, we pass from the geometry of the principal 
group to that of the affine group. When we examine, for this group, the 
behavior of the substitution coefficients under transformation of the co- 
ordinates, it turns out that, although they again represent the components 
of a geometric magnitude, they are transformed, not as are the coordinate 
products (1), but contragrediently to them. The coefficients of (6) and (8) 
behave in a corresponding way. It can be shown that the same tensor (for 
example the same homogeneous deformation) with respect to a parallel 
coordinate system can be given by components of the sort (1), as also by 
such components as the coefficients of (7). The former are called cogredient, 
the latter are called contragredient components of the tensor. Instead of co- 
gredient and contragredient, the terms contravariant and covariant are often 
used. Sometimes the last two expressions are interchanged in meaning. 
The difference between the two kinds of components is the same as that 
between point and plane coordinates. 

Another meaning of the word tensor, and one that is much more general 
than the one we have favored, will become clear if we study the behavior 
of homogeneous forms under a change of coordinates. On page 138, we 
carried through this investigation for the case of a quadratic form 
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anf? + 2ayotn + +--+ ay37?, 


using a somewhat different notation. We found that the form coefficients 
@11, 2ay2, > + + , a33 transform linearly, homogeneously, and contragrediently 
to the terms &, fy, -- - , 7? of the point coordinates. The latter, however, 
transform cogrediently to the expressions (3), as it is easy to see. We can 
announce this result as follows. The coefficients 411, 2a12, - - - , @33 of a quad- 
ratic form are the contragredient components and the terms & in, +++, 7? 
are the cogredient components, of a symmetric tensor. A corresponding 
result holds for a bilinear form. Of the latter, we may say, with Gibbs, that 
it forms a dyad when it can be written as a product of two linear forms. 
Finally if we have a homogeneous n-tuple linear form of the point coordinates, 
we can show, by a slight calculation, that its coefficients likewise substitute 
linearly and homogeneously under transformation of coordinates, and, in- 
deed, contragrediently to the terms of the point coordinates. 

The generalization of the tensor notion, which we have discussed, con- 
sists in calling every such magnitude a tensor, using this name not merely, 
as we did before, in connection with bilinear forms. It is in this general form 
that the name is used, in particular, by Einstein and his followers. In the 
older terminology it was customary to speak rather of linear, quadratic, 
bilinear, trilinear, cubic, etc., forms. 

Along with this variety in terminology, there appears the tendency, in 
practice, to denote the system of components of a tensor by a single letter, 
and to indicate calculations with tensors, when they arise, by means of 
symbolic combinations of the letters. All these things are in themselves 
essentially very simple; if they seem difficult to the reader, it is only because 
different writers use different notations. The same unfortunate situation 
arises here that we mentioned when we were discussing the vector calculus, 
but here it is greatly exaggerated. However, it seems impossible to get 
rid of the confusion. We could not refrain from mentioning it, since the 
whole modern literature is controlled by it. 

Let us now turn to metric geometry in order to select there a few charac- 
teristic examples. I shall show how the two most important fundamental 
notions “distance r between two points x, = &/71,-++, and x2 = 2/T2,-++,” 
as well as “angle w between two planes ay,-++ , 6, and a, - - + , 8,” can be de- 
rived from the systematic procedure of the theory of invariants. From the 
well-known formulas of analytic geometry, we have 


r= V(e1 — 2)? + (1 — yo)? + (a — me)? 
os en = §2r1)? + (mite — ori)? + (fT, — $271)? 
Tin? 4 
ok aetiGos ( 102 + BiB, + 7V172 ) ; 
Ved + BF + (8 + B+ 72) 
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These are algebraic and transcendental functions, vee tively, of the pa- 
rameter. We may call them “algebraic” and ‘transcendental invariants, 
respectively, if we show that the rational integral parts of which they are 
formed are themselves invariants in the old sense. 

We start with the angle w. The figure, whose invariant it should be, con- 
sists of the two linear forms a1, 81, 71, 61 and a, Be, Y2, 52, and the quadratic 
form in plane coordinates 


a? + B2 + y?+ 0: 62, 


which represents the imaginary spherical circle. We can of course construct 
invariants from this quadratic form in plane coordinates, just as we did 
earlier (p. 142 et seq.) from forms in point coordinates, by always series 
ing point and plane coordinates (“dualizing”). In particular, the values 
of the form for the two given systems of values 


af t+ B+ yvit0-s and af +6i+73+0- & 


and also the value of the polar form constructed for these two systems 


ade + BiB. + yi¥2 + 0° 6182 


are all invariant. It is precisely out of these expressions that cos w is ac- 
tually constructed. Furthermore, cosw is homogeneous of dimension zero 
in each of the two systems ay, ---, 6; and ae, +--+, 52, and likewise in the 
coefficients 1, 1, 1, 0 of the given quadratic form, so that the expression has 
an independent meaning in metric geometry. _There is, in fact, in metric 
geometry, an absolute angle measure which is independent of the arbitrary 
choice of the unit. This amounts to saying that our expression is an absolute 
invariant. 

Next, as to the distance r, we recall that we constructed invariants of a 
quadratic form in point coordinates by bordering its determinant with the 
coordinates of one or of two planes (see p. 144 et seq.). In the same way we 
shall now obtain invariants for our figure, which consists of a quadratic 
form in plane coordinates and two points, if, proceeding ARE ina ray 
manner, we border the determinant of the form a? + 6? + y?+ 0. 6: 


1000 

0100 

0010 

00-0 0 
once and twice with the coordinates £,--- , T1 and &,---, T2 of the given 
points. From the determinants thus obtained we form the quotient 
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If we develop these determinants, it is easy to show that this quotient is 
precisely the value given above for 7, which is thus shown to be invariant. 
Like the fundamental invariant of affine geometry, which we considered 
earlier, this quotient is homogeneous and of dimension zero in the coordi- 
nates of the two points, but not in the coefficients of the given quadratic form, 
in which it is homogeneous and of dimension —4. Moreover it is not an 
absolute invariant, for each of the determinants has the weight 2, i.e., the 
quotient has the weight 2 — 4 = —2, as we see from the fact that what we 
here have is the dual of the constructions considered on pages 142-143. 
Consequently the numerical value of r has no immediate significance in 
metric geometry. Indeed, we can measure the distance between two points 
only if we assume a further arbitrary (unit) segment, i.e., if we adjoin that 
segment to the figure, along with the fundamental quadratic form. Ab- 
solute invariants of metric geometry appear only if we construct quotients 
of expressions of the sort here considered. 

Here again I must not go into further detail. These examples will give 
you, at least, some idea as to the appearance of the complete systematic 
development of affine and metric geometry which results from the systematic 
articulation of integral rational invariants. I hope that you will extend your 
knowledge by reading in the many textbooks already mentioned.’ 

I shall touch lightly one more simple example, which is treated in detail 
in the new edition of Clebsch-Lindemann; * I refer to the so-called geometry 
of the triangle. In the course of time, an extensive closed field has appeared 
here, due especially to the work of secondary teachers, devoted to the many 
remarkable points, lines, circles, which can be defined in connection with 
the triangle: the center of gravity, the altitudes, the bisectors of the angles, 
the incircles, the circumcircle, the Feuerbach circle, and so on. The count- 
less relations, toward the discovery of which men have long striven, and 
are still striving, fall easily into orderly arrangement in our systematic de- 
velopment. Let there be given, as vertices of a triangle, three points 


(&, m1; 71), (2, 12; T2); (és, Ns, T3). 








1[In connection with the above. attention should be called especially to an article by 
H. Burkhardt in vol. 43 (1893) of the Mathematische Annalen: Uber Funktionen von Vector- 
grossen, welche selbst wieder Vectorgrissen sind. Eine Anwendung invariantentheoretischer 
Methoden auf eine Frage der mathematischen Physik.| 

* Loc. cit., p. 321, I should mention, above all, the Enzyklopadie report (III A B 10). 
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Since we are concerned with metric relations, we adjoin the two imaginary 
circular points, whose line equation is a? + 6? = 0. We may simply adjoin 
the values (1, 7, 0) and (1, —#, 0) of their point coordinates. (See Fig. 102.) 
Then the whole geometry of the triangle is nothing else than the projective in- 
variant theory of these 5 points, i.e., five arbitrary points, two of which we 
denote by special terminology. This remark gives to geometry of the tri- 
angle the transparent character of a sys- 1 (1.4 

" » ‘ ‘ ° x »4,0) 
tematic structure which is otherwise lost to 
sight. 

With this I leave the consideration of the 
systematic development of geometry. It cer- 
tainly satisfies the esthetic sense to have an 2 
orderly arrangement of the sort which I have Fic. 102 
described. Moreover, since this systematic 
treatment alone permits a deeper insight into geometry, every mathema- 
tician, every prospective teacher, should know something about it. For this’ 
reason I felt compelled to include it in this course, although you will often 
find this point of view in the literature, but perhaps not always in such a 
consistent presentation. Of course it would be entirely perverse to tie our- 
selves dogmatically to this systematic procedure and to present geometry 
always in this light. The subject would soon become tedious and would lose 
all attractiveness. Above all, this would be a bar to investigative thought, 
which always functions independently of systematic planning. 

Up to this point we have been considering, in a sense, the architecture of 
the structure of geometry. We shall now turn our attention to the no less 
important question of its foundations. 


e3 


x(1,—7,0) 


II. FOUNDATIONS OF GEOMETRY 


A view of the very broad field which we now enter is afforded by the en- 
cyclopedia article by F. Enriques entitled Prinzipien der Geometrie (Enz. 
III A. B. 1). Investigations in the foundations of geometry often approach 
very closely the interests of the theory of knowledge and of psychology, 
which, from their viewpoints, study the origin of space perception and the 
justification of treating it by mathematical methods. We shall touch these 
questions very superficially, of course, and we shall treat essentially the 
mathematical side of the problem, assuming that space perception is to be 
taken for granted. We must also pass over the question that is so im- 
portant in pedagogy, as to how space perception develops in the 
individual to the precise form to which we, as mathematicians, are ac- 
customed. 

Our problem, restricted in this manner, is to erect the entire structure of 
geometry upon the simplest foundation possible, by means of logical operations. 








- } 
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Pure logic cannot, of course, supply the foundation. Logical deduction can 
be used only after the first part of the problem is solved, i.e., after we have a 
system which consists of certain simple fundamental notions and certain simple 
statements (the so-called axioms), and which is in accord with the simplest facts 
of our perception. These axioms may be subdivided, of course, according 
to taste, into separate parts which are independent of one another. Other- 
wise we have great freedom in choosing them. The one condition which the 
system of axioms must satisfy is imposed by the second part of our problem: 
It must be possible to deduce the entire contents of geometry logically from these 
fundamental notions and axioms, without making any further appeal to 
perception. 

The whole course of these lectures suggests a definite characteristic way 
of treating this question. As a matter of principle, we have always availed 
ourselves of the aids of analysis, and in particular of the methods of analytic 
geometry. Hence we shall here again assume a knowledge of analysis, and 
‘we shall inquire how we can go, in the shortest way, from a given system of 
axioms to the theorems of analytic geometry. This simple formulation is, un- 
fortunately, rarely employed, because geometricians often have a certain 
aversion to the use of analysis, and desire, insofar as possible, to get along 
without the use of numbers. 

The program thus indicated in general can be carried through in different 
ways, depending upon which fundamental notions and axioms we decide to 
use. It is convenient, and not unusual, to start with the fundamental notions 
of projective geometry, namely, with point, straight line, and plane, which we 
have already emphasized as fundamental concepts (p. 57 et seq.). We should 
not try to set up definitions as to what sort of things these are,—one must 
know that from the start. The program demands rather a statement of 
only so many characteristic properties and mutual relations that we can 
derive from them, in the sense indicated above, the whole of geometry. I 
shall not enumerate completely the separate axioms that would suffice for 
this purpose, for that would carry us too far afield. I shall only characterize 
their contents sufficiently for you to get a clear idea of them. 

At the head are the theorems of connection, which I enunciated earlier 
(p. 58) for projective geometry. We shall not demand, at the outset, as we 
did there, the existence, without exception, of a point of intersection of two 
lines in a plane or of a line of intersection of two planes. Instead, as befits 
the relations of metric and affine geometry, we shall restrict ourselves to 
the theorem that two lines of a plane have one point, or none, in common, two 
planes have either a line or else not a single point in common. We can then 
derive, by the adjunction of “‘improper”’ points, lines, and planes, the com- 
plete system of projective geometry. 

Next come the theorems of order, which describe how different points in 
the plane and on the line can lie with respect to each other. Thus, of three 
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points a, b, c on a line, there is always one, say b, which lies between the 
other two, @ and c; and so on. These statements are also called theorems of 
betweenness. (See Fig. 103.) 

Finally, as to properties of continuity, I shall emphasize here, for the 
present, only the fact that the straight line has no gaps in it. If we separate, 
in any way, the segment between two points a and b into two parts 1 and 2, 
so that (if a lies to the left of 5) all the points of 1 lie to the 
left of all the points of 2, then there exists just one point ¢ i 
which brings about this separation, so that the points of 1 lie 
between a and c, those of 2 between c and 6. This corresponds 
obviously to the introduction of irrational numbers by means of Yq 
the Dedekind cut.? Fro. 103 

From these axioms we can actually derive by logical deduc- 
tion the whole of projective geometry of space. In particular, we could, of 
course, promptly introduce coordinates and treat projective geometry ana- 
lytically. 

If we desire to go over to metric geometry, we must take into Prone 
that in projective geometry we have also the notion of the group of © 
collineations or projective transformations of space. We know how to char- 
acterize, as a subgroup of this, the seven-parameter principal group of mo- 
tions in space whose invariant theory constitutes metric geometry. This 
group consists of the collineations which leave unchanged a certain plane, 
namely, the infinitely distant plane, and in that plane a curve of the second 
degree, namely, the imaginary spherical circle (or the absolute polar system 
which represents it). However, we must go a step farther than this, if we 
wish to get exactly the theorems of elementary geometry. We must sep- 
arate out from the principal group the six-parameter subgroup of proper move- 
ments (translations and rotations) which, unlike the similarity transforma- 
tions, leave the distance between two points wholly unchanged. In this way, 
we shall have the metric geometry of congruences as our invariant theory. 
We can derive the motions from the principal group, for example, by setting 
up the requirement that the “path curves” of a motion are closed insofar 
as it leaves only one point fixed. i 

The plan thus sketched for building up geometry is theoretically perhaps 
the simplest, since it operates, at first, for projective geometry, exclusively 
with linear manifolds, and only later adjoins a quadratic manifold, the 
imaginary spherical circle, when this becomes necessary in order to get metric 
geometry. To carry this plan through is quite an abstract and tedious 
matter, however, and it would be appropriate only in a course of lectures 

devoted to projective geometry alone. It will suffice after this general ex- 
position, to refer you to that presentation in the literature which is the most 





1 See Part I, p. 33 et seq. 
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readable, namely, to the translation, by H. Fleischer of the book by F. En- 


riques, entitled Vorlesungen iiber projective Geometrie. 

For general purposes of instruction, I prefer another method of developing 
the subject of geometry, to which I now turn. For simplicity’s sake I con- 
fine myself to geometry of the plane. 


1. Development of Plane Geometry with Emphasis upon Motions 


We shall take as fundamental notions point and straight line, and we shall 
assume for them axioms of connection, order, and continuity. Here again, 
the theorems of connection contain only the facts of perception that through 
any two points there always passes one and only one line, while two lines can 


will be considered during the course of the investigation. 

With this foundation, we shall now avoid the roundabout use of pro- 
jectivities, and we shall introduce immediately the group of 8 motions in the 
plane, in order, through it, to reach our goal, the system of plane analytic 
geometry. First of all, we must formulate abstractly, in a series of axioms, 
the properties of these motions which we shall assume and use, with respect 
to our system of points and lines. We shall be guided here, of course, by the 
vivid conception of motion which we have had in our experience with rigid 
bodies. Accordingly, a motion must, in the first place, be a reversibly unique 
transformation of the points of our space. In particular, it must coordinate 
with every point a point lying in finite space. Moreover, it must carry a 
straight line over into a straight line, without exception. It is convenient 
to use again, in general, the word collineation for transformations of this 
kind. To be sure, we do not yet know whether or not there are such col- 
a lineations, since we are not now in possession 

of projective geometry, as we were before. 

q Hence we must expressly postulate the existence, 

at least, of these particular collineations, by 

means of a new axiom. Accordingly, we assume 

: that there is a broup of ~* collineations, which we 
thy 104 shall call motions, and whose invariant theory 
we shall look upon as the geometry of the plane. 

We must explain more precisely what is meant here by “triply infinite.” 
Given any two points A and A’ (see Fig. 104) and two Tays a and a’ drawn 
from A and 4’, respectively. Then there will always be one and only one 
motion which carries the point A into the Point A’ and the ray @ into the 


* Leipzig, 1903 [2nd German edition 1915]. The title of the original is Lezioni di geo- 
metria proiettiva, Bologna, 1898; third edition, 1909, 





Foundations of Geometry 163 


a’. Figures which can be carried into each other by motion are called 
ray a’. 
“4 . . . 
py ise we shall not yet make use of this entire ise SAO ~~ 
i i i set up SO 
i tions concerning which we sha ! 
ly of a particular class of mo ons ) iu 
i said on In fact, there is just one motion which py bart a 
int an arbitrary given point A’ and the straight line from A to A’ (tog é 
wi th this direction) into itself. We call such a motion a ir, “i “ 
oe isely, a parallel translation. We shall assume now that each such ami : 
i sid balelee into itself (with maintenance of its direction) the straight egy rd 
pen any two of its corresponding points B and B’, ee ie is re ac ba: 
i i bgroup of the group of m ; 
ay tions of the plane constitute a su 
Teh yom oor est one and the same translation (see pect yo 
the point A goes over into points A’, A”, A’”,-- + of that ray of the 
AA’ which points toward A’. We must assume, a a. 
as another postulate, that these points ultimately 
reach or include every point of this ray. By repe- 
tition of the inverse transformation we obtain a 
series of points of the same character on the op- 
posite ray. If we think of each translation as 
performed continuously, from the initial point os 
et ply 9 eg ct ne onan of the point A under the 
Il the line in question the the | 
pr ei Every line is thus the path curve of 0 He: preeyletrn | 
pre for snes translation there are ©’ path en namely, the g 
i i into themselves. 
i ich the translation carries over in . 
commie be noted that two different path curves of the Pi weeps 2 
cannot intersect. Otherwise, the point of intersection spat y wie aes 
from the translation of two different points, namely, one - pewoar sg 
two path curves, which is contrary to the character of # pe a 
reversibly unique point transformation. We say that all t _ _ iy 4 
one and the same translation are parallel to one era inde vag" A 
i i i f our motions. e e; | 
rhonda itr <8 patience a given point A there is certainly 
4 a parallel to a line a, namely, the path curve 
” of A under a translation along a. f 
J Finally, we must set up a last axiom for 
these translations, namely, that any two trans- 
lations T’, T’’ are interchangeable, i.e., that 
the same point B will result when we sul ui 
a definite point A first to the translation 5 and 
then to 7”, as when we perform first J” and then 7” (see Fig. 106). Sym 
: + Uy FE ek tobe i! if 
bolically we may write J’ +» T” = af vii 
I shall have something to say later regarding the method by which 








Fre. 106 
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arrive at such axioms. For the present, let me emphasize that our initial 
theorems are merely the expression of that which is familiar to everyone, 
from the beginning of geometric drawing. Indeed, 
the first thing that one does is to move a rigid body, 
ruler or compasses or other instrument from.one part 
of the drawing plane to another, in order to transfer 
magnitudes. In particular, we perform the operation 
of translation very often by sliding a triangle, say, 
along a straight edge (see Fig. 107). Here experience 
shows again and again that all the points of the tri- 
angle describe parallel lines. Our assumptions, which 
we shall not analyze logically any further, are thus not in the least artificial. 

We shall now see how far we can get in analytic geometry with these first 
notions derived from translations. We cannot talk about rectangular coor- 
dinates, of course, since we have nothing yet upon which to base a definition 
of a right angle. We can, however, introduce general parallel coordinates. 
We draw, through a point O, any two straight lines, which we call the x 
axis and the y axis. (See Fig. 108.) We consider the translation 7 which 
carries 0 into an arbitrarily chosen point J on the x axis, and we suppose that 
repetition of the translation T yields 
the points 2, 3, 4,---on the « axis. If 
we perform, in the same way, the in- 
verse operation T~', so defined as to 
carry 1 into 0, the point 0 will go 
successively into the points —1, —2, 
—3,---+ of the x axis. We assign to the 
points thus obtained the positive and 
negative integers 0,1,2,---,—1, —2, 

++ as “abscissas” x. To be sure, they 
will not exhaust all the points on the 
x axis, but they will, according to one of our postulates, lie so that every 
other point will be included between some pair of them. 

In similar manner, we start from any translation 7” along the y axis, and, 
by performing it repeatedly forwards and backwards, we obtain the points 
1’, 2’, 3’,- ++, —1', —2’, —3’,+ ++ , to which we assign positive and negative 
integral y coordinates. However, we should note here that we cannot set 
the x and y segments, thus determined, into reciprocal relation with each 
other, since we have not yet introduced the motion (rotation) which would 
carry the x axis into the y axis. 

We can now consider the points on the x axis with non-integral abscissas, 
if we keep fixed the arbitrarily determined unit. We shall discuss first the 
rational points. In order to make the matter clear by an example, we shall 
seek a translation S along the x axis, which, if repeated once, would produce 








Fic. 108 
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the unit translation J. We shall denote as the point 1/2 that point into which 
S carries O, while repeated application of S will yield points with abscissas 
3/2, 5/2,--+. In order to establish the existence of such a translation S and 
of these points, we shall first show that the line from 1/2 to the point 1’ 
on the y axis must be parallel to the line 1 2’ (which corresponds to the 
known construction for bisecting a segment). In- 
deed, if we consider the translation S (see Fig. 109) 
of 0 to 1/2 as made up of the translation T’ of 0 
to 1’, followed by the translation S’ of 1’ to 1/2, 
then the once repeated translation S, which, by def- 
inition, is identical with T, can be replaced, in 
view of the interchangeableness of two translations, 
by the once repeated translation 7’ followed by O 

4 S % 1 
the once repeated translation S’. But since the Fic. 109 
first carries 0 to 2’, this amounts to saying that two 
applications of S’ carries 2’ to 1. Then 2’1 isa path curve of the translation 
S’ and, as such, is parallel to 1/3, a path curve of the same translation. 

By what precedes, we are already in possession of the points 2’ and 1, 
and consequently of the translation S’. Thus the unique constructibility, 
from given elements, of the point 1/2, as the intersection of the x axis with 
the path curve from 1’ in the translation S’, would be assured if we only 
knew that this path curve really cut the x axis. Of course, no one would 
doubt this, intuitively, but in the framework of our axiomatic deduction we 
need here a special axiom, the so-called “betweenness axiom”? for the plane. 
This axiom states that if a line enters a triangle through a side, it must 
leave it through another side,—a trivial fact of our space perception which 
requires emphasis as such, because it is logically independent of the other 
axioms. Completely analogous considerations show, obviously, the exist- 
ence of a point for every rational abscissa x. We can easily infer from our 
postulates that there are such “rational points” inside of every segment, 
however small it may be. 

In order, now, really to reach all the points which we actually consider 
in geometry, we must take into account irrational abscissas. For this pur- 
pose we need a new, likewise very obvious axiom, one that is merely a precise 
statement of the requirements of continuity mentioned above. There are in- 
finitely many other points on the x axis (translations of the axis into itself) 
which have to the rational points the same relations of order and continuity 
which the irrational numbers have to the rational. This axiom is the more 
plausible, in that, conversely, the introduction of irrational numbers came 
about historically from a consideration of geometric continuity. We have, 
finally, all the points of the x axis brought into reversibly unique correspondence 





1 See the discussion in Part I, p. 31 et seq. 
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with all the positive and negative real numbers x. An analogous relation can 
of course be set up for the points of the y axis. 

Let me remind you that the method thus sketched for constructing a 
scale on a line isa thoroughly natural one. When we make a scale, we do it 
by sliding a rigid body that has the arbitrary length of the unit (say the dis- 
tance between the points of the com- 
passes) along a straight edge, and by 
hE) fel =< subdividing the segments thus ob- 
/ 24,2 tained. 

Each translation of the plane along 
a the « axis can now be characterized by 
bid a simple equation, which, for every 
¥ point x of the x axis, gives the abscissa 
of the new position: x’ = «+ a. In other words, the rational or irrational, 
Positive or negative segment a is added to x, Similarly, a translation along 
the y axis is described by the equation y’ = y+ 6. If we perform both these 
translations successively, in either order, O goes over into a definite point P 
since the translations are interchangeable. We say that P has the abscissa pS 
and the ordinate b. Conversely, to any point P one can assign uniquely two 
numbers a and 6. We need only translate O to P and determine the abscissa 
and ordinate of the intersections of the new positions of the axes with their 
original positions. There is thus established a one to one correspondence between 
the aggregate of the points in the plane and the aggregate of number pairs (a, b) 
1.€., we have a complete determination of coordinates in the plane. no 

It remains for us to consider how the equation of the line looks. Let us 
study first the line from O to P (a, b). Obviously, it must contain all the 
points which arise through iteration of the translation which takes O to P 
i.e., the points « = da, y = db, where ) is an integer. Moreover, we see that 
the Points determined by these equations for rational values of \, and finally 
for irrational values of X, also lie on this line, but that then all the points 
on the line are exhausted. Eliminating \, we obtain the equation of the 
line in the form x: y = a:b, or bx — ay = 0. It follows that every equation 
of the form ax + By = 0 represents a line through O, provided that a and 
B do not vanish simultaneously. Now any line can be derived from a se- 
lected line through O by translation. It follows then, finally, that all straight 
lines are given by all equations of first order, 


ax + By +7 =0, 





which, for this Teason, are called linear equations. 

From the fact that the straight line has a linear equation, it follows that 
a large part of the theorems of geometry can be derived without difficulty 
by methods of analytic geometry. I cannot go into details here, and I add 
merely that we can deduce in this way the whole of affine geomeiry and hence 
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also the whole of projective geometry. We can get this far simply on the basis 
of the special postulates concerning the subgroup of ©? translations. I shall 
lay stress upon only one more fact, which we shall use later. We proved 
earlier, by means of the theorems of projective geometry, the theorem of 
Mobius, that every collineation is a projective transformation, i.e., a trans- 
formation which is given by a linear fractional or a linear integral substitu- 
tion of coordinates. Now, according to our first assumptions, all motions 
were collineations, under which there corresponds to every finite point likewise a 
finite point. On the other hand, however, we possess now the whole of pro- 
jective geometry, so that, from our standpoint, the theorem of Mdbius 
is also valid. Thus every motion will be represented necessarily by a linear in- 
tegral transformation of the parallel coordinates x and y, which were introduced 
above (see p. 169). 

Thus far we can talk only of the distance between two points on the x or 
on the y axis, if we wish now to press farther into the metric notions of geome- 
éry, and, in particular, to know about the angle between two lines and the dis- 
tance between two arbitrary points, we must turn 
our attention to the entire group of motions. 

We shall consider, in particular, the motions 
which leave a point, say the origin O, unchanged. 
These are the so-called rotations about this point. A 
According to the general postulate concerning 
the determination of a motion, there is just one 
rotation which carries a ray a through O into an 
arbitrary ray a’ through O (see Fig. 111). These Fie 111 
rotations are, in a sense, dual to the translations, 
since they leave a point unchanged, whereas translations carry a line 
into itself. Just as with the translations, we shall think of the rotations as 
carried out continuously from the initial position on, and we shall talk again 
of the path curve which each point describes. 

There is, however, one essential difference between rotations and transla- 
tions, which we must expressly formulate here as a postulate. The rays a’, 
a”, +++, which are derived from a by repetition of one and the same rotation 
about O ultimately coincide with or include every ray through O (whereas a trans- 
lation only yields the points of a single ray). In particular, therefore, the con- 
tinuous rotation of the ray a must ultimately return it to its initial position, 
whereby each point of a returns to its original position. The path curves are 
thus closed lines which meet each ray through O in just one point A, so that 
all segments OA are congruent to each other (i.e., can be carried over into 
one another by a motion). They are what are commonly called circles with 

center O. 

By means of these rotations, we shall now establish a scale in the pencil of 
rays about O, much as we constructed a scale on the line by means of trans- 


a’ 
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lations. In this also we must make suitable assumptions as to continuity. I 
do not need to carry this out in detail and I give only the result, that we 
associate with every rotation a real number, the 


R : : 
angle of this rotation, and every real number ap- 
pears as an angle of rotation. The periodicity of 
oR the rotation appears, of course, as a new con- 


Te cept, and it would be natural to select, as a unit, 
the complete rotation which carries a ray into 
itself. As a matter of tradition, however, we select 

3k 


as unit a quarter of a rotation, which, when re- 
peated four times, gives a full rotation and whose 
angle is called a right angle R. Each rotation is 
thus measured by its angle w+ R, where w may be any real number, but 
may be restricted, on account of periodicity, to the values from 0 to 4 
(see Fig. 112). 

In the same way, we can define 
the angle scale in the pencil of rays 
about any other point O,. But, with 
the aid of translation, we can trans- 
fer the angle scale of O immediately to 
O;. Indeed, if (see Fig. 113) the rays 
a; and a, through QO, are given, and 
if T is the translation which carries 
O into O,, then we designate by a Fic. 113 
and a’ the rays through O into which 
the rays a, and a; go under the reciprocal translation 7}. If, now, Q is the 
rotation about O which carries a into a’, then the rotation 91, of a into a; 
about O,, is given by the succession of 71, 2, and T, or, in symbols, 


Q; = TT. 


Fic. 112 


a, 





This follows from the fact that the right side represents also a motion which 
carries 01a into Oa}, and such a motion is uniquely determined. We assign 
now to (2; the same angle w « R which © has by the above definition. If we 
have a second rotation, 0, in the pencil O, there will correspond to it, in the 
pencil O,, the rotation 


Q, = T-WT, 
and the combination of Q; and Q is 
0,9, = TQTT-T = T(02YT, 


which corresponds to the composition of 2 and Q’. It follows that our trans- 
fer actually gives the same scale at O; that would arise through repetition of 
the original procedure. 
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There is a theorem in Euclid, which is omitted from most of our elementary 
textbooks, that all right angles are congruent. Of course every boy will look 
upon this theorem as self-evident, and I think that it should be ignored in the 
schools, since the pupils do not appreciate what it means. However, its con- 
tent is identical with the result of the preceding discussion, namely, that 
equal angles, which are defined by rotations at different points, can be 
brought into coincidence by motions, i.e., that they are congruent. 

Now that we have given a general definition of angle, we shall define the 
distance between two arbitrary points. Thus far we have been able to compare 
distances only on one and the same line by means of translation. If a dis- 
tance r is laid off on the x axis, say, from O, we a! 
can transfer it (see Fig. 114) by rotation about 
O, to any line a’ through ©. Then we can trans- 
fer to a’ the scale of length on the x axis and r 
then also, by translation, to any line parallel to O 
a’, and thus to any line whatever. We can, then, r 
actually measure the distance between any two 
points by joining them by a line and transferring 
to it, in the way indicated, the scale on the x axis. In particular, we shall think 
of the scale initially chosen for the y axis as having been derived thus from 
the one on the « axis. 

Using the new notion of rotation, we shall now complete our apparatus for 
analytic geometry. In doing this, we shall use, as we now may, the special 
rectangular coordinates x and ¥, instead of general parallel coordinates. 

y We know already (p. 167) that every motion is 
given by a linear substitution in x and y: 


x xv’ = (an + dy+a):N, 
yl = (aoe + boy + co) NV. 


Since this carries each finite point into another finite 

Fic, 115 point, the denominator V must be constant and may 

be set equal to 1. If we consider in particular a rotation about O, then 
C, = C2, = 0, and we have | 


Fic. 114 


(1) wv =ayxt+by, yy = ax t+ by. 


For the special rotation through a right angle, we can state at once the 
form of the equations. Since we have rectangular coordinates, the x axis is 
carried into the y axis, and the y axis is carried into the negative « axis, so 
that we have 


(2) x= —y, of = % 


The question as to the determination of the formulas of rotation is now 
reduced to the following purely analytic problem. We seek a simply infinite 
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group of substitutions of the form (1) which shall include the substitution (2) and 
such that, if w is a real parameter, every substitution of the group, speaking gen- 
erally, arises from (2) by w-tuple iteration. For a rational fractional value of 
w, say p/q, this expression means, of course, that the substitution repeated g 
times gives the substitution (1) iterated times, while an irrational value of 
w is to be approximated by rational values, according to our assumptions re- 
garding continuity. It must be understood clearly that we may presuppose no 
geometric knowledge whatever, especially concerning the formulas of rota- 
tion of a rectangular coordinate system; however, we may and we shall use 
all of our knowledge of analysis without any scruples. The structure which 
we thus erect will certainly not be immediately usable for school instruction, 
but it does assume a very elegant and simple form. 

I shall start with the remark that the rotation (2), by the use of complex 
numbers, can be expressed by the one formula 


(2’) x’ + ty’ = i(x + ty). 

From this form we see that the result of two successive applications of the 
substitution is represented by the relation x’ + iy’ = i2(x + iy). This is an 
equation of the same form, where the factor i? has taken the place of the 
factor 7. Similarly an w-tuple iteration, in the foregoing sense, produces the 


factor <* for each real w. We have, therefore, as the analytic representation 
of the rotation of the plane about O through the angle w+ R, the formula 


(3) a! + iy! = i°(x + iy). 


In order to carry out this line of thought with precision, we must as- 
sume from analysis a complete knowledge of the exponential function e*, and 
also a complete knowledge of the trigonometric functions, which satisfy 
Euler’s formula 


e# = cosz-+isin z. 


In writing down this relation we do not need to have, at present, even a 
suspicion of its geometric significance. 

We know also the number z, by means of the formula e* = — 1, and we 
may write 


i= e?, 


By 7” we understand here the value uniquely defined by the formula 


iw 
% oF or . . OT 
wae? = cos ->- + isin —-. 


If we substitute this value in (3), and separate the real and the imaginary 
parts, we have 


Foundations of Geometry 171 


wr . wr 
x! = cos + # — sin =" 
(4) 


/ 


y sin + + cos + y, 


ll 


which is, in elementary analytic symbols, the desired representation of the 
1otation group. 

With this result, it is natural ¢o choose, as the unit, not the right angle, but the 
angle 1/2. We shall call this the natural angle scale, as we speak of the nat- 
ural logarithm, to indicate that these notions are based upon the nature of 
things, although their full appreciation requires deeper insight. In this nat- 
ural scale we write simply w instead of w1/2, and we have, as formulas of 
rotation, instead of (4), the well-known equations 


x’ = cosw+x— sinw: y, 
(5) page hi) : 
y = sinw+x-+ cos wy. 


We must now examine these formulas to see what geometric truths they 
contain. These will turn out to be the elementary theorems which are usually 
employed in setting up the formulas (5). 


1. Let us start with a consideration of the point on the x axis, at a distance 
r from the origin: x = r, y= 0. If we turn it through the angle w, the 
formulas (5) give as coordinates of its new position 


(6) © x= 7 COosw, y=rsin w, x,y 

where, for brevity, the accents have been omitted sf y 

from the new coordinates. If, to fix ideas, we 4 * 
take w < 7/2 and consider the right triangle (see rahi 116 


Fig. 116) formed by the radius vector r, the ab- 

scissa x, and the ordinate y of the point (x, y), then the formulas (6) ex- 
hibit the connection between the sides and the angle w. From the rela- 
tion cos? w + sin? w = 1, which follows from the analytic definition of these 
functions, we find at once from (6) 


(6a) x? 4+ y? = 7?, 


This is the Pythagorean theorem, which we thus obtain as a result of our as- 
sumptions concerning motions in the plane. Moreover, we can write (6) in the 
form 


We obtain thus the elementary trigonometric significance of our angle functions, 
which is the exact form in which they are usually defined: The cosine and the 
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sine are the ratios of the adjacent side and the opposite side, respectively, to 
the hypotenuse. 


2. It is now easy to state the general analytic expressions for the fundamen- 
tal notions distance and angle, if we bring the given elements, points or lines, 
through translation and rotation, into the special position just considered. 
For the distance between two points (x1, 1) and (x2, y2), we have 


r= V(x1 — x2)? + (yy — yo)? 


To obtain this result, it is merely necessary to carry the point (2) to the origin 
by a translation, whereupon, by the translation formulas (p. 166), the dif- 
ferences x, — 2, yi — yp become the new coordinates of the point (1), and 
(6a) gives at once our expression for r. In the same way, we obtain from (6b) 
for the angle w between two lines whose equations are a,x + By + 6 = 0, 
ax + Boy + 52 = 0, the formula 


ana 2102 + BiB2 ( fie yea 2182 — a8; : 
Vod + 8 Vo} + 83 Vad + Bi Vod + 83 


I hardly need to give the details of the proof. 


3. Finally we have still to discuss the notion of area, of which we have not 
made the slightest use, thus far, in our development of geometry. Neverthe- 
less, this notion is present in the naive space consciousness of every person, 
even if in more or less inexact form. Every peasant knows what it means to 
say that a piece of land has an area of so many acres. Although we have suc- 
ceeded, then, in laying completely the foundations of geometry—and we 
have actually done just that—without using this fundamental notion, it 
behooves us to add it now as a supplement to the system, i.e., to express it in 
terms of coordinates. 

We must begin with a simple geometric discussion, such as the one given in 
Euclid or the one given in the elementary presentations. If we have a rec- 
tangle with sides 4 and B, we define its area to 
be the product AB. If we combine two rec- 
tangles, or any two figures of known area, we 
define the area of the resulting figure as the 
sum of the two areas. If we remove from a 
rectangle, or from another figure, a smaller 
piece lying entirely within it, the remainder 
has for area the difference of the given areas. 
(See Fig. 117.) 

With these conventions, we can proceed at | 
once to the area of a parallelogram. This figure Fic. 118 
arises from a rectangle of equal base and height by taking away a triangle 
and adding a congruent one. (See Fig. 118.) Hence its area is equal to 


B 


A 
Fic. 117 
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that of the rectangle, i.e., to the product of base and altitude. A diagonal 
divides the parallelogram into two congruent triangles, each of which has 
for area, therefore, half that of the parallelogram: The area of a triangle is 
half the product of base and altitude. 

If we apply this to a triangle with sides 71, 72, and include angle w, the 


altitude upon 7; is 72 sin w; hence the area is LorYo 
rr. sin w 
A= RU NN Tp TY, 
If we place one vertex of this triangle (see A 


Fig. 119) at the origin and call the coordi- 

nates of the other two vertices (x1, yi) and O 
(x2, yo), then this formula, with the aid of 
the above expressions for distance and for angle, can be written in 


the form 


Fic. 119 


ia te Xiy2 5 x21 | 
It is easy to show that rotation of the coordinate system leaves this aol 
sion A unchanged, so that it really supplies a “‘geometric concept. In 
order to have invariance under translation, and so under all’ motions, how- 
ever, we must transform the third vertex, i.e., we must set up the formula for 
the area of a triangle with vertices at three arbitrary points (x1, y1), (*2, y2), 
(xs, ys). We obtain in this way the formula 


M1 yi 1 
A =} x2 Ye 1|> 
x3 V3 1 


which is, indeed, the formula with which we began these lectures (see p. 3). 
It is easy to show that, if triangles are combined or subdivided, their areas, 
defined as above, are added or subtracted. The proof, as we saw earlier, de- 
pends upon simple determinant relations. , ; 

The addition of the idea of area to our system of analytic geometry is thus 
completed, and we have, at the same time, gained something which is not 
contained in the naive conception: Area has become a magnitude affected 
with a sign. I discussed (see p. 3 et seq.) at the beginning of these lectures 
the great advantage thus gained with respect to the free operation with the 
formulas and their universal validity, in contrast with the naive notion of 
area as an absolute magnitude. 


4, Another example of a concept, which occurs with more or less precision 
in the naive perception of space, which we must add as a supplement to our 
system of geometry, is the motion of an (arbitrary) curve. Every person be- 
lieves that he knows what a curve is until he has learned so much mathe- 
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matics that the countless possible abnormalities confuse him. Good orienta- 
tion in this field can be found in the encyclopedia report by v. Mangoldt 
entitled Die Begriffe “‘ Linie” und “Flache” (III, Ab 2). We shall not bother 
here with details but we shall state simply that, for us, a curve is the totality 
of points whose coordinates are continuous functions ¢ and x of a parameter 
t, which are differentiable as many times as may be necessary: 


+=), y=x(). 


Proceeding in this manner, we can develop immediately, in the frame of our 
analytic geometry, all of the notions and theorems which are comprised 
usually under the name infinitesimal geometry, the 
notions of length of arc, area of curved surfaces, 
curvature, evolute, etc. The fundamental idea is 
always that we think of the curve as the limit of 
an inscribed rectilinear polygon (see Fig. 120). If 
the coordinates of two neighboring points are (x, y) 
and (x + dx, y+ dy), then it follows at once from 
the pythagorean formula that the length of arc is: 


rare, 


and it follows also, in the same way, from the formula for the area of a tri- 
angle with vertex at O, that the area of the sector between the curve and two 
radius vectors is given by the formula (see p. 10): 


ice. y dx). 


With this I leave our first development of geometry, which was char- 
acterized by our placing in the foreground the existence and structure of the 
three parameter group of motions and then introducing coordinates, in order 
thereafter to make our inferences entirely within the field of arithmetic. 
There is a second method of developing geometry, one which is, in a sense 
opposed to this. It leads likewise directly to metric geometry and it has dl- 
ways played an important role. We shall now turn our attention to it. 


Fic. 120 


2. Another Development of Metric Geometry—the Role of the 
Parallel Axiom 

The contrast with the first development consists in this, that now the con- 
cept of motion is consistently avoided, or, at most, brought in as an after- 
thought. The fact that this arrangement was preferred in ancient times, as 
it frequently still is, was due, in part, to philosophical considerations Which 
Tshould at least mention. It was feared that motion would bring into retthnds 
try an element foreign to it, namely, the notion of time. When an attempt 
was made to justify a preference for motion by the marked obviousness of the 


—_— 


Foundations of Geometry 175 


idea of the concept of a rigid body, the objection was raised that this 
idea in itself had no precise comprehensible meaning. On the contrary, it 
was held that this idea could have meaning for us only if we already pos- 
sessed the notion of distance. The empiricist can reply, of course, that the 
abstract idea of distance can actually be inferred only from the presence of 
“sufficiently”’ rigid bodies. However, let me now indicate briefly the prin- 
cipal thoughts of this second development of geometry. 


1. We begin, just as before, with the introduction of points and lines, and 
with the theorems concerning their connection, order, and continuity. 


2. By the side of these—and this is new here—we assume the new funda- 
mental notions, on one hand, of the distance between two points (segment) 
and, on the other hand, the angle between two lines; and we set up axioms con- 
cerning them which state, in substance, that segments and angles can be meas- 
ured by numbers in the customary manner. 


3. Here the first congruence theorem appears as the following characteristic 
axiom, which really replaces the axioms of the group of motions: [f two tri- 
angles have two sides and the in- 


Cc o! 
cluded angle respectively equal, 
they are congruent, i.e., they are Wa oes 
equal in all their parts. In our 


earlier system, this was a prov- 4 BA B' 
able theorem, for we can find a 1h Tig 

motion which (see Fig. 121) brings the side A’B’ into coincidence with AB. 
Then A’C’ necessarily falls along AC, because of this assumption, and the 
triangles coincide throughout. But if we do not include motions among the 
fundamental notions, i.e., if we may not use them, there is no possibility 
of proving this theorem, and we must of necessity postulate it as a new 
axiom. 


4. For the rest, the procedure is precisely opposite to that in our first de- 
velopment, as you know. Elementary instruction in geometry does this con- 
sistently, adhering essentially to the plan of Euclid, of whom I shall have 
something to say later. It is customary first to prove the pythagorean theo- 
rem, and then to introduce the trigonometric functions cosine and sine, from 
their meaning in the theory of triangles. From this beginning, the same 
analytic apparatus is finally derived that we have stated. 


5. In this process it becomes necessary to set up another axiom which is 
very important, concerning the theory of parallels. In our first development, 
parallelism was one of the first fundamental notions, which appeared im- 
mediately upon consideration of translations. Lines were called parallel if 
they were path curves of the same translation. Here it is entirely different. 
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Parallelism is not among the fundamental notions considered thus far, and 
we must now discuss it. Indeed, if we have a line g (see Fig. 122) anda point 
O outside it, we join O with a point P of g and let P move out along g through 
the positions P’, P’”’, - - - . In other words, 
we consider the succession of points P, 
P’, P”’,+ ++, or the succession of lines OP, 
OP’, OP”, --+, whereby there is no 
thought of motion in the earlier sense. 
The ray OP, under these circumstances, 
will reach a limiting position when P 
moves off to infinity, and we call this 
limiting line a parallel to g through O. It 
does not appear at all necessary that OP 
should approach the same limiting posi- 
tion when P goes to infinity in both direc- 
tions, so that the abstract possibility arises of the existence of two different 
parallels to g through O. 

In our present development, therefore, it is a new axiom if, according to 
our Common perception, we postulate that the two limiting positions should 
coincide, i.e., that there is only one parallel through a given point to a given line. 
Such is the famous parallel axiom, concerning which there has been so much 
dispute these many hundreds of years. It is also called Euclia’s axiom, since 
it was expressly formulated by him as a postulate. 

I should like to tell you something of the history of this axiom. Through 
many years men used their best efforts in the attempt to prove the axiom, i.e., 
to show that it was a consequence of the other axioms, but always in vain. 
Of course, these attempts have not all been abandoned, even today. For 
although science advance never so far, there will always be people who think 
that they know better and who ignore the assured results of exact investi- 
gation. The fact is that mathematics has long since advanced, beyond these 
futile attempts, to fruitful new investigations and to positive results. As 
early as during the eighteenth century, there was raised the following char- 
acterstic question, suggestive of new possibilities: Is it not possible to set up a 
logically consistent system of geometry, free from contradictions, in which 
the parallel axiom is set aside, and in which the existence of two different 
limiting lines in the sense discussed above, i.e., of two different parallels to g 
through O, is admitted? 

At the beginning of the nineteenth century, this question could be an- 
swered affirmatively. It was Gauss who first discovered the existence of a 
“non-euclidean” geometry, which is the name that he gave to such a geomet- 
ric system. It appears from his posthumous papers that he certainly knew 
this in 1816. To be sure, the notes in which he discussed these things were 
found only much later and were not printed until 1900 in volume 8 of his 
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collected works.! Gauss himself had published nothing about this great dis- 
covery, beyond a few occasional remarks. The jurist Schweikart, about 1818, 
independently of Gauss, constructed a non-euclidean geometry which he 
called astral geometry, but he likewise did not publish his results. They be- 
came known first through a letter to Gauss which was found in the latter’s 
papers. The first publications on non-euclidean geometry came from the 
Russian, N. J. Lobatschefsky (1828), and the Hungarian, J. Bolyai de Bolya, 
the younger (1832),? both of whom had got these results independently of 
each other and were in possession of proofs by 1826 and 1823, respectively. 
In the course of the century, these things have come into the general pos- 
session of mathematicians through numerous articles, so that today, indeed, 
every person of general culture has heard of the existence of a non-euclidean 
geometry, even though a clear understanding of it can be attained only by 
an expert. 

In the early part of the second half of the nineteenth century Riemann 
gave an essentially new direction to these problems. His work appeared in 
1854 in his habilitation address entitled Uber die Hypothesen welche der 
Geometrie zugrunde liegen.* Riemann remarked that at the bottom of all the 
preceding investigations there was the assumption that the straight line was of 
infinite length, which was certainly very natural and obvious. He asked what 
would happen if we should give up this assumption, that is, if we should 
allow the straight line to return into itself, as does the great circle on the 
sphere. We are confronted here with the difference between the infinity and 
the unboundedness of space, which can best be seen, perhaps, in two-dimen- 
sional space. The surface of the sphere and the ordinary plane are both un- 
bounded, but only the second is infinite, whereas the first is of finite extent. 
Riemann assumes, in fact, that space is only unbounded and not infinite. 
Then the straight line on which the points lie will be a closed curve similar to 
a circle. If now we let a point P move, as before, in a definite direction, far- 
ther and farther on a line g, it will ultimately return to its original position. 
The ray OP of our former discussion will not have a limiting position and 
there will be no parallel to g through O. Thus there appears with Riemann a 
second kind of non-euclidean geometry, in contrast with the non-euclidean 
geometry of Gauss, Bolyai, and Lobatschefsky. 

This seems at first paradoxical, but the mathematician notices here, at 
once, a relation to the ordinary theory of quadratic equations, which points 


1 Leipzig, 1900. The part in question was edited by P. Stickel. 

? Translated into German in Urkunden zur Geschichte der nichteuklidischen Geometrie by 
Engel and Stickel: Part I (Lobatschefsky) by Engel (Leipzig, 1898). [Part 2 (W. and J. 
Bolyai) by Stickel, Leipzig, 1913.] See also Urkundensammlung zur Vorgeschichte der 
nichteuklidischen Geometrie by Stickel and Engel, Leipzig, 1895. 

3 Published in vol. 13 of Abhandlungen der Gesellschaft der Wissenschaften zu Gét- 
tingen = Gesammelte mathematische Werke, 2nd ed., p. 272 et seq. (Leipzig, 1892). [Pub- 
lishing firm Springer, Berlin, 3rd edition by H. Weyl, 1923.] 
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the way to an understanding of the matter. Indeed, a quadratic equation 
has either two different real roots, or none at all (both being imaginary), or 
finally, as a transition case, one real root counted twice. This is entirely 
analogous to the two different real parallels of Gauss, to the absence of real 
parallels in Riemann, and finally to the transition case of one parallel counted 
in two ways, as the same limiting position, in euclidean geometry. 

Before I enter more carefully upon the discussion of non-euclidean geom- 
etry, I shall touch, at least briefly, upon its great significance from the philo- 
sophical side, by virtue of which it has always aroused tremendous interest 
with the philosophers, but has also often been flatly rejected. 

Above all, this new field throws light upon the character of geometric axioms 
looked at from the stand point of pure logic. Indeed, from the existence of non- 
euclidean geometry, we can conclude at once that the euclidean axiom is 
not a consequence of the preceding fundamental notions and theorems, nor 
are we under any other logical compulsion to accept it. For if we retain all 
the other axioms but replace this one by a contrary assumption, we are not 
led to a contradiction, but we obtain, rather, non-euclidean geometry, as a 
logical structure which is just as correct as is euclidean geometry. Details of 
our space perception, such as those described in the parallel axiom, are thus 
certainly not a purely logical necessity, 

The question arises, now, whether or not, perhaps by means of sense per- 
ception, we can decide as to the correctness of the parallel axiom; upon 
this also non-euclidean geometry throws a clear light. In fact, it is certainly 
not true that immediate sense perception teaches us the existence of just one 
parallel. For, our appreciation of space is decidedly not absolutely exact. 
As in every other region of sense perception, so here, we can no longer recog- 
nize as distinct, magnitudes (segments, angles, etc.) whose difference lies 
below a certain limit, the so-called threshold of perception. Thus if we draw, 

in particular, through the point O, two lines very close to one another (see 
Fig. 123), certainly we can no longer distinguish between them if we make 
the angle between them small enough, say 1”’, or, if one will, .001’’, or even 
still smaller. Thus it would be difficult to decide, by immediate sense per- 
ro) ception, whether there is really just one 

g Parallel to g through O, or two which are 
separated from each other by such a small 
angle. We sense this still more distinctly 
if we think of O as very far away from g, say 
as far away as Sirius, or a million times that 
far. With such distances, sense perception 
loses completely the keenness which we 

otherwise expect of it, and we should certainly no longer be able to deter- 
mine visually whether the limiting position of the rotating ray provided one 
or two parallels to the given line g. 


Fic. 123 
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Now this situation actually fits into the non-euclidean geometry of the 
first kind just as well as it does into euclidean geometry. As we shall soon 
see, when we look into the mathematical formulas, there is an arbitrary con- 
stant involved. By a suitable choice of this constant, we can make the angle 
between the two parallels to g arbitrarily small if the point O is moderately 
distant from g, and this angle becomes appreciably large only when O is 
sufficiently remote from g. In view of the fact that our space perception is 
adapted only to a limited part of space, and then only with a limited degree of 
accuracy, tt can obviously be satisfied by a non-euclidean geometry of the first 
kind as closely as we please. ’ 

But a similar thing is true also for Riemannian non-euclidean geometry. 
It is only necessary to realize that the infinite length of the straight line 
cannot be an inference from our sense perception. We can follow any straight 
line only in a finite part of space; consequently it cannot contradict our 
space experience if we say that the line has a length that is enormously great 
but still finite, perhaps a million or more times the distance to Sirius. Imag- 
ination can conjure up arbitrarily large numbers which exceed every pos- 
sibility of immediate perception. In accord with these considerations, we can 
represent the situation in any limited part of space with any desired degree of 
accuracy by means of a Riemannian non-euclidean geometry, for such a geom- 
etry also has an arbitrary constant. 

The logical and intuitive facts here touched upon, as they present them- 
selves from the standpoint of mathematics, run counter in high degree to 
that conception of space which many philosophers connect with the name 
Kant, and according to which all theorems of mathematics must have ab- 
solute validity. This explains why non-euclidean geometry, since its intro- 
duction into philosophical circles, has attracted so much attention and 
aroused so much opposition. 

If we turn now to a proper mathematical treatment of non-euclidean geom- 
etry, we shall do best to choose the path through projective geometry. That is 
the derivation which I gave in 1871 in volume 4 of the Mathematische 
Annalen.' 

We think of projective geometry as developed from the fundamental no- 
tions point, line, plane, and their axioms of connection, order, and conti- 
nuity, independently of all measurement, as I indicated briefly in the begin- 
ning of the discussion of the foundations of geometry (p. 160 et seq.). In 
particular, we introduce point coordinates x, y, z, or homogeneous coordi- 
nates £:7:{:7, and also plane coordinates a: 8 ty: 5, so that the mutual 
incidence of point and plane is given by the bilinear equation 


at + Bn + yo + br = 0. 


1 Uber die sogenannte nichteuklidische Geometrie, p. 573 et seq. = [F. Klein, Gesammelte 
mathematische Abhandlungen, vol. 1, p. 254 et seq.]. 
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Upon this foundation we have already set up ordinary euclidean geometry, 
by means of the theory of invariants and Cayley’s principle, by adjoining 
the special quadratic form written in plane coordinates 


Po = a? + B+ 7’, 


which, set equal to zero, represents the imaginary spherical circle. The 
angle between the two planes 


w= arc cose EY 
Vo? + 63 + y3Vo2 + 62+ 73 


and the distance between two points 


Ae V(Ert2 — £971)? + (mit. — mer)! + (S172 — £071)? 


TiT2 | 


were then, as we showed (p. 156 et seq.), simple simultaneous invariants of 
the given figure (the two planes or the two points) and the form ©p. 

We are going to try to set up ”on-euclidian geometry in the same way. 
Instead of the imaginary spherical circle a? + 6? + ? = 0, we take another 
quadratic form which is ‘‘near” the preceding one, namely: 


G=7+P+y7?—e: &. 


Here ¢€ is a parameter which can be chosen arbitrarily small, and for e = 0, 
we have ® = %. Our form is so chosen that for positive € we get non- 
euclidean geometry of the first kind; for negative e, Riemannian non- 
euclidean geometry; while for e = 0, we get the preceding formulas for 
ordinary euclidean geometry. It is essential in the setting up of this form ® 
that its determinant 


oo or 
ooroc 
or SO 

ooo 


vee 


is, in general, different from zero. The determinant vanishes only in the 
special case ¢€ = 0, i.e., when ® = 0 represents the imaginary spherical 
circle. Our assumption then amounts to this, that we replace the quadratic 
form whose determinant vanishes by a quadratic form whose determinant is 
positive or negative (but arbitrarily small in absolute value). 

We shall obtain the definitions of a system of measurement for our non- 
euclidean geometry by constructing, from the general form ® and from the 
figure consisting either of two planes or of two points, invariants entirely 
analogous to those which represent the euclidean magnitudes for the special 
form ®) = a? + 6? + 7’. This is nothing else than the notion of Cayley,} 


1In the Sixth Memoir upon Quantities, already cited (p. 145). 
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developed in 1859, ‘‘that one can define a system of measurement just as well 
with respect to any quadratic surface (e.g., the surface ® = 0) as with respect 
to the imaginary spherical circle. In view of the limited space to which this 
digression is confined, it will be expedient to set down the analytic formulas 
in advance. In this way the situation can be most quickly outlined with 
precision, and every shadow of mystery avoided. Of course, this presenta- 
tion can lead to a full understanding of the material only if it is afterwards 
worked through carefully from the geometric side, as you will find it done 
in my article, already mentioned, in volume 4 of the Mathematische Annalen. 

If we first consider two planes, it seems natural to set up the expression 
for the “‘ measure of the angle between them with respect to the surface ® = 0” 
by generalizing the preceding expression for the angle. Just as there, we 
construct, from the values of the form ® and of its polar form, the formula 


a102 + BiBo + vry2 — €6152 


o= arc COs a + B+ yt — ebtvai + +i — edt 


In this way we obtain an expression which is obviously invariant, which for 
€ = 0 actually goes over into the formula for angle of euclidean geometry. 

It is not so immediately clear how one can transform the expression for 
the distance between two points for our system of measurement. In fact, 
the difficulty in the change lies in the fact that we now have a form whose 
determinant does not vanish, instead of the form ®o, whose determinant 
vanishes; which characterized euclidean measurement. However, we can 
discover how to set up the expression for distance if we proceed exactly dual- 
istically to the definition of the angle just given. In this way, we are certain 
to get an invariant. We set up first, then, the equation of the surface @ = 0 
in point coordinates. We get its left side f(&, 7, ¢, 7), as you know, by bor- 
dering with point coordinates the determinant A of ®: 


100 0€é 
010 0 7 , 
f=|0 0 1 O fF] = &(&+ ?+ §) — 7’. 
000 -e 7 
OE a 


We now transfer the expression for w by writing the quotient of the pola” 
form of f divided by the product of the square roots of the values of f formed 
for the points 1 and 2, and then taking the arc cosine: 


r= are cos pet te Saha) = Tate 
(83 + 3 + $2) — tive( + 13 + OD) — 73 


The factor k which we have inserted permits us to make an arbitrary seg- 
ment equal to unity, as we are in the habit of doing. Moreover, this will 
become necessary when we go over to euclidean geometry. We must think 
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of k as real when € is negative and as pure imaginary when ¢ is positive, in order 
that r shall be real for all real points or at least for a certain sub-region of all 


real points (when e > 0), which then make the real substratum of non- 
euclidean geometry. 


We have now reached a general definition of distance. It remains, only, © 


to show that, for € = 0, it leads to the customary expression of euclidean geom- 
etry. This is not so easy here as it was before for the angle w, for if one sets 
€ = 0 outright, the quotient is 1, and r/& is equal to zero, to within an un- 
determined additive multiple of 27. In spite of this somewhat paradoxical 
result, we can nevertheless obtain finally the euclidean expression by means 
of a certain device. To this end, it is convenient to transform the defining 
equation for r by means of the equation arc cos a = arc sinV1 — a2. Re- 
ducing to a common denominator, we find that the value of r is 


kearc siny| te(itut +) — 7H} eC +G) a9) — (Eb tm +O) —rival? | 
ED AGFE+O—Ay SC 


We can now easily transform the numerator. Indeed, using a known de- 
terminant relation, the value of f (i.e., the determinant A of the form ®, 
once bordered) for the point 1, multiplied by the same determinant for the 
point 2, minus the polar form taken for points 1 and 2, can be shown to be 
equal to the product of the determinant A itself by the determinant A bor- 
dered twice with the coordinates of 1 and 2, that is, equal to the product 





1 0 0 O f & 
1 00 0 A O m Mm 
010 0 0 O 1 0 %& & : 
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Performing this multiplication, we find 


—e+ {(Eir2 — &r1)? + (mit2 — 271)? + (SiT2 — F271)? 

—€(mibe — m1)? — €(Sik2 — Saks)? — e(Esm2 — Exm)?}. 
Anyone who is not skillful in calculating with determinants can show by 
direct transformation that this expression is identical with the numerator 


in the preceding expression for r. If we insert this expression in the formula 
for r and put € = 0, we get, of course, just as in the first form, 


= arc sin0 = 0, 


win 


because of the factor V—¢. But if we do not allow e to become zero, but 
only to become very small, the arc sine is, as a first approximation, equal © 
to the sine. We can neglect, in the numerator, the three squares, each multi- 
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plied by ¢, and, in the denominator, that term in each factor which is multi- 
plied by ¢. There remains, as a first approximation, 


—V (Eire — £71)? + (m2 — ets)? + (Fite — er)? ; 
— TT Y-- tv 1-CU vrvovmnwvs 


™1°T2 


r=k-v 


We come now to the device mentioned above. During the passage to the 
limit, lim € = 0, we do not assign to k a fixed value, but we let it become infinite 
in such a way that lim(k « V—e) = 1. For this purpose we must, of course, 
let & run through pure imaginary or through real values according as € 
approaches zero through positive or through negative values. But it is 
evident that the expression for distance in euclidean geometry (p. 180) actually 
e from this passage to the limit. 

% Chk our a ee geometric significance of the form f as well 
as the significance of the expressions which have been only analytically put 
down here, it turns out that we actually have, for € > 0, non-euclidean geom- 
etry of the first kind, for « <0, that of the second kind, and for ¢ = 0, of course, 
euclidean geometry. To be sure, I cannot give the whole argument here. For 
that I must refer you to my article in volume 4 of the Mathematische An- 
nalen.! At that time I proposed for these three gometries the names hyper- 
bolic, elliptic, and parabolic, since the existence of two real, two imaginary, 
or two coincident parallels corresponds precisely to the behavior of the 
asymptotes of these three conics, respec- &=-0 
tively. You will find these names frequently 
in the liferature. 

T should like to show in greater detail, by pr ath oa 
an example, what form the theory of par- 
allels takes from the expression for distance. 
For this purpose I choose hyperbolic geometry 
in the plane. We must then set the third 
coordinate equal to zero. Our quadratic te 

s b = a? + Bf? — €6? which, equate : 

eitino, represents a real conic which we can think of as an ellipse, since 
€> 0. The distance formula takes the form 


r = karc cos Ve + nt) — rive +) —72 


where & is pure imaginary. It yields, as it is easy to see, real values me 
points which lie inside the real conic, where we mean by inside points 1e 
totality of the points in a plane from which no real tangents to the conic 
can be drawn. Hence the field of operations of the real hyperbolic geometry 


Fic. 124 





? 


1 Attention is again drawn to Einfithrung in die nichteuklidische Cone y oe 
(edited by W. Rosenbaum), which is about to appear as a revision of the earlier 
graphed volume of Klein’s lectures on non-euclidean geometry. 
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consists exclusively of these interior points and of the lines which lie in this in- 
terior. The points on the conic (see Fig. 124) itself represent the infinite 
region. For, the formula yields the value © for the distance of each point 1 
from a point 2 on the conic [for which e($3 + 73) — 72 = 0)]. Thus there 
are, in this sense, two infinitely distant points in hyperbolic geometry on 
every straight line, namely its intersections with the conic @ = 0, but there 
is only one on each ray a. If we have a line g, and a point O not lying on it, 
then the parallels through O, in the sense of our earlier definition (p. 176), 
as the limiting positions of the lines joining O with a point which moves 
along g to infinity, are the lines joining O with the intersections of g with 
the conic. There are, in fact, two parallels, essentially different from each 
other, each of which belongs to one of the two directions on g. 

Let me make one more brief remark, which concerns a comparison with 
our first development of euclidean geometry. We started there with the group 
of motions. That was the totality of collineations which left the relations 
of measure unchanged. But there are likewise such collineations in non- 
euclidean geometry. A general homogeneous equation of the second degree 
has ten terms and therefore nine essential constants. In the most general 
space collineation there are fifteen arbitrary parameters, so that there is a 
six-fold infinity of collineations which transform a given quadratic form, ¢.g., 
our ® form, into itself. Indeed, this is the condition that the relations of 
measure which we have introduced should remain unchanged. Hence there 
is also in each non-euclidean geometry a six-fold infinite group of “motions” 
which leave w and r unchanged. For geometry in the plane the number of 
parameters would reduce, as before, to three. 

We can, therefore, develop each non-euclidean geometry also by starting 
from the existence of a group of motions. It remains only to point out how it 
came about that our earlier development led us exclusively to euclidean 
geometry. The reason was, of course, that we selected from among the 
motions the special two-parameter (in space it would be a three-parameter) 
subgroup of so-called parallel translations, which had only straight lines as 
path curves. There are no such subgroups in any non-euclidean geometry, 
and since we postulated their existence at the beginning, we excluded non- 
euclidean geometry once and for all and retained only euclidean geometry. 

Let me conclude this special discussion of non-euclidean geometry with 
a few general advisory statements, as I may call them. 


1. Whereas I reported earlier that, from the side of philosophy, non- 
euclidean geometry had frequently not been fully understood, I must em- 
phasize that it is today quite generally recognized in the science of mathe- 
matics. In fact, for many purposes, e.g., in the modern theory of functions 
and in the theory of groups, it is used as a very convenient means for making 
clear visually relations that are arithmetically complicated. 
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2. Every teacher certainly should know something of non-euclidean geometry. 
Thus, it forms one of the few parts of mathematics which, at least in scat- 
tered catch-words, is talked about in wide circles, so that any teacher may 
be asked about it at any moment. In physics there are, of course, far more 
such things which are on every tongue and about which, therefore, every 
teacher should be informed. Indeed, almost every discovery in physics be- 
longs in this category. Imagine a teacher of physics who is unable to say 
anything about Réntgen rays, or about radium. A teacher of mathematics 
who could give no answer to questions about non-euclidean geometry would 
not make a much better impression. 


3. On the other hand, I should like to advise emphatically against bring- 
ing non-euclidean geometry into regular school instruction (i.e., beyond 
occasional suggestions, upon inquiry by interested pupils), as enthusiasts 
are always recommending. Let us be satisfied if the preceding advice is 
followed and if the pupils learn really to understand euclidean geometry. 
After all, it is in order for the teacher to know a little more than the average 
pupil. 

I should like to consider briefly the further development of modern science 
which has been occasioned by non-euclidean geometry. A good starting 
point was made from one of its results, namely, that the euclidean parallel 
axiom was logically independent of the other axioms of geometry (see p. 176). 
This stimulated the study of the other geometric axioms as to their mutual logical 


” dependence or independence. From this arose the modern theory of geometric 


axioms, which in its procedure follows closely the path which the older in- 
vestigation had disclosed. In it, we determine what parts of geometry can 
be set up without using certain axioms, and whether or not, by assuming 
the opposite of a given axiom, we can also secure a system free from con- 
tradictions, that is, a so-called “ pseudo-geometry.”’ 

As the most important work belonging here, I should mention Hilbert’s 
Grundlagen der Geometrie.' Its chief aim as compared with earlier investi- 
gations, is to establish, in the manner indicated, the significance of the axioms 
of continuity. To accomplish this, it is of course necessary, above all, to 
arrange the system of geometric axioms so that the theorems on continuity 
come at the end, whereas for us they have thus far stood at the beginning. 
Thus we were unable, in our development of non-euclidean geometry, to 
make use of the first arrangement of the axioms (p. 162 et seq.), which put 
the notion of parallels at the head. To the contrary, we were obliged to 
create a system of axioms in which the greater part of the discussion said 
nothing about parallels, and in which the parallel axiom was added at the 
end. Setting aside the essential departure thus indicated, Hilbert’s system 


1 Sth edition, Leipzig and Berlin, 1922. 
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of axioms accords, in the main, with our second development of elementary 
geometry (p. 174 et seq.). 

In this sense, Hilbert inquired in how far geometry can be developed without 
using the axioms of continuity. He includes in the treatment also the “ pseudo- 
geometries,” in which all the other geometric axioms are valid, excepting only 
the axioms of continuity. Such geometries consist essentially of those facts 
which are concerned with the one-to-one correspondence between the points 
of a line and the ordinary real numbers (their abscissas). (See p. 161 and 
p. 164,) Of course, I cannot give the details of the line of thought of Hil- 
bert’s investigations or the interesting results which he obtained concerning 
the logical connection between certain geometric theorems and axioms. With 
these few explanatory remarks, I leave it to you to read all this in Hilbert’s 
own writings. Let me recall, however, that his non-archimedean geometry, 
which we discussed in the first volume of these lectures ! belongs here. This 
is, indeed, such a pseudo-geometry in which that axiom of continuity which 
was formerly named after Archimedes, but which now often bears the name 
of Eudoxus, is no longer satisfied, i.e., in which the abscissas of two different 
points may differ by an “actually infinitely small quantity,” of which no 
finite multiple is equal to an ordinary finite real number. 

I do not wish to conclude these brief remarks on the modern theory of 
axioms without saying a few words on the important question concerning 
the true nature of geometric axioms and theorems. Of course, this takes me 
out of the strict field of mathematics into that of philosophy and the theory 
of knowledge. I have already emphasized one thing about which most 
people today are in reasonable agreement. That is that we are concerned 
here with the leading concepts and statements which one must of necessity put 
into the front rank of geometry in order to be able to deduce mathematical proofs 
jrom them by pure logic. This agreement does not answer the question as 
to the real source of these leading concepts and statements. There is the old 
point of view that they are the intuitive possession of every person, and that 
they are of such obvious simplicity that no one could question them. This 
view, however, was shaken, in large measure, by the discovery of non- 
euclidean geometry; for here it is clearly shown (see p. 177 et seq.) that 
space perception and logic by no means lead compellingly to the euclidean 
parallel axiom. To the contrary, we saw that, with an assumption which 
contradicts the parallel axiom, we come to a logically closed geometric sys- 
tem which represents actual perceptual relations with any desired degree 
of approximation. However, it may well be claimed that this parallel axiom 
is the assumption which permits the simplest representation of space rela- 
tions. Thus it is true in general that fundamental concepts and axioms are 
not immediately facts of perception, but are appropriately selected idealizations 


1 See Part I, p. 218 et seq. 
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of these facts. The precise notion of a point, for example, does not exist in 
our immediate sense perception, but is only a fictitious limit which, with our 
mental pictures of a small bit of shrinking space, we can approach without 
ever reaching. 

In contrast with this, one finds frequently now, on the part of persons 
who are interested only in the logical side of things and not in the side of 
perception or of the general theory of knowledge, the opinion that the axioms 
are only arbitrary statements which we set up at pleasure and the fundamental 
concepts, likewise, are only arbitrary symbols for things with which we wish to 
operate. The truth about such a view is, of course, that within pure logic 
there is no room for these statements and concepts, and that they must 
therefore be supplied or suggested from other sources—precisely through 
the influence of perception. Many authors express themselves much more 
one-sidedly, however, so that in recent years, in the modern theory of 
axioms, we have frequently found ourselves led in the direction of that 
philosophy which has long been called nominalism. Here interest in things 
themselves and their properties is entirely lost. What is discussed is the 
way things are named, and the logical scheme according to which one oper- 
ates with the names. For example, it is said that we call the aggregate of 
three coordinates a point, “without thinking of any particular object,” 
and we agree “‘arbitrarily’’ upon certain statements which shall hold for 
these points. In such a discussion, we may set up axioms arbitrarily, and 
without limit, provided only that the laws of logic are satisfied and, above 
all, that no contradictions appear in the completed structure of statements. 
For one, I cannot share this point of view. I regard it, rather, as the death 
of all science. The axioms of geometry are—according to my way of thinking— 
not arbitrary, but sensible, statements, which are, in general, induced by space 
perception and are determined as to their precise content by expediency. 

As a counterpart to the philosophical digressions to which we have re- 
peatedly been led in the foregoing pages, I should like to give some account 
of the history of geometry, in particular of the development of views concern- 
ing its foundations. In contrast with similar considerations which we re- 
peatedly gave last winter in the fields of algebra, arithmetic, and analysis, 
we notice, at the outset, a great difference. These other disciplines, in their 
modern form, really have a history of only a few centuries. They had their 
start when men began to calculate with decimal fractions and letters, in 
round numbers about the year 1500. Geometry, however, as an independent 
discipline has a history reaching far back into Greek antiquity. Indeed, it had 
even then reached such a high stage of development that for a long period, 
reaching almost to the present time, men looked upon Greek geometry as 
a model of a completed science. At the same time, the famous Elements 
(crowxeia) of Euclid, by far the most significant systematic textbook to 
survive, was looked upon as the whole of Greek mathematics. There is, 
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indeed, hardly another book which, for so long, maintained such a place in 
its field of science. Even today, every mathematician must come to terms 
with Euclid. To him, therefore, we shall devote the last section of the present 
chapter. 


3. Euclid’s Elements 


Let me first put before you the edition of this work prepared by J. L. Hei- 
berg ! of Copenhagen, which is the best from a philological standpoint. In 
it, the Latin translation of the original Greek text is added, which is also 
very helpful for those who have not studied Greek. Indeed, Euclid’s Greek 
differs widely, especially in the technical terms, from the Greek taught in 
the schools. As literature to serve as an introduction to Euclid, I should 
recommend Zeuthen’s Geschichte der Mathematik im Altertum und Mittelal- 
ter ? and Max Simon’s Euklid und die 6 planimetrischen Biicher.2 You will 
find your way into the subject if you read first Simon, then Zeuthen’s more 
general discussion, and then the text of Heiberg, but the latter should be 
read by all means carefully and with a critical mistrust of each translation. 

Very little is known of Euclid personally. We know only that he lived 
in Alexandria about 300 B.c. However, we are informed about the general 
sctentific activity that existed in Alexandria. After the founding of Alexan- 
‘der’s world empire, there arose gradually the need for collecting and bring- 
ing into a unified scientific system, everything that the past centuries had 
created, so that there developed in Alexandria a system of instruction which 
corresponded closely to certain phases of our university teaching of today. 
But the collection and arrangement of the material at hand took precedence over 
the free onward drive of scientific investigation, so that a certain tendency to 
pedantry manifested itself in this whole activity. 

Before we go over to a detailed consideration of the Elements, let me make 
some general remarks about the place in history and the scientific importance 
of Euclid, or rather of Euclid’s Elements. Although a complete picture of 
Euclid would require the consideration of his numerous lesser writings, I am 
nevertheless justified in discussing here only the one great work; for this 
alone has achieved the remarkable commanding position which, from our 
standpoint, urgently demands discussion. 

As a justification for this commentary, I offer the remark that the under- 
lying reason for the erroneous appraisal of Euclid’s Elements is a mistaken 
belief as to the Greek spirit, which was widespread for a long time, and which 
indeed still persists. It was believed that Greek culture confined itself to 
relatively few fields, but that it wrought in these fields with such complete 


1 Euclid’s Opera Omnia, Books I-V, Elementa, Leipzig, 1883-1888. 

2 Copenhagen, 1896. 

3 Leipzig, 1901 = Abhandlungen zur Geschichte der mathematischen Wissenschaften, XI. 
[See also the annotations of T. L. Heath in his English translation of the Heiberg text: The 
Thirteen Books of Euclid’s Elements, 3 vols., Cambridge, 1908.] 


Foundations of Geometry 189 


mastery that its achievements must remain a model for all time supreme 
and unattainable. The fact is, however, that modern philological science 
has long since shown this view to be untenable. It has taught us, rather, 
that the Greeks, as no other people, busied themselves, with the greatest 
possible versatility, in al fields of human culture. Just as their accom- 
plishments in every field were certainly admirable, for their era, so cer- 
tainly they failed in many things to get beyond what we now consider 
the very beginnings. In no field can it be said that they attained the all- 
time summit of human achievement. 

As to mathematics, in particular, this overestimate—or should I say under- 
estimate?—of Hellenism found expression in the dogma that the Greeks 
had given very substantial attention to geometry and had set up there a 
system that could not be surpassed. This belief had led, in particular, to 
an outright cult of Euclid’s Elements, in which it was claimed that such a 
system had been completely realized. In opposition to this old and outworn 
belief, I make the assertion that although the Greeks worked fruitfully, not 
only in geometry, but also in the most varied fields of mathematics, nevertheless 
we today have gone beyond them everywhere and certainly also in geometry. 

I shall consider this assertion in detail and shall try to justify it. In writ- 
ing his Elements, Euclid wished by no means to compile a cyclopedia of the 
accumulated geometric knowledge of his time; otherwise he would not have 
disregarded entire portions of geometry which were certainly known in his 
day. I need mention only the theory of conics and of higher curves which the 
Greeks had already begun to treat extensively,! although we owe its full 
development to Apollonius (about 200 B.c.). Moreover, the Elements were 
to be merely an introduction to the study of geometry, and therefore to 
mathematics itself. Hence it seems they were intended for a particular 
purpose. They were to treat mathematics in the way considered necessary, 
in the sense of the platonic school, as a preparation for philosophical studies 
in general. With this in mind, we see why emphasis was placed upon working 
out the logical connections and upon setting forth geometry as a closed 
system, while all practical applications were laid aside. In favor of this 
system, however, Euclid certainly passed over an entire part of the the- 
oretical knowledge of his time which was not far enough developed to fit 
into his needs. 

We can best obtain a correct impression of the limited character of the 
material of Euclid’s Elements, compared with the range of Greek mathematics 
as a whole, if we use for comparison the individuality and the achievement 
of the most eminent of Greek mathematicians, Archimedes, who lived shortly 
after Euclid, in Syracuse, about 250 B.c. I shall mention only a few espe- 
cially interesting and distinguishing facts. 


1 Euclid had himself written a work on conics, which has not survived. 
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1. In marked contrast to the controlling spirit in Euclid’s Elements, 
Archimedes shows a strongly developed sense for numerical calculation. 
Indeed, one of his greatest feats, to mention only one definite example, was 
the calculation of the number 7 by approximating to the circle with regular 
polygons. Among other results, he derived the approximation 22/7 for 7. 
Euclid shows no trace of interest for such numerical values. Instead, we 
find in Euclid the fact that two circles are to each other as the squares of 
their radii, or that two circumferences are to each other as the radii them- 
selves; but the calculation of the proportionality factor, this number 7, is 
not even attempted. 


2. Characteristic of Archimedes was his far-reaching interest in applica- 
tions. It is well known that he discovered the fundamental principle of 
hydrostatics, and that he took an active part in the defense of Syracuse, by 
constructing effective machines. How little thought Euclid gave to applica- 
tions, on the contrary, appears clearly from the fact that he does not once 
mention even the simplest drawing instruments—the ruler and compasses. 
He merely postulates, in the abstract, that one can draw a line through two 
points, or a circle about a point, without devoting a single word to how one 
does it. Here Euclid is doubtless under the influence of the notion which 
prevailed in certain ancient schools of philosophy, that practical application 
of a science was something inferior, artisan-like. Unfortunately this view 
persists in many places today, and there are still always university teachers 
who cannot be too scornful of any concern with applications, as being ig- 
noble. The arrogance of such views should be vigorously combatted. We 
should value equally highly every admirable performance, whether in the 
theoretical or in the practical field, and we should allow each individual to 
concern himself with those things to which he feels most strongly inclined. 
In this way, any person will show himself the more versatile, the more tal- 
ents he possesses. The most eminent mathematicians, as Archimedes, 
Newton, Gauss, have always uniformly included both theory and applica- 
tions. 


3. Finally, another difference attracts particular attention. Archimedes 
was a great investigator and pioneer, who, in every one of his works, made 
advances in knowledge. Euclid’s Elements, however, are concerned merely 
with the collection and systematization of knowledge already at hand. That 
is the reason for the difference in the form of presentation, to which I drew 
your attention last semester when I was talking more generally. In this 
connection, there is an especially characteristic manuscript ? of Archimedes 





1 See Part I, p. 80. 

2 See Heiberg und Zeuthen, Eine neue Schrift des Archimedes, Leipzig, 1907. Bibliotheca 
Mathematica, 3rd series, vol. 7, p. 321 et seq. [See also the edition of Archimedes by T. 
L. Heath, which was translated into German by F. Klein (Berlin, 1914); the handwriting 
is reproduced there, p. 413 et seq.] 
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which was discovered in 1906 (mentioned in Part I), in which he confides 
to a scientific friend his most recent investigations on the volumes of space 
figures. His presentation resembles closely our present method of instruction. 
He proceeds genetically, first indicating the train of thought, and by no 
means using the rigid arrangement of hypothesis, proof, conclusion which 
characterizes the euclidean Elements. Moreover, it was known before this 
new discovery, that the Greeks had, besides this crystallized “euclidean” 
presentation of a systematized discipline, also a free genetic form, which 
was used, not only by the investigator, but also by the teacher in his instruc- 
tion. Presumably Euclid also employed this method in his other works 
as well as in his teaching. Indeed, there was in Alexandria at that time an 
analog of our present-day mimeographed volumes of lectures, called hypom- 
nemata, i.e., loose-leaf reproductions of oral presentations. 

This will suffice as a comparison of the Elements with the whole range of 
Greek mathematics. Asa conclusion of this discussion, I shall show, by means 
of a few simple examples, how far modern mathematics has advanced be- 
yond that of the Greeks. One of the important differences is that the Greeks 
possessed no independent arithmetic or analysis, neither decimal fractions, 
which lighten numerical calculation, nor general use of letters in reckoning. 
Both of these, as I showed in my lectures last winter, are inventions of early 
modern times, during the renaissance. As a substitute, the Greeks had only 
a calculus in geometric form, in which operations were performed construc- 
tively with segments or other geometric magnitudes, instead of with num- 
bers, a process much more cumbersome than is our arithmetic. Coupled 
with this also is the fact that the Greeks did not have negative and imaginary 
numbers, which are really what give facility to our arithmetic and analysis. 
Consequently they lacked the generality of method which permits the in- 
clusion in a formula of all possible cases. A tedious distinguishing of cases 
played a great role with them. This lack is often very noticeable in geometry, 
whereas today, by employing analytic aids, as we have actually done in 
these lectures, we can easily achieve complete generality, and we can avoid 
all distinction of cases. These few indications will suffice here. You will be 
able, from your own knowledge, to give many other instances of the advance 
of modern mathematics as compared with that of the Greeks. 

After this general commentary on Euclid’s Elements, we can turn to a 
special discussion. Let me begin with a brief survey of the “thirteen books,” 
ie., chapters, of which they consist.! 

Books 1-6 are devoted to planimetry. The first four books contain general 
considerations about fundamental geometric forms, such as segment, angle, 
area, etc., and the theory of simple geometric figures (triangles, parallelograms, 


1 One speaks also of Books 14 and 15 of the Elements (vol. 5 of Heiberg’s edition); but 
these two books are not by Euclid. The first comes rather from Hypsikles; the second is 
ascribed to Damaskios. 
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circles, regular polygons, etc.), in the manner in which they are usually 
given today. In this connection, there is given (Book 2) an elementary arith- 
metic and algebra of geometric magnitudes in which—to give but one example— 
the product a + 6 of two segments a, b is represented as a rectangle. If we 
wish to add two such products a: 6 and c+ d, which we can carry out at 
once arithmetically, it is necessary, in order to represent the product as a 
single rectangle again, to transform the two rectangles a- b and c+ d into 
rectangles with equal bases. 

Book 5 goes much deeper, in that it introduces the geometric equivalent of 
the general positive real number. This is the ratio a/b of any two segments 
a, b, which Euclid calls logos (Adyos). I referred to this last semester, in my 
general discussion of irrational numbers.!_ The essential keynote of this 
development is the definition of the equality of two ratios a/b and a/d. This 
definition must be perfectly general, and must hold, therefore, when a/d is, in 
our sense, irrational, i.e., when the segments a and 5 are (as Euclid says) 
asymmetroi, i.e., without a common measure, or, as it was translated later, 
incommensurable. Euclid proceeds as follows: He takes any two integers 
m and nm and compares, as to size, the two segments m+ a and m+ b on the 
one hand, and m+ c and 1+ d, on the other. There must obtain one of the 
three relations 

m-a=n-+b or m+c=n-d. 
< < 
If, then, for arbitrary values of m, n, the same sign always holds in both cases, 
we say that a/b = c/d. This corresponds completely, in fact, to the famous 
cut process by means of which Dedekind introduces irrational numbers. 

Euclid now proceeds with the consideration as to how one can reckon 
with these ratios, and he develops his well-known theory of proportion, i.e., 
a geometric theory of all possible algebraic transformations of equations of 
the type a/b = c/d. Euclid uses for a proportion the word analogia by 
which he means that the Jogos of the two pairs of magnitudes is the same. 
You see how far the word has drifted away today from its original meaning. 
There are places in mathematics, however, where the word retains its old 
meaning. We still speak in trigonometry of Napier’s analogies, because these 
have to do with certain proportions. To be sure, few persons seem to know 
the real meaning of this name. 

The theory of proportion is a characteristic example of the persistence with 
which the euclidean tradition maintains itself in mathematical instruction. 
Even today, this theory is taught in many—perhaps, indeed, in most—of 
the schools, as a special chapter of geometry, although it is included completely, 
in substance, in our modern arithmetic, and has therefore been taught twice 
before this,—once during the study of the proportion, and again in the be- 
ginnings of reckoning with letters. Why the same thing should appear a 


1See Part I, p. 31 et seq. 
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third time, and in especially mysterious geometric clothing, is truly hard to 
understand. The tendency to do so must be quite incomprehensible to the 
students. Of course, the only reason is that men still cling to the old euclidean 
plan, although, indeed, the sensible purpose which Euclid had in the theory 
of proportion—to create a substitute for the arithmetic which he lacked— 
is for us utterly useless. . 

This criticism of the present-day treatment of the theory of proportion 
does not refer, of course, to the scientific importance of the fifth book of Euchd. 
That is, of course, great, because there was given here, for the first time— 
speaking in modern terms—the rigorous basis for calculation with irrational 
numbers, based upon precise definitions. We observe clearly here that 
Euclid’s Elements were, and are, by no means a school textbook, as has 
been so often erroneously assumed. The Elements presuppose, rather, a 
mature reader capable of scientific thinking. ’ 

I must mention the tradition that this fifth book was not written by 
Euclid himself, but by Eudoxus of Knidos (circa 350 B.c.). In fact, the Ele- 
ments are looked upon, not as a unified work, written in one piece, but as 
having been put together out of different older parts. 

However this may be, in any case, all of the information as to the authors 
is clouded with the greatest uncertainty, since there is absolutely nothing 
extant, in the nature of historical notes, by Euclid or by any of his con- 
temporaries. The above tradition goes back to Proclus Diadochus, a com- 
mentator on Euclid who lived about 450 A.p., that is, more than 700 years 
after Euclid. Even though, for various reasons, the assertion of Proclus 
may have a certain essential probability, still we should be as little inclined to 
admit it as absolutely reliable evidence as we should be to accept a theory 
promulgated today as to the authority of a work compiled around 1200 A.D. 

Proceeding with the contents of the Elements, we find in Book 6 the theory 
of similar figures, where the principal aid used is the doctrine of proportion. 

In Books 7, 8, and 9, the theory of integers is treated, partly in geometric 
form. We find here, for proportions with integers, i.e., for reckoning with 
rational fractions, a theory which is entirely independent of the develop- 
ments of Book 5. Although rational fractions are merely a special kind of 
real numbers, no reference of any sort is made to the more general theory. 
It is therefore difficult to believe that the two presentations are by the 
same author. Of the contents of these books, I should like to mention only 
two things, both of which are now used in the theory of numbers. : One of 
these is the euclidean algorithm for finding the greatest common divisor of 
two integers a and b, which Euclid represents by segments. In modern 
terms, it consists in dividing a by b, then 6 by the remainder, and so on 
according to the scheme 


a=m:b+n, b=m nt, ry = M2 12+ 7, 
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Finally, after a finite number of steps, the division will be exact. The last 
remainder is the divisor sought. Secondly, one finds in Euclid the well- 
known simple proof of the existence of infinitely many prime numbers, which 
I gave in my lectures last winter.! 

In Book 10, which is especially tedious and hard to understand on ac- 
count of the geometric form of expression, there is a geometric classification 
of irrationalities that are expressible as square roots, such as were to be used 
later in geometric constructions. 

Not until in Book 11 do we find the beginnings of stereometry. You 
observe that Euclid is no “fusionist.” He sets stereometry as far apart from 
planimetry as possible, whereas we consider it desirable today, in the sense 
of our oft-mentioned ‘‘striving toward fusion,” to develop space perception 
as a whole as early as possible, and consequently to accustom the pupil from 
the beginning to three-dimensional figures, rather than to restrict artifi- 
cially his first instruction to the plane. 

in Book 12 there appear again general considerations about irrational mag- 
nitudes, which were necessary for finding the volume of a pyramid and of other 
bodies. Here we find a veiled application of the notion of a limit, in the so- 
called “proof by exhaustion,” by means of which proportions between irra- 
tional numbers are rigorously deduced. This method is used first in proving 
the planimetric theorem that two circles are to each other as the squares 
of their radii, and it is by means of this example 
that I shall explain briefly the underlying concep- 
tion of the method. Any circle can be increasingly 
approximated by an inscribed n-gon and also by a 
circumscribed m-gon of an increasing number of 
sides. It can, in a sense, be exhausted, in that the 
areas of the polygons differ arbitrarily little from 
the area of the circle. If, then, the proportion did 
not obtain, one could easily bring about a contradic- 
tion of the fact that every inscribed polygon is smaller than the circle, and 
that every circumscribed is larger than the circle. (See Fig. 125.) 

Finally, Book 13 contains the theory of the regular bodies, and using the 
material collected in Book 10, culminates in the proof that one can con- 
struct all these bodies, i.e., the lengths of their sides, with ruler and com- 
passes. This final result corresponds to the interest which the Greek phi- 
losophers always showed in the regular bodies. 

Having given this general survey of the contents, let us turn our atten- 
tion, in some detail, to those chapters of Euclid which treat of the founda- 
tions of geometry. The ideal purpose which Euclid had in mind was obviously 
the logical derivation of all geometric theorems from a set of premises completely 
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laid down in advance. The historic significance of the Elements rests mainly, 
without doubt, on the creation (or transmission) of this ideal. But Euclid 
did not, by any means, really reach his high goal. Indeed, modern science 
has gained deeper knowledge, in precisely the fundamental notions of geom- 
etry, and has found obscurities in Euclid. Nevertheless, tradition hs so 
strong that Euclid’s presentation is widely thought of today, especia e in 
England, as the unexcelled pattern for the foundation of geometry. Men 
mistake the historical importance of the work for absolute and petestuess 
importance. It is only natural, in view of this over-valuation of rin s 
Elements, that I should, in the following discussion, lay emphasis eee the 
negative side, upon those points in which Euclid’s presentation no longer 
requirements. vs 
bar anne difficulty arises, in every such criticism of Euclid in the uncer- 
tainty of the text. Much of it is attested by Proclus, who is our oldest source. 
The oldest manuscripts which we possess are from the ninth century A.D., 
ie., they are 120Q years younger than Euclid! Furthermore, these various 
manuscripts differ greatly, and often precisely in the fundamental parts : 
which so much depends. Then, too, there is the tradition of Latin an 
Arabian translators and commentators, in whose works there are many 
important divergences, due to the efforts to clarify the text. The keepin 
of a trustworthy text of the elements is thus an exceedingly complicate 
philological problem, upon which an amazing amount of acumen has ince 
expended. We must be satisfied with the fact that what is gained by oF 
philological work is, at best, the most probable text, but that it cannot be the 
true original text. It by no means follows that what we infer from many 
different statements, as the most probable course of event, agrees in all 
points with actuality. It is generally admitted that Heiberg's text stands 
at the summit of modern philological science, and we non-philologists can- 
not do better than to base our arguments upon it, although we must not 
forget that it is by no means necessarily identical with the original text. 
Hence, if we find shortcomings and contradictions in this text, we must al- 
ways be in doubt as to whether they should be ascribed to Euclid, or whether 
i in during transmission. 
TN: coming . the point, let us first inquire how, in Book 1, the 
foundations of geometry are laid. Euclid places at the head three groups 
propositions which he calls dpou (definitiones) , alrqpore (postulata) , an 
kowal evvorar (communes animi conceptiones) which we waif render te 
German perhaps by Erklérungen, Forderungen, und Grundsitze. Bay e 
last group we usually employ, with Proclus, the word axioms, which now- 
adays has extended its meaning to include that of the postulates. 
In order to get at the contents of the definitions, let us recall how we 





i i i ements, and fundamental 
+ -technical English, we may call these explanations, agre , 
aduooat in technical terms, definitions, postulates, and axioms.—THE TRANSLATORS. 
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started earlier with our development of geometry. We said that we could 
not define certain things, such as point, line, plane, but that we must look 
upon them as fundamental concepts familiar to everybody, and that we 
should state precisely only such of their properties as we wished to use 
With that understanding, we were able to construct geometry, up to the 
point of producing the system of coordinates (x, y, 2) of analyikc geometr 
Only after that did we consider the general notion of a curve by thinking ' 
of x, y, and z as continuous functions of a parameter ¢. At that time, I - 
dicated that this would include bizarre degenerations, such as curves which 
completely cover a surface, etc. 

Euclid did not have this spirit of cautiousness, or of strategic retreat 
He begins with the “definition” of all sorts of geometric concepts, such ‘te 
point, line, straight line, surface, plane, angle, circle, etc. The first “ definition rf 
runs: A point is that which has no part. We are hardly able to recognize this 
as a proper definition, since a point is by no means determined by this pro 
erty alone. Again, we read: A line is length without breadth. Here indeed, 
even the correctness of the statement is doubtful, if one muconnines the 
general notion of curve, mentioned above, of which Euclid, of course, knew 
nothing. Then, thirdly, a straight line is “defined” as a Vine which han evenl 
with respect to its points. The meaning of this statement is wholly feeee 
all sorts of meaning can be attached to it. It might mean that the line has 
the same direction everywhere, in which case direction must be admitted 
as a fundamental notion familiar to everyone. We might also interpret it 
by saying that a straight line, if realized as a rigid rod, always coincides 
with itself under certain motions in space, 
namely, under rotation around itself as an 
axis or under translation along it. This view 
of Euclid’s “definition” would, to be sure, 
presuppose the notion of motion; whether 
Euclid intended that is a disputed question 
to which we shall return. In any event, 
ii ; it has not been possible to find an unam- 

iguous interpretation for Euclid’s definition of the straight line, and like- 
wise for many of his other definitions which I cannot tonuted here in 
detail. 

We come now to the postulates, of which five are given in the Heiber 
edition. The first three of these require that it shall be possible: ; 

(a) To draw a straight line from one point to another; 

(b) to prolong indefinitely a limited straight line; 

aes a circle with a given center so as to pass through a given point; 
a, ‘ Be wee nails temporarily, and pass on to the fifth, the so- 


(d) If two straight lines make with a third line, and on the same side of it, 
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interior angles whose sum is less than a straight angle, the two lines cut each 
other, if they are sufficiently prolonged toward that side. (See Fig. 126.) 

These postulates state the possibility of certain constructions, or the 
existence of certain geometric figures, of which Euclid makes use later. But 
there are a considerable number of similar existence- 
postulates in geometry which he also uses and which 
cannot be deduced logically from those that he does 
state. I shall mention, as one example, the theorem 
that two circles intersect if each passes through the 
center of the other (see Fig. 127). It would be easy 
to state many other similar theorems. Hence we 
must say that the euclidean system of postulates 1s certainly deficient. 

Let us now consider the fourth postulate: 

(e) All right angles are equal. 

There has been much dispute as to what this postulate means, and why 
it appears where it does. Involved with this is the question as to whether 
or not Euclid uses the concept of motion. If we consistently put at the be- 
ginning the notion of the movement of figures as rigid bodies, as we did in 
our first development of geometry, then this postulate follows as a necessary 
logical consequence (see p. 169), and it would therefore be superfluous here, 
even if Euclid otherwise had this point of view. In all these fundamental 
theorems of Euclid, however, there is nowhere any explicit mention of mo- 
tion, so that many interpreters assume that this fourth postulate is to serve 
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~ precisely to introduce the idea of motion, though all would admit, to be sure, 


that the idea would still be in incomplete form. 

On the other hand, most of the commentators on Euclid think that one of 
the essential tendencies of Euclid was precisely to keep the concept of mo- 
tion out of geometry, as a matter of principle, in accordance with certain 
philosophical considerations (see ‘p. 174. But then the abstract concept of 
congruence should be at the head—as in our second development—and then 
this fourth postulate would have to serve as the basis for the theory of con- 
gruence. The question arises here, to be sure, why analogous statements are 
not also made concerning the congruence of segments. But we shall soon 
see what grave difficulties result from each of these points of view, in the 
further developments in Euclid. 

Let me remark that neither of the two interpretations adequately ex- 
plains why this theorem is found among the postulates whose general tend- 
ency is characterized above. This has called forth an interesting explanation 
from Zeuthen, which is not wholly convincing. He argues that the postulate 
would state that the prolongation of a line through a point, which by postu- 
late (b) is certainly possible, is unique. The details are to be found in 
Zeuthen’s Geschichte der Mathematik im Altertum und Mittelalter.' Finally, 


1 Loc. cit., p. 123 et seq. 
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there is always this loophole, the assumption that the text here has been al- 
tered. Indeed, this conclusion has been reached repeatedly and it cannot, 
in fact, be silenced. 

I turn now to the axioms, of which there are again five in the Heiberg 
edition: 

(a) Things equal to the same thing are equal to each other; if a = b, b = ¢, 
then a=. 

(b) Equals added to equals give equals; if a = b,c = d, thna+c=b+d. 

(c) [fa=b,c =d, thna—c=b—d. 

(d) Two coincident things are equal. 

(e) The whole is greater than a part; a> a— b. 

Four of the theorems just stated are logical in nature, and, as introduced 
here, they are obyiously intended to state that the general relations which 
they express hold, in particular, also for all the geometric magnitudes which 
occur (segments, angles, areas, etc.). The fourth statement, then, declares 
that the deciding criterion as to equality or inequality is, ultimately, con- 
gruence or coincidence—whereby, to be sure, it is again not clear whether or 
not the idea of motion is assumed. 

Concerning the difference between axioms and postulates, Simon has ad- 
vanced the idea that the former have to do with the simplest facts of logic, 
while the latter deal with those of space perception. This would be very 
fitting and illuminating if it were only certain that the order in the Heiberg 
text corresponded to that in the original. In the various manuscripts, how- 
ever, there are actually essential divergences, both as to order and as to 
content of the postulates and axioms, which by no means fit into this 
scheme; e.g., the parallel postulate is often entered as the eleventh axiom. 

Now we shall examine more closely the beginnings of the euclidean struc- 
ture of geometry which is built upon these definitions, postulates, and axioms, 
namely, the first four paragraphs which immediately follow the axioms. 
In this we shall be able, at the same time, to make some interesting observa- 
tions concerning Euclid’s conception of the foundations, in particular his 
attitude toward the idea of motion. 

The purpose of the first three paragraphs is to solve the problem of Jaying 
off a given segment AB upon another segment CF, beginning at C. Practically, 
A i ee anyone would, of course, do this by direct 

transference, using a compass or a strip of 

ch--vwarnermnpeaerener, anaes seer paper, i.e., by displacing a rigid body in 
een tines ' the plane. Euclid does it otherwise with 

his theoretical method. In his postulates, he has assumed no construc- 
tion which corresponds to this free movement of the compass. His pos- 
tulate (c) (see p. 196) permits the drawing of a circle about a point only 
when a point of the periphery is already given. Now he may make use only 
of the possibilities afforded by the postulates, and he must therefore break 
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up this apparently simple construction into a number of more complicated, 
but very clever, steps: 


1. Upon a given segment AB to erect an equilateral triangle. Postulate (c) 
permits us to draw a circle about A with radius AB, and one about B with 
radius BA. That these circles will have a point of in- C 
tersection C is, as mentioned above, assumed without 
any explanation. Then follows a rigorous formal log- 
ical proof, with use of the appropriate axioms, that 
ABC is actually equilateral. 


2. To lay of from a given point C a segment equal A B 
to a given segment AB (see Fig. 130). By (1), erect denden 
upon AC an equilateral triangle ACD. 
Prolong DA beyond A (Postulate b), 
and strike a circle about A with ra- 
dius AB (Postulate c), so as to get 
the intersection B’ with DA. (The 
reason for the existence of this inter- 
section is, to be sure, again not ex- 
plained.) Now draw a circle about D, 
with a radius DB’, and obtain its in- 
tersection E with the extension of DC; 
then CE = AB. The proof, which is 
obvious, is then given in detail. 


3. Given two segments AB, CF, such that CF > AB; to lay off from C upon 
CF a segment equal to AB. By (2), draw from C any segment CE = AB and 
describe about C a circle, with a Cc’ 
radius CE, meeting CF in G; then . S 
CG is the desired segment. eae. SS 

With this, the given problem s . 
is solved. Euclid now states, 4 BA B’ 
as No. 4, the first congruence ae bed 
theorem: If two triangles ABC and A’B’C’ have, in each, two sides and 
their included angle respectively equal (AB = 4’B’, AC = A'C’, A = A’), 
the triangles are equal in all their parts. In proving this theorem, Euclid 
is guilty, in view of the preceding construction, of a noteworthy incon- 
sistency, which supplies the reason for my reproducing this entire proof. 
He thinks of the triangle A’B’C’ laid upon ABC so that the sides A’B’ and 
A'C’ fall respectively upon 4B and AC, and angle A’ upon A. Now we have 
learned, indeed, in what precedes, how to lay off a segment upon another, but 
not a word has been said as to the laying off of an angle, and still less about 
what would happen, in this process of transfer, to the third side B'C’, not 
even whether or not it would, indeed, remain a straight line. Intuitively this 
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is, of course, quite clear; but Euclid’s entire purpose is the /ogical complete- 
ness of the deduction. Nevertheless he concludes here, without further ex- 
planation, that B’C’ must also go over into a straight line, which must then, 
of course, coincide with BC. However, this is nothing else than the as- 
sumption of motions which do not change the form and the measurements of 
geometric figures—just as we explicitly did do in our first development of 
geometry. If this is done, it is then obvious, of course, that the first congru- 
ence theorem can be proved (see p. 175). 

Thus this proof of Euclid’s would seem to show that he was a supporter 
of the idea of motion. The question then remains as to why nothing is said 
about it in the foundations. Above all, his skillful proof of Exercises 2 and 
3 would then be without purpose, since that proof could be given in a 
word by use of the concept of motion. On the other hand, however, if we look 
upon No. 4 as a later interpolation, the question is still open as to what 
Euclid’s attitude may have been toward the first congruence theorem. 
Hence there remains an essential gap in his development. Without the con- 
cept of motion, it is impossible to prove this theorem and we must place it, 
as we did in our second development, among the axioms (p. 175). We can 
only say, in concluding this discussion, that so many essential difficulties pre- 
sent themselves, precisely in the first theorems of the first book of the Elements, 
that there can be no talk about the attainment of an ideal, such as that mentioned 
above. 

But all these gaps and obscurities do not weigh so heavily as another ob- 
jection which must be made to Euclid’s presentation of the foundations if 
one measures him by his own ideal and at the same time considers our 
present knowledge. If we resort to the familiar language of analysis, Euclid, 
with his geometric magnitudes (segment, angle, surface, etc.), never uses @ 
sign—he treats all of these as absolute magnitudes. He carries on, in a 
sense, an analytic geometry in which the coordinates and other magnitudes 
appear only with their absolute values. The result of this is that he cannot 
obtain theorems that have general validity, but must always drag along 
different cases according as, in a concrete instance, the 
parts lie thus or so. To mention a simple example, the 
so-called extended pythagorean theorem, expressed in 
the modern formula c? = a? + 6? — 2ab cos ¥, holds 

vi generally for triangles with acute or obtuse angles (see 

i oi Fig. 132 since cos y takes on both positive and nega- 

tive values. But Euclid knows only the absolute value | cos y| and he 
must therefore distinguish the two cases in two different formulas: 


e=a+b2—2ab\cosy| and c?=a?+b?+ 2ab|cosy|; 


of course these case distinctions become more complicated and less per- 
spicuous the farther one goes. 
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This lack of which we are talking can of course be formulated for pure 
geometry. A difference in sign in the analytic presentation corresponds, in 
pure geometry, to a difference in order, of the type as to whether a point C 
lies between the points A and B, or outside the segment AB. It is possible 
to carry out a completely logical construction of geometry, only if we ex- 
pressly formulate the fundamental facts in this relation of position, the so- 
called ‘‘axioms of betweenness,”’ as we did, with emphasis, in our first, as 
well as in our second, development of geometry. If we omit this, as Euclid 
does, we cannot reach the ideal of a pure logical control of geometry. We 
must continually recur to the figure and we must discuss these relations of 
position. Our objection, then, against Euclid is, in brief, that he has no axioms 
of betweenness. 

This view that one must actually formulate certain assumptions concern- 
ing the concept “between,” in other words, that we must endow the ele- 
mentary magnitudes with signs, according to certain conventions, is rela- 
tively new. At the beginning of these lectures (p. 16), when we discussed 
this topic, I reported that the first consistent use of the rules of sign is to be 
found in Mobius’ barycentric calculus, in 1827. In this connection there is 
an interesting letter from Gauss to W. Bolyai, dated March 6, 1832, but 
first published in 1900 in volume 8 of Gauss’ works,! in which we find: “For 
complete achievement, we must first base such words as ‘between’ upon 
clear concepts, a thing which is quite feasible but 
which I have nowhere seen done.” 

The first careful geometric formulation of these 
“axioms of betweenness”’ was given by M. Pasch in 
1882 in his Vorlesungen tiber neuere Geometrie.2 Here 
there appeared for the first time the characteristic the- 
orem, which we used, by the way, in our first develop- Fis, 135 
ment of geometry (p. 165): If a straight line meets one side of a triangle, it 
also meets one of the other two sides. (See Fig. 133.) 

The significance of these axioms of betweenness must not be under- 
estimated. They are just as important as any of the other axioms, if we wish 
to develop geometry as a really logical science, which, after the axioms are 
selected, no longer needs to have recourse to intuition and to figures for 
the deduction of its conclusions. Such recourse is, however, stimulating, 
and will of course always remain a necessary aid in research. Euclid, who 
did not have these axioms, always had to consider different cases with the 
aid of figures. Since he placed so little importance upon correct geometric 
drawing, there is real danger that a pupil of Euclid may, because of a falsely 
drawn figure, come to a false conclusion. It is in this way that the numerous 


so-called geometric sophisms arise. These are formally correct proofs of false 


1 Page 222. 2 Leipzig, 1882 (2nd edition, 1912). 
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theorems, which rest on figures which are wrongly drawn, i.e., which con- 
tradict the axioms of betweenness. As an example, I shall give one such 
sophism, which is certainly known to some of you, the “proof” that every 
triangle is isosceles. 

Draw the bisector of the angle A, and the perpendicular to the side BC 
at its middle point D. If these two lines were 
parallel, the angle bisector would be also the 
altitude, and the triangle would obviously be 
isosceles. We assume then that these two lines 
meet, and we distinguish two cases, according 
as the meeting point O lies inside or outside 

Fic. 134 the triangle. In each case, draw OE and OF 
perpendicular to AC and AB, respectively, and join O to B and to C. 

In the first case (see Fig. 134), the horizontally hatched triangles AOE 
and AOF are congruent, because the side AO is common, and the angles at 
A are equal, as are also the right angles. Hence AF = AE. Similarly the 
vertically hatched triangles OCD and OBD are congruent, since OD is com- 
mon, DB = DC, and the right angles are equal, so that OB = OC. Now, 
because, from the first congruence, OE = OF, we can infer the congruence 
of the unhatched triangles OEC and OFB. Hence we have FB = EC, and, 
adding this to the former equation, we get actually AB = AC. 

In the second case, where O lies outside (see Fig. 135) we show, in the 
same way, the congruence of the three pairs of corresponding triangles, and 
we find AF = AE, FB= EC. By subtraction it follows, again, that 

A AB = AC, as the figure 
4 shows. Hence it is proved 
that in every case the tri- 
angle is isosceles. 

The only thing in this 
. proof that is false is the fig- 
ure. In the first place, O can 
never fall inside the trian- 
gle; and, in the second 
place, the positions can 
never be as they are drawn in Fig. 135. Of the two feet E and F, one must 
lie inside, the other outside the side on which it lies, as shown in Fig. 136. 
Actually, then, we have 


AB = AF — BF, AC = AE+CE= AF + BF, 








Oo 
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and we can by no means infer the equality of the two sides. 

This clears up this sophism completely, and we can dispose in a similar 
way of the many other known sham proofs. The argument is always based 
upon inaccurate figures, with perverted order of points and lines. 
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Having criticized some of the essential shortcomings in Euclid’s develop- 
ment I should like to point out one of its greatest refinements, one which his 
enthusiastic supporters usually overlook, as they do his errors. I remarked 
earlier that in the fifth book the ratio (logos) of any two geometric mag- 
nitudes a and 08 is so considered that it gives the equivalent of the general 
concept of numbers. Now Euclid stipulates here expressly that he will con- 
sider the ratio of two geometric magnitudes of the same sort a and b only 
under a certain condition: if, namely, two integers m and n can be found such 
that ma > b and a < nb. His words are: Magnitudes have a ratio if their 
multiples can exceed one another. ‘This requirement is called nowadays 
Archimedes’ axiom, a name which is thoroughly at variance with history, 
since Euclid had it before Archimedes, and it is probable that Eudoxus 
knew it. Today the designation axiom of Eudoxus is gaining currency. 

This archimedean axiom plays a great role as one of the most important 
continuity postulates in modern investigations in the foundations of geom- 
etry, as well as in the foundations of arithmetic. We have accordingly men- 
tioned it repeatedly in these lectures. You will notice, in particular, that the 
postulate which we used in our first development of geometry, whereby the 
points arising from A, through iteration of a translation, ultimately include 
every point of a ray (p. 163), is identical in substance with the archimedean 
axiom. But we also discussed this axiom in detail in the first part of this 
present work.! We then called a quantity a which, after multiplication by 
any finite number , remained always smaller than b, actually infinitely small 
with respect to b, or conversely, b actually infinitely large with respect to a. 
Thus what Euclid does, by his prescription, is to exclude systems of geometric 
magnitudes which contain actually infinitely small or infinitely large ele- 
ments. In fact, it is necessary to exclude such systems, if we wish to develop 
the doctrine of proportion, which, as we have emphasized, is nothing else 
than another form of the modern theory of irrational number. Thus Euclid 
(or, indeed, Eudoxus before him) does here—and that is the remarkable 
part of it—fundamentally exactly what one does in the modern investiga- 
tions of the concept of number, and he does it with exactly the same tools. 

We shall appreciate best the significance of the axiom under discussion 
if we examine a concrete system of geometric magnitudes which does not satisfy 
it, and which is also particularly interesting because it was already known 
and much discussed in ancient and in medieval times. I refer to the so- 
called horn-shaped angles, that is, angles between curves, thought of in a 
certain general way. When we speak today of angles, we think always of 
angles between straight lines; and by the angle between two curves, in par- 
ticular, we understand the angle between their éangents (Fig. 137). The 
angle between a curve, say a circle, and its own tangent is then always 


1 See Part I, p. 218. 
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zero. In this way, all angles form an ordinary “archimedean” system of 
magnitudes, to which we can apply the euclidean theory of ratio, which, in 
other words, is measured in terms of simple real numbers. 

In contrast to this, we understand by the horn-shaped angle between two 
curves (see Fig. 138) the portion of the plane enclosed by the curves them- 
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selves, in the neighborhood of their intersection (or point of contact), and 
we shall now see how this definition gives rise to the concept of a non- 
archimedean magnitude, i.e., to a concept which does not satisfy that axiom. 
We shall confine ourselves, here, to angles one of whose arms is a fixed line 
(the x axis), whose vertex is the origin O, and whose other arm is a circle 
(in case of need also a straight line) which cuts or touches the x axis in O 
(Fig. 139). It will then be natural to call that one of two horn-shaped angles 
the smaller whose free arm ultimately remains below the free arm of the other, 
when we approach O, i.e., the one which ultimately bounds the narrower 
portion of the plane. The angle of a tangent circle will thus always be smaller 
than that of an intersecting circle or of a straight line. Of two tangent circles, 
the one with the Jarger radius will make 
the smaller angle, since it passes below 
the other. It is clear that these agree- 
O “= ments determine, for any two of our 
horn-shaped angles, which of them is 
the smaller and which the larger, so 
that the totality of horn-shaped an- 
gles is simply ordered, as one says today 
in point set theory, precisely as is the case with the totality of ordinary 
real numbers. 

In order to appreciate the difference between these two aggregates, we 
must agree upon something more precise concerning the measuring of horn- 
shaped angles. Let us, first of all, measure the angle of a straight line through 
O in ordinary angle units. Then every angle a, made by a circle tangent to 
the «x axis, will be smaller, by definition, than any angle bounded by two 
straight lines, however small it may be, provided only that it is but different 
from zero. Such a situation is impossible, however, in the ordinary number 
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continuum, for a number a different from zero, and it characterizes our a 
as “actually infinitely small.” 

In order to follow this in connection with the archimedean axiom, we 
must define, for these curvilinear angles, multiplication by an integer. If we 
have a circle of radius R tangent at O, then it seems natural to ascribe to the 
tangent circle of radius R/n the n-fold angle. This actually accords with the 
preceding definition, insofar as the angles of tangent circles with radii 
R, R/2, R/3, - - - , get larger and larger. Thus multiplication of the angle a 
of a tangent circle by an integer always yields another angle of a tangent 
circle, and every multiple ma is necessarily smaller, by our definition, than, 
say, the angle 0 of a fixed intersecting straight line (see Fig. 140), however 
large we take n. Thus the axiom of Archimedes is not satisfied; and the angles 
of the tangent circles must be looked } 
upon, accordingly, as actually infin- b 
itely small with respect to the angle i 8a 20 a 
of an intersecting straight line. As to 
general addition of two such angles, 
that will be done, in view of the defini- O 
tion already set up for multiplication 
by integers, by adding the reciprocal 
values of the radii, which will serve, 
after all, as the measures of the actually infinitely small angles. 

If we have now an arbitrary circle through O (see Fig. 141), we can look 
upon its angle as the sum of the angle of its tangent with the x axis (measured 
in the ordinary sense), and of its own actually infinitely small angle with 

that tangent, in the sense just defined. If we 

then apply addition and multiplication to 

these separate summands, we shall have set 

up a complete method for operating with 
« horn-shaped angles. But in this field the 

axiom of Archimedes does not hold, and one 

may not, therefore, employ in it “logoi,” or 

ordinary real numbers. Presumably this was 
known to Euclid (and Eudoxus), and he consciously excluded such systems 
of magnitudes by means of his axiom. 

With modern methods we can extend the field of these horn-shaped angles, 
whereby the definitions become both broader and simpler—if we consider 
all of the analytic curves through O. Any such curve will be given by a power 
series yi = aye + Bix? + yx? +++ +., yo = aoe + Box? + yor? +--+. We 
shall say that the angle of the curve 1 with the x axis is greater or less than 
that of 2 according as a1 > a or a1 < Qe; if, however, a1 = Q, then relative 
size depends upon the inequalities 6; 2 8); if 8, = B., then the decision 
rests upon the inequalities yi 2 v2, etc. It is clear that, in this way, the angles 
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of all analytic curves are brought into a definite simply ordered series, in which 
circles are included in the order defined for them above. 

To get the ”-tuple of the angle of curve 1 with the x axis, we can simply 
take the angle of the curve m+ y = nayx + nB\x? + --- , obtained by mul- 
tiplying the power series by ”. Before, we had to employ a more compli- 
cated operation, in order not to go outside the field of circles; namely, we 
replaced the circle of radius R, whose series expansion is 


el ee 
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by one of radius R/n: 
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which agrees only to the first term with times the first expansion. How- 
ever, with this new and simpler definition we also have again a non- 
archimedean system of magnitudes. A curve whose series expansion begins 
with x?(a2 = 0) will, after multiplication by arbitrarily large m, still make a 
smaller angle than a curve with non-vanishing a;. We have, in essence, only 
repeated here, in more perspicuous form, what we did in volume 1.! In 
the power series y = ax + Bx? + yx? +---, the successive powers x, x?, 
x3, ---+, simply play, in this interpretation, the role of actually infinitely 
small magnitudes of different, ever-increasing order. 

It is interesting that we can condense this succession of horn-shaped 
angles still more by adding certain non-analytic curves. However, in order 
to permit of comparison as to size, they must not oscillate infinitely often, 
or, more precisely, they may not cut an analytic curve infinitely many times. 
It will suffice if I give one example, the curve y = e~!*". This curve has the 
property that all its derivatives vanish at x = 0. Hence it does not permit 
there a development in power series. It is clear, therefore, that it ultimately 
passes below every analytic curve. Notwithstanding the fact that we had 
before a dense succession of horn-shaped angles, we have now a new horn- 
shaped angle which, together with its finite multiples, is smaller than any angle 
made with the x axis by any analytic curve. 

With this we shall conclude these discussions and our entire study of 
Euclid. In closing, I shall summarize, in a few sentences, the judgment con- 
cerning Euclid’s Elements which we have reached in all these deliberations. 


1. The great historical significance of Euclid’s Elements consists in the fact 
that through them there was passed on to later times the ideal of a consistent 
logical development of geometry. 


1 Part I, p. 218 et seq., where the magnitudes of different orders were called 7, {,---: . 
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2. As to its execution, much of it is very nicely done; much of the remainder, 
however, remains decidedly below our present scientific requirements. 


3. Numerous details of an important nature, especially at the beginning 
of the first book, remain doubtful, because of uncertainties in the text. 


4. The entire development seems often unnecessarily cumbersome, be- 
cause Euclid had no arithmetic ready at hand. 


5. One-sided emphasis on the logical processes renders difficult both the 
understanding of the work as a whole, and its essential connections. 


I should like to characterize farther our own attitude toward the develop- 
ment of geometry, by recalling two conceptions which have already been 
noticed at different points. 

One of these has to do with the fact that we were able to develop geometry 
according to entirely different plans. We gave careful attention to two of 
these. The one method started with the notion of a group of motions, in 
particular the group of translations. The other began with the axioms of 
congruence and pushed parallelism toa much later place. This juxtaposition 
gives prominence to the freedom which we have in the axiomatic foundation 
of geometry. And I should like especially to emphasize again this fact, in 
the face of intolerant utterances which one often hears, and which are aimed 
at championing this or that pet concept of the author, as absolutely the 
simplest and, in fact, the only suitable one to use in the foundations of geom- 
etry. As a matter of fact, the source of all fundamental geometric concepts 
and axioms is our naive geometric perception. From it we choose the data 
which, in appropriate idealization, we lay at the base of the logical treatment. 
As to which choice should be made, however, there can be no absolute judg- 
ment. The freedom which exists here is subject to only one restriction, 
namely, the requirement that the system of axioms shall fulfill its purpose 
of guaranteeing a consistent development of geometry. 

Another observation concerns our attitude to analytic geometry, and our 
criticism of certain traditions, from Euclid on, which have long since ceased 
to conform to the position of mathematical science, and which should, on 
that account, be given up in school instruction. In Euclid, geometry, by 
reason of its axioms, is the rigorous foundation of general arithmetic, in- 
cluding also the arithmetic of irrational numbers. Arithmetic remained in 
this position of bondage to geometry well on into the nineteenth century, 
but since then there has been a change. Today arithmetic, as a proper 
fundamental discipline, has reached-a dominating place. This is a fact which 
ought to be reckoned with in the development of scientific geometry, i.e., 
geometry should make its start upon the basis of the results of arithmetic. 
The attitude to analytic geometry which we took in our development, and 
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the fact that we have systematically made use of the resources of analysis 
in the treatment of geometry, merit approval in this sense. 

With this we bring to a close our discussions of the theories of pure geom- 
etry, with the hope that they have given you the desired survey of the 
whole field, insofar as it has any relation to the needs of the schools. 
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Pohlke, theorem of 83—85. 
Point-field 58. 
— range 58. 
— space 58, 
— sets and curves 54—55. 
— transformations 69—108. 
Active 69. 
Passive 69. 
Affine 70—86, 131, 154. 
Birational 99. 
Reversibly unique continuous (topo- 
logic) 105—108, 132. 
Projective 86—98, 132. 
Rectangular 25, 40—42. 
for reciprocal radii 98—102, 132. 
Polar form 142. 
— planimeter 11—15. 
— system 109—110, 121—122. 
Absolute — — 123—124, 
— theory of the cornic 57, 110. 
— — of surfaces of second degree 57. 
— vector 47—48. 
Polyhedral theorem of Euler 108. 
Position, geometry of 94. 
Postulate in Euclid 196—197. 
Principal group 133, 161. 
Product in vector calculus 
—, outer 50, 53. 
—, inner 50. 
—, scalar 50. 
—, symbolic 66—68. 
—, vectorial 50, 53. 
Program, Erlangen 130, 133. 
Projection 
Map — 102—105. 
Parallel — 77—85. 
Central — 94—97. 
Stereographic — 101. 
Projection and section 89. 
Projective geometry 56—60, 86—98, 132, 
145—148, 160—167, 179—184. 
— group 133, 145, 161. 
— point transformation 86—98, 131—132. 
— and non-euclidean geometry 179—184. 
Projectivity 86—98. 
Degenerate — 94—95. 
Properties, definition of geometric 25, 26, 
151. 
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Proportion, theory of 192. 
Pseudo geometry 185. 


Quaternion 47, 52. 


Radii, reciprocal 
Geometry of transformations by — — 
98—102, 132. 
Group of transformations by — — 133. 
Ratio of segments 6, 93. 
— — — as affine magnitude 146. 
Rays, system of 61. 
Reciprocal transformation 110. 
Rectangular coordinate system 
Construction of 24—26. 
— point transformation 25, 40—42. 
Reflection 25, 39, 41, 70, 130. 
Relative invariants 27, 139. 
Relief perspective 95—96. 
Rigid body 162, 175. 
Rotation 25, 39, 42, 43, 70, 130, 155, 167— 
172. 
Rotor 67. 


Scalar 47. 

— of first kind 48. 

— of second kind 48. 

— field 63—66. 

— product 50—51. 

Screw field 64. 

— symmetry of null-system 36—38. 

—, theory of 38. 

Section and projection 89. 

Segment as relative magnitude 3—4, 6. 

Similarity transformations 70, 79, 88, 130. 

Sophisms, geometric 201—202. 

Space perception 159—160, 178—179, 186— 
187. 

— segment 29. 

Spat 29. 

Sphere-circle, imaginary 119, 122, 123, 129, 
134, 135, 148, 161. 

Spherical coordinates 61. 

— geometry 61. 

Statics of plane systems 23, 24, 26—28. 

— — space systems 31—35. 

Stereographic projection 101—102. 

Straight line, unlimited 22, 27, 30. 

Stretching, uniform 75, 152—153. 

Substitutions, cogredient and contragre- 
dient 138. 

—, transposed 137. 

Surfaces 

Generated by points 54, 59—61. 
Enveloped by planes 59—61. 


Surfaces, conical 59—61. 
—, developable 59—61. 
—, ruled 61. 
—, one-sided 18—19, 106. 
—, two-sided 106—108. 
Symmetric tensor 152. 
Synthetic and analytic geometry, difference 
between 55. 
Syzygy 141. 
Complete system of syzygies 141. 


Tensor 151—156. 

Symmetric 152. 

Antisymmetric 155. 

Topologic point transformations 105—108, 
132. 
Transformation 

Contact — 111—113, 115—116. 

Imaginary — 119. 

Point — 69—108. 

— with change of space element 108—116. 

Dual — 108—110. 

Reciprocal — 109—110. 

— group, 25, 132. 

Translation, see displacement 24, 39, 70, 
130, 163—166. 

Transposed substitution 137. 

Triangle, geometry of 158. 

Trigonometric functions 

Application of analytic properties 170— 

171. 

Geometric significance 171. « 
Turning moment of a force 23, 31, 33—34. 
— — — — dyname 34. 

— — — — line segment 33. 
Two-dimensional beings 62—63. 


Vector 
Axial 47—48. 
Free 22, 27, 30, 42—43, 46, 72, 81. 
Line-bound 22, 27, 30. 
Polar 48. 
— algebra 48—S1. 
— analysis 63—68. 
— field 63—67. 
— function, linear 154. 
— multiplication 50, 51, 65—67. 
— product 50, 51, 53. 
— symbol, Hamilton’s 64—66. 


Volume as relative magnitude 3—5, 16—19. 


— of polyhedron 18. 
— of pyramid 18. 
— of tetrahedron 5. 


Weight of an invariant 139. 
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